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Fixed-Time Synchronization of Coupled Memristive
Complex-Valued Neural Networks™
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Abstract: This paper investigates the fixed-time synchronization of coupled memristive complex-valued neural networks
(MCNNSs) with time-varying delay. Firstly, a complex-valued sign function is introduced to avoid the common separation tech-
nique and a new fixed-time stability theorem is established to improve the existing ones. Afterward, by proposing a discontinu-
ous control scheme and applying differential inclusion theory, some criteria are derived to achieve fixed-time synchronization of
master-salve coupled MCNNs. The developed control scheme here simplifies the traditional design by excluding the linear part.
Finally, a numerical example is given to validate of the theoretical results.
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0 Introduction

Memristor was first proposed by Professor Chua in 1971™ to describe the relationship between flux and charge. Since
memristor can better simulate the mechanism of human brain memory and forgetting, many researchers have been motivated
to introduce it into neural networks and a mass of memristive neural networks (MNNs) has been established. Nowadays,
the study of dynamic behaviors of MNNS, such as stability™” and synchronization ', has attracted wide attention in various
fields.

In recent years, complex-valued neurons have been successfully applied in pattern recognition and nonlinear filtering in
view of their greater computing power and information storage capabilities compared with real-valued neurons. Currently,
some interesting results about memristive complex-valued neural networks (MCNNSs) have been reported 1. In most existing
theoretical results, complex-valued systems were separated into two real-valued systems and then the dynamic behaviors
were investigated by using the common analytical technique for real-valued neural networks (RNNs). Although this method
is effective, it also leads to complex calculation in theoretical analysis and the failure to reflect complex-valued features
and superiorities. Therefore, it is of great significance to explore new methods to study MCNNS in theoretical analysis and
practical applications.

Recently, fixed-time control has been vastly studied in various fields because of the faster convergence compared with
traditional feedback control and the independence of convergence time on initial conditions in comparison with finite-time
control. However, although the fixed-time synchronization of real-valued MNNSs has been extensively studied 1*”!, few schol-
ars have explored the fixed-time synchronization problem of MCNNs because of the theoretical difficulty.

Inspired by the discussion above, the purpose of this paper is to investigate the fixed-time synchronization of coupled
complex-valued memristive neural networks with time-varying delays. Firstly, to avoid separating the coupled MCNNSs into
two real-valued subsystems and designing two real-valued controllers in existing results !, a complex-valued sign function

and a new norm for complex-valued numbers are introduced. Secondly, a new fixed-time stability theorem is established
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to improve the existing result ¥, Based on the developed theorem, a new fixed-time controller is proposed for MCNNs to
improve the previous control design '*”! and some less conservative criteria are derived to realize fixed-time synchronization.

Notations: Let C" be a space composed of all n-dimensional complex vectors and R”" be the space of n-dimensional real
vectors. For any z = Re(z) +ilm(z) € C, Z is the conjugate of z, Re(z) is the real part of z, Im(z) is the imaginary part of z.
In this paper, for any z € C, |z|, = |Re(z)| + [Im(z)|. For any Z = (z,,2,- ,z,)" € C", Z¥ is the conjugate transposition of Z,
1Zl]; = kil |z|;. Define [z] = sign(Re(z))+isign(Im(z)) as the sign function for z and [Z] = ([z,],[z2],- - , [2.])" as the sign function

of Coml;lex-valued vector Z. For any complex variable matrix A(f) = (a;;(t))wxy, convex hull of A is co[A(#)] = (cola;; D nxn-

1 Preliminaries and model description

Referring the MCNN model in”, consider a complex system coupled by N MCNNSs, which can be described as follows
N

%i(1) == Di(x(D))x;(1) + A (x,(D) f (x:(0) + B (x,() f (x;(t —7(2))) + I + CZ w;g(x;(1), i=1,2,---,N, (1)
j=1

where x;(f) = (x;1, X, , Xin)T € C" is the state vector of the i th CMNN at time £,0 < 7(f) < 7, f(x,(¢)), and f(x;(t —7(¢))) are
n-dimensional vectors of continuous activation functions, / is an external input vector, g(x;(¢)) is an n-dimension coupling
function vector associated with vector x;(¢), c € R is the coupling strength, Q = (w;;)xxy € R¥*V represents the coupling con-

figuration matrix, in which w;; > 0 if there is a link between node i and j, otherwise, w;; = 0 and the diagonal elements satisfy

N . .
w; =— 12 w;;. In addition, D;(xi(1)) = diag(dy (xa (1)), -+, diy(xin (1)), Ai(xi()) = (@ (xi(1))), ,» and Bi(xi(0)) = (b (xie(1)))
J=Lj#i
are complex-valued memristive link weight matrices, each component of them is defined as follows

(1) di,  xu(1) €Ty, (D)
ik (Xii = N a,(x; =
e di,  xux(t) € 1, .

éfd, X (1) € Ty,
[\?ﬁd, X (1) & Ty,

a’fd, xy(1) € Ty,

) bl (xa (1)) =
s X)) €1y, S {

where k= 1,2, ,n, [T = {Re(x;) +ilm(x;) € C; [Re(x;)| + [Im(xy)| < Qi ), and dy # dy, &, # &, b, # b,

The initial values associated with system (1) are given as x;(s) = ¢;(s), where s € [—7, 01, ¢:(s) = (¢;1(5), 912 (), - - in($)T €
7, and 7 =C([-7,0],C") denotes the Banach space of all continuous mapping from [-7,0] to C".

Obviously, the right side of system (1) is discontinuous because of switching meristive connection weights, then the
solutions of system (1) considered in the following are intended in Filippov’s sense. According to differential inclusion

theory"%, it is not difficult to obtain the following set-valued mapping
x,(1) € —co[ Di(x())1x:(1) + co[ Ai(xi (N f (x:(0) + 1 + ol Bi(xi ()] fixi(t —7(1))) + CZ w;g(x;(®), i=12,---.N (2
=1

By using measurable selection theorem!"'), there exist d € o[dy(xx(1))], ai, € colal,(xy(1))] and 132,, € colb! (xx(1))] such

that for a.e. >0,
N
55(6) = =D+ A f(0)+ B ot =) + ¢ D w0 +1, i=1,2,+ N 3)

where Di = diag(dil ,diz, e ,dl‘n), Ai = (&};I)nxn’ and Bi = (b;d)nxn
To achieve the synchronization within fixed time, in this paper, we refer to system (1) as the master system, the slave

system is given as follows
Vi) = =Di(yi(0)yi(1) + Ai(yi (D) f (yi(0)) + Bi(yi(D) fi(yi(t = 7(1))) + CZ w8 () +I1+U(0), i=1,2,--- N “)
j=1

in which y:(£) = (yi1, ¥, - »yin)" € C" represents the state vector of slave system (4), D;(y;(t)), A;(y;()) and B;(y;(t)) are

memristor weights associated with complex state vector y;(¢), whose definitions are similar to these in model (1), and U,(¢)
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is a controller which will be designed later. For i = 1,2,--- N, the initial values of system (3) are given as y;(s) = ¢,(s) for

s € [=7,0], where ¢(s) = (i (5),¥a(s), - Yin(5))" € 1.
Similarly, there exist dv,-k e coldy(ya ()], &, € colauy(yu(r))], and E;;, € co[bu(yi(1))] such that for a.e. >0,

3i(0) = =Dy + A f Qi)+ Bif Gult=m0) + ¢ D wiig(y0) + 1+ U(),  i=1,2,+-,N, 5)

J=1

Where D,‘ = diag(d/il ,dviz, st ,dvl'n), Avl' = (Elil)nxn’ and Bi = (E;(l)nxn'
For any 1 <i < N, define the synchronization error as e;(¢) = y;(#) — x;(¢), from (3) and (5), the following error system can
be obtained

N
&i(t) = =Dyi(0) + D)+ A f3i0) = A f () + Bif Gt =m0 = Bif it =70 +¢ ) wisgle (N +Uin, — (6)

where g(e;(1)) = g(;(1) — 8(x;(1)).
To obtain the main results, the following preliminaries are provided.

Assumption1 Fork=1,2,---,n, there exist positive constants L, H;, and v, such that for any x;,x, € C,

[fe(x) = fiCe)li < Lidxy — Xy, |fi(eoli £ Hy, 18x(x1) — 8k (2)1 S vielxy — x5

Definition 1 The master-slave systems (1) and (4) are called to be fixed-time synchronized, if there exist a fixed
constant T, >0 and T*(¢, ) > 0 satisfying T(¢, ) < Ty, for any ¢,y € CV, such that lim,_ 7+ lle(®)]l = 0 and |le(#)]| = 0 for
all £ > T (¢, ¥), where e(t) = (e; ()7, e;(D)T, -+ ,en()T)T, ¢ and y are the initial values of systems (1) and (4).

Lemma 1" Assume that »;>0for | <i<N,0<6<1and §> 1, then

N N N N
be > (Zb,-)e , be zN‘*‘S(Zbi)é.
i=1 i=1

i=1 i=1

Lemma 2" For any Z(1) = (2,(£), 22(t), -+ ,z,(1))" € C", the following equations holds:
[Z))'Z(t)+ Z(0)"[Z(1)] = 211ZDly, D*Z(0)"[Z(0)] + [Z(0)]" Z(2) = [Z(D))" Z(1) + Z" () Z(1)].
From the recent work [13], for z(#) € C, the convex hull of real-valued sign function can be given by
co([z(1)]) = colsign(Re(z(1)))] + colsign(Im(z(1)))]i.

Similar to the proof of Lemma 4 in [12], the following result is derived.
Lemma3 Forany Z(t) € C", denote co([Z(1)]) = (€o([z()]). co([za(1)]). -+ ,co([z,(H)]))" and (e) = (7, (£),7a(0), -+ .0 (£))"

with 77,(¢) € co[z(?)], the following statements are true:
[ZWVn@)+ " Z0) =2|[ZO1,» ZO"n@0)+11)"Z1) = 202Dl = 201Z@D)lz-
Lemma 4''2'  For any z € C, the following inequality holds:
z+Z=2Re(z) <2[z|, < 2[z,.

Definition 2!'Y  Let V(x(7)) : R” — R be a regular, positive definite, radially unbounded function and x(¢) be absolutely
continuous on any compact subinterval of [0, +c0), then x(¢) and V(x(¢)) are differential for almost all 7 € [0, +c0) and

V() _

o =&, forall £V (x(1).

where AV (x(?)) is the generalized gradient of V(x(¢)).
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Lemma 5 Assume that V(x(7)) : R* — R* is a regular, positive definite, radially unbounded function and x(¢) is

absolutely continuous on any compact subinterval of [0, +c0), if
V(x(2)) <aV(x(1) = bVE(x(1)) = cV*(x(2)), x(1) €R"\ {0},

whereaeR,0<f<1,0>1, and b, c are positive constants satisfying min{b, c} > a, then V(x(¢)) =0 and x(#) =0 for any t > T,
and T is estimated by T < —— a(l > ln( =)+
Proof Let v(r) = V(x(1)), it has

(c= a)(G’ n*

W(E) < av(t) — bV (1) — V(1) 7)

Since 0 <B<1,0>1 and min{b,c} > a, then V(1) < av(t) — bV () — V(1) = —=Y(v) < 0.
On the other hand, from (7), it has

"o dv!#
T = ,
fo ‘I’(v) 1 -8 f —av'B+b+cyF

where vy =v(0). Let ¥ =v!'”# and ¥, = v(l;ﬁ, if0<¥,<1,

1 b

<175 ) —w+p - ai-p "o

).

¥, > 1,

1, dy ¥o ay 1 b 11
r= (f 7z +f 7)< In(z—)+~ :
1=-B'o —a¥+b+c¥™ S —q¥P+b+cprs’ al=p) b-a’ c-ab-1

Combining these two cases, one has

fvo—] dv=T< 1 In( b )+ ! ! <+
— o0,
o T T a0 Nb—a’ c—ab-1

According to the finite-time stability theory in™, v(r) = 0, x(f) =0 for any ¢ > T, and T does not depend on the initial value.

2 Main Results

In this section, we consider fixed-time synchronization between system (1) and system (4) by designing a discontinuous

controller.

Forany k=1,2,---,n,i=1,2,---,N, we introduce the following notations.

El;d = maX{m};]h, |a;(1|l }s El;d = |Zl;<1 _djdllsb;d = Il’laX{|b§d|1, |b;<1|1 }’

n

n n

~ E ~i - _ 2 i Lo E i

Ay = ayLy, az= ayH,, by=2 blels
I=1 I=1

=1

dy = max{[Im(dy )| — Re(dy), [Im(dy)| —Re(dy)},  dy = |dy — dil, Qu.
M =diag{m,,m,,--- ,my}, Dy =diagl{d,ds. - ,dy),
D, =diag{dy,do, -+ ,dyi}, Ay =diag{a, do, -+ e}
A, =diag{a;, dx, - Ay}, B =diag{bi, by, -+, bi},
&) = (lew(®i. lex Ol lew®)", 26 = ([ew®]] .| lex®]],.-+ - |lexe(®)]],)"

Theorem 1 Under Assumption 1, the controller in system (4) is designed by

Ui(t) = =Lei)](m; +pulle 0l +palle 017 ®)
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where m; R, p;,0,>0,0<B<1,and §> 1, if
min{pl,N1_9p2}>191, Dk+Ak+Bk_MSO, k= 1,2,"' n (9)

where ¥, = maxlgkgn{/lmax(ﬁk +A, +cv Q)}, then system (1) and system (4) are fixed-time synchronized. Moreover, the settling

time 7 is estimated by
1 01 1 1

+ .
(1 5)171 p1—t  O0-1N"p,—1
Proof By the measurable selection theorem!'!, there exists a vector 7;(r) = (77,,(2), - , i, (1))T with 7;(¢) € co([ey()]),
such that for a.e. t>0,i=1,2---,N,

T,<T, =

(1) == Dyi(t) + Dit)x,() + A f i) = A, f (x, (D) + B f it — 7(1)))

- Bif(xi(t-1(1)) +¢ Z w(e (1) =) (mi +pille DI +palle; D). (10)
i=1

Consider the following Lyapunov function

N
D (e e + e e,
i=1

R —

N
Vie() = ) llel; =

i=1

where e(f) = (le, @)1, le;Dll1, -+, llex(Il)T. For e(r) € R¥\{0}, calculating the time derivative of V,(e(r)) along the trajectories

of the error system (10), one has

([e 7 e,(0)+ el (Den)])

NI'—‘

- V1 (e() =

25

(LeD1"(= D0+ Dixi() + (= Dy () + Dixi(0) ' [ex(1)])

l\JI'—‘

i=1

+
N —
M= -

> (e A0 = A fi0)) + (Aif 01(a) = A f ) [ex(e)

[e 1" (Bif it =7(1))) = Bif (xi(t = 7(1))))

l\)IH

Mz ..Mz

(Bif Gt =7(0)) = Bif et = (1)) " [e(0)]

l\)l'—‘

1

Z ([ei(t)]Hwi_/g(ej(t)) + g”(é_;(t))wi_/[ei(t)])

J=1

+
N o
INgh

([ (D) + 1 Oled D) (m; +pillei DI +palleDII). (1)

NI'—‘
M-

i

From the definition memristive link weights and classification discussion, it has

1 N . . . . N n B _
3 > (1e1"(= Byt + Dixi(e) + (= Doyt + Dixi0) e < 37 > (dulew(), +dulewn],) (12)

i=1 i=l k=1

Similarly, under Assumption 1, it has

Z(e(t)] [Aif i) = A f O+ LA f 0i0) = A f ()] [ex(D)])

1

N —

N

n N n

> Z(a,dLlie,](rﬂ +a,Hlex®1]) < > (@l +anllex®)]lh) (13)

i=1 k=1 I=1 i=1 k=1

IA
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1< y . 18, . u
3 Z L))" (Bf 0t =(0) = Bif ot =) + 5 3 (Bif 0ult =(e) = Buf (e = (@) [ex(0)]
-1 i=1
N n n N n
<23 3 > BuHiflea @], < > > bullew®dll- (14)
i=1 k=1 I=1 i=1 k=1
By using Assumption 1,
c N N N N n N N n
2 2, 2,01 @R )+ e (Do) = Y wRe(lea®lge@N<c D" Y wmlen],. (15
=1 j= i=1 j=1 k=1 i=1 j=1 k=1

According to Lemma 3, one can get

1 N
5;(@ OV )+ Ole D+ pu|le )| +p]|eo||)
<- Z ltew(@)]],m; - palleo)]|)
i=1 k=1
LW Z(plle(r)ll +pal|e]): (16)

k=1

Substituting (12)-(16) into (11), from Lemma 1 and condition (9), we can obtain that

N
iwe(r»<ZI;(Dk+Ak+cw9)ek(r)+21;(1)k+Ak+Bk Mz 0= (il + sl e[}
k=1 i=1

< V(e®) =i Vi(e(t)) = pN'"V'(e(1)). A7)

By (17) and Lemma 5, system (1) and system (4) can be synchronized under the control scheme (8) in a fixed time 7\, which

is estimated by
1 01 1 1

In + .
(1 _ﬁ)ﬂl P - 6-1 NH’pz—ﬂ]

T()Sng

This completes the proof of Theorem 1.

When the nonlinear is reduced to linear case, that is, g(v) = I'v for v € C" and I" = diag{y,,y,,--*,¥,} with 7, € R in
systems (1) and (4), the following result is easily obtained.

Corollary 1 Under Assumption 1 and the control law (8), if

min{plv Nl_ap2}>ﬁ>;’ Dk+Ak+Bk_MSO’ k= 172"" 1,

where ¥; = MaX, cean{ Amax(Dx + Ar + ¢y Q)}, then system (1) and system (4) reach synchronization in a fixed time which is

estimated by
1 01 1 1

+ .
=59, "=, T o-1 N ips 3,
Remark 1 In Theorem 1, if 8 =0, the estimate of T} is reduced to the following form

T,<T:= 11 Pr +1 !
‘ : % p—9 6-1N'"p,—0

T,<T;=

Remark 2 In the previous results™® on dynamic behaviors of MCNNS, the separation method was utilized to obtain
two real-valued subsystems and the main results were derived by analyzing these reduced real-valued models. Different from
the separation technique, the complex-valued sign function is introduced in this paper to directly design the complex-valued
control scheme and construct Lyapunov function, and the theoretical analysis is finished in the complex field.

Remark 3 In the most of results on fixed-time synchronization®”), the linear term about the errors is indispensable
in the design of controllers. Unlike the common design, the control law given in this paper is simplified by excluding the
linear part. In addition, Lemma 5 generalized the existing fixed-time stability into discontinuous system and improved the

estimation of the settling time provided in !
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3 Numerical simulations

In this section, a numerical example is given to verify the theoretical results.

In systems (1) and (4), choose i = 1,2,---,12, n = 2, Il = {x;(¥) € C; [Re(xy(9))| + Im(x;(2))| < 1.5, k = 1,2},
Jfi(xi(2)) = tanh(Re(x; (7)) + isin(Im(x; (7)) for k = 1,2, memristive link weight is given as follows: when x; (), v (?) € I1,
dy = 1.07+0.22i,d, = 0.49 — 0.60i, ¢!, = 2.20 - 1.03i,a’, = —0.14 + 0.60i,a;, = —5.10 + 3.49i,d}, = 3.00 — 2.02i and
b, =-1.59+0.10i,b, = —=1.19-0.13i, b}, = —0.10—-0.42i, b}, = —2.10—1.90i, and when x;(¢), v (¢) & [y, d;y =0.98+0.12i,d;, =
0.51-0.62i, @}, = 2.10-0.99,d}, = —0.11 + 0.56i,a}, = =5.12+ 3.51i,a}, = 3.10 —2.08i and b}, = —1.65 +0.151,4, =
-1.11-0.12i,6,, = —0.19-0.40i, b}, = —1.99 — 1.89i.

Under those parameters, the chaotic attractors of the real part and the imaginary part for x;(¢) in system (1) without the
coupling are shown in Fig 1 and Fig 2, in which x,(0) = -2.18 = 1.09i and x,(0) = -1.97 + 1.22i.

Im(s (1)

Refs, () ' T im0
Fig 1 Phase trajectory of real part Fig 2 Phase trajectory of imaginary part
For any 1 <i < 12, k = 1,2, choose coupling function g;(x;(?)) = tanh(Re(x;(¢))) + itanh(Im(x;(¢))). By simple
computation, L, =v, = 1, and H; = 2. In control scheme (8), select control parameters m; = 14.70, p, = 11.20, p, = 34.26, and
0 =1.42. From Theorem 1, systems (1) and (4) are fixed-time synchronized, which is shown in Fig 3 and Fig 4 when 8=0.5
and =0 respectively, and the settling time can be given as T, =22.00, T, =21.82.

Re(e,,) Re(e,,)
Re(e,,)| 4t Re(e,,)|
Ime,,) Ime,,)
\m(e‘zj 4 3k \m(e‘zj 4
° T, ° T,

Fig 3 Synchronized error for §=0.5 Fig 4 Synchronized error for §=0
4 Conclusion

In this paper, the fixed-time synchronization has been discussed for a class of coupled MCNNs with time-varying
delay. By introducing the complex-valued sign function and establishing a new fixed-time stability theorem, a discontinuous
complex-valued controller has been designed and a new Lyapunov function has been proposed in theoretical analysis. The
proposed control scheme simplified the traditional design by excluding the linear part. Further work will focus on the fixed-

time control of impulsive systems and spatiotemporal models.
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SRAEAT 5 BREUI A BOS T TR, fifsfil #8303 | Lyapunov PREUAIERLL KBS A Ml REAS 16 B 4k Py 13
HEAT. R, ST IFUERA T — N 04 [ B e AR e B, R T A AR ST L, YR A I BH (A
PSRBT 1 R ] o I TR TR SR, fT 4 1 DR R il e, IR 2] 1 PRSP 4 I8 s [a] [m] 25 HE ).

BS: A, C FoRAK n 4E5 Mt s Zs B, R ACR SR n 4B ) i iy 23 (8], SHE R E AL
z=Re(z)+ilm(z), z Fn 2 ILLHE, Re(z) /& = SR, Tm(2) 42 2 IIHETS. AHEEME M Z = (21,20, ,20)T €
Cr, z" Forina Z IR E, ||Z)], = kzl |zel1- [2] =sign(Re(z)) +isign(Im(z)) RREEL = AT 5 REL, (2] =
([21] 20+ [2a))T FORE R Z BIFF5 PREL. BAMSHER R HE A(t) = (ai; (1)) v CO[A(t)] = (e0[as]) nxn
RFHEE A(t) WML

1 REEE R &R
2% Chen %2 ) MCNN 89, ASCH N A~ MONNs B4 T80 5 2445, HCal 1 i -

« ks BHE: 2020-02-20

LW A FRAKRPEIE4 (61963033 ; 61866036 ; U1703262).
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i(t) :—Di(xi(t))zi(t)+Ai(azi(t))f(xi(t))+Bi(zi(t))f(xi(t—7(t)))+I+cZwijg(:cj(t)), i=1,2,---,N, (1)
Hrr: a(t) = (@, 02, 25) " € C" JEH 0 1> MONN FE ¢ BFZIRPIRAS B, 0 <7(1) <7, f(a:(8)) M f(z:(t—7(1)))
FoN n YEESHCE R B, T RGBSR R, g(a; (1)) SRR TARZS IR o) (4) B9 n EARZRMERE 5 PR
A4, c € R FTRHEEANE, Q= (wi;)nvxy ERVN Z néﬁﬁﬁ%Aiﬁlﬁ X HLARSRAT 55 i F j Z [AAAE— S50, IR A
wi; >0, 0 w;; =0, IF-H Q XTATCHL: w, = — Z wij. WAL, Di(zi(t)) = diag(dis (zir (), -+ din(2in (1)),

J=1,j#i

Ai(zi(t) = (afy (za (1)), > Bilwi(t)) = (b (i (1)), FACBEIEACE R, Hort o SO

dik,
dik7

i (t) € Iy,
z;

dig (24 (t)) = { () 210,

afcz(xz‘k (t)= fiir - () € I
d?‘g“ Tik (t) ¢ Hik:7

bjy (2 () = { bir  war(t) € T,

2)7;@17 Tik (t) ¢ HzIm

o k=1,2,--- 0, T = {Re(zi) +ilm(ziy) € Cs[Re() |+ [Im (2 )| < Qur }s If-H. Ciik # dik, Gy 7 Al Z;Zz # Z’Zz-
ARG (1) BFIPIRTEN 2:(s) = wi(s), KB s € [-7,0], ¢i(5) = (9ia(5), 0ia(8), - in(s))" € T, T = C([~7,0],C")
Tt [—7, 0] WL C 1) AR SE KB Y Banach %5 [H].
W TR A E B A Uk, RS (1) B s AN ES . STk, AT % &R S (1) 1E Filippov
RSCT IS AR S BRI 00, RXERS B 0T AR (R LS

&(t) € —co[Di(w:(t))]a: (¢) +co[ A (2 (8) ] f (2 (8)) +1

+@[Bi($i(t))]fi($i(t—T(t)))+Czwij9(%‘(t))a i=1,2,---,N. 2)

Hﬂﬁfﬂﬂiﬁﬁfii’a“”, ﬁﬁ dzk S @[dik(xik(t))], &21 € E[ail(«rik(f))] il le S @[bzl(%k(t))} ﬁifngd‘fLsFE]"ﬁﬂ/‘]
t>0,

a'ci(t):—f)ixi(t)—i—flif(xl( ))+Bf xi(t—7(t —I—CZcumg z;(t)+1, i=1,2,---,N, (3)

Hrp: Dy =diag(dir,dia, -+, div), A= (@), Bi=(by,), .
N SEBREE RS RIFAE, #5258 (1) fEN ARG, MMM RGEA:
v:(t)=-D; ( i (1)) ya(t )+Az(yz<t))f(yz(t))+Bz(yz(t))fz<yz(t_7-(t))>

—i—cZw]g (y; N +I+U(t), i=1,2,---,N, (4)

k(1) BOTZBLIE S BRI, JURE SO (1) e, U (1) For i U PRORAI RN XL = 1,2, N,
REE (4) BRI y,(5) = 6u(s), BT s € (0], Lisi(s) = (ua(5), (o), () € 7.
]38, A7AE di, € eoldin (yan (1)), d, Eco[akl(y w ()] AL b}, € Colbi (yar (¢))] THAXHILT-FTA R ¢ > 0,

HP:yi(t) = (i, yizs -+ o yin) T € C AR INREGE (4) HPIRZSIA 5, Dy (yi(t)), Ai(ya(t)) F By (yi(t)) yi(t) 2K TR
U,

9i(t) = =Dy, (1) + A, f(yi(8)) + Bi f (us -l—cZngyJ N+I+Ui(t), i=1,2,---,N, (5)

XD, =diag(di,dia, - ,din), A= (al;) . Bi=(by,), . .
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XMERM 1<i <N, B XFBRER e.(t) =yi(t) —a(t), B (3) Fl (5) 144,
é:(t)=—Dyy;(t)+ Diz;(t) + A f (i (1) — Aif (@:(£) + Bif (yi(t—7(2)))
_Bif<xi(t_7—(t>))+czwij§(ej(t))+Ui(t)7 (6)
o ge; (1) = g(y; (8) — g a5 (t)).

R TAFBIASC B, BT 5 H R
Bi&1 MHMEEW k=1,2,--- ,n, FAEIEFE L, H, UK v, FEIHEER) 2,2, €C,

|fe(z1) = fr(@2) s < Li|wy — 22|, | fe(zi) s < Hy, |gr(21) — g (@2)[1 S vpfay — 20
EM 1 EATEILEFE T (p,9), 115

li )] =0, |le(®)]| =0, t>T"(¢,v),
i e =0, [l (60)

I HAFTETE B T, TARXHEERY ¢, € CV" A T (¢,00) < T, WIFRFMFHE MCNNSs (1) FI (4) 2 [# 7 i 1]
AR, oA e(t) = (e ()7, ea ()T, sen()T)T, ¢ Fl o ARG (1) F (4) FIRILRTE.
5138 12 XHMEER i=1,2,--- N, R b, >0, HFH 0<0<1, 6§>1, A

;N;bf > (XN;b)e : ;Nl:bf zN”(iXN;bi)é.
SI38 202 XMTEE MR Z(t) = (21(1), 22(1), -, 2a(1))T € C, FHIPE AL :
[ZW)"Z6)+ 21" [Z(1)]=2]Z®)]:,
D Z(OM[ZW)+ 20" Z(t) = [Z()]" Z(t) + 2" ()[Z(2))-
S 30k (18], SHEREM 2(t) € C, B AHATS sREU0 {2 h:
co([2(t)]) = colsign(Re(z(t)))] +co[sign(Im(z(t))) .

SMEB A Z(1) € C, i @([Z2(1)]) = (co([21(1)]), - eo([za (D)) BLE n(t) = (i (t), - ,na(2))7, X H
M (t) €02, (1)]. FEMLTFSCRR[12] P51 B 4, AHER LT 4518,
5138 3 XHMEEEME Z(t) eCr, TTF AT

[Z®)]"n(t) +n) " [Z)] =2[[[Z@®)]]],.
Z@®)"n(t)+n)" 2(t) =2[Z®)ll = 2| Z®)]].-

5138 4 12 XMEEEL 2 C, RSB ROT:

242z =2Re(z) <2|z|, <2|z];.

EX 204 & V(x(t)): R — RIE—NIEE . IEW HAR R ICI A RS, 3+ H 2(t) 1E [0, +o0) AT E M X 8] L
RAXTESEN), B4 x(t) TV (x(t)) 78 t € [0, +00) EILT-AbAE AT, 3 H.
AV (z(t))
dt
Horr: oV (x(t)) Fom V(z(t)) W) SUBBE.
5138 5 R V(z(t) : R* — RY E—AIEAE . IEW HARRTCA ) sREL, I H 2(2) 76 [0, +00) AT X [A]
R LY, AR

—€7i(t), VEE IV (x(t)),

V(@(t)) < aV (x(t)) =0V (2(t)) — eV (2(t)), x(t) €R"\ {0},
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HiraeR, 0<8<1,0>1, FFHIEHE b, c 2 min{b,c} > a, WMXHMERE t > T, V(2(t)) =0, z(t) =0, X H T i

RT< 5 n(2) + mae-n-

WERR A w(t) =V (z(t)), IBA
O(t) <av(t) —bv? (t) —cv? (t). (7)
HT 0<p<1,0>1, min{b,c}>a, W o(t) <av(t) —bv?(t) —cv®(t) = =T (v) <0.
F—J71H, W (7) Al13

v 1’ dv!=#
T:/“ dv:——f/ |
o T) 1-8J, —av'=B+b+cv?—F

XH vy =0v(0). ILU=0'" Ty=v,"". F0< ¥, <1, B4

1 1 b
—ﬂ/o —aU+b a(l—p) ln(b—a)'

1 1 dw o dw
T =1 ( =g+ —6)
BNJo —qUtbtcWT5 Ji  —qU bt clTs

1 boav o dv
<—( + =)
1-8\J, —a¥+b J, (—a+c)¥T=5

1 b 1 1
c—af—1"

i Wy >1, JR2,

Zi b, AHERE

o1 1 b 1 1
——dv=T< | .
/O T(v) dv “a(l1-pP) n(b—a)+c—a9—1<+oo

H1 Forti 55 7 AT BRI )RS P BRI W0, XHERRY ¢ > T, A o(t) =0,2(t) =0, I BB T AT
RGIGIE.

2 FEHEL
TEARTT BB B P — A S TR ORI RS (1) MRS (4) WA E B 8] [7) 45 [
KT, MMEEN k=1,2,---,n,i=1,2,--- N, 5IATFCE.

d?d :maxﬂd?cl'lv |d§cl|l}aa§cz = |‘\1?cz 7d§cl|13521 :max{|b§cl|1, |b21‘1}7
dikzzd;klzm @ik:Zlele BikZQZBZth
=1
dzk—max{um( )|—Re( zk) \Im( 1lc)|_Re(dzk)} Jzk:|dzkz_dzk|lQ1k
M:diag{ml,m2,~~ ,mN}, Dk :diag{dlk,d%,'“ 7d~Nk}a
Dk =diag{J1k,Jzk,“' 7JNk}; Ak :diag{alk,&zk,'” 7a'Nk}»

A_~k :diag{dlmd%?“' 7aNk}; Bk :diag{l;lImEQk?'“ 7BN1€}7

&u(t) = (lewe )1 leae @)1, lexn @) €)= (|lew @], [leze @], [lenn®)]],) -
I 1 TR, MRS (4) FEEE S
Ui(t) = —[ex()] (ma + p [les ()17 + palles()]12), (8)

/E\:q:‘:migRa p13p2>07 0§ﬂ<170>1a%

min{pl,N179p2}>’l91, Dk+Ak+Bk—M§07 k:1,2, ,n, (9)
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JXE Y = maXlgkgn{/\max (Dk+Ak+CVkQ>}, )r!'ﬁ%/a‘ MCNNs (1) %H (4) IEILZXHEHjIETJ Iﬁjﬂ}fg/ﬂ lﬂfﬂl‘, Iﬁjﬂ%’%‘%ﬁﬂm
T, Wi /2
p1 1 1
(1- ) TN,
SERR TR, FELEREE () = (7 (¢ >, ,nm( DT, 1an () € 20 (e (1)), WA ILTFFAT > 0,
ft&i=1,2---,N,

T, <Ty =

&:(t) == Duys(t) + Di(t)zs (1) + Aif (i (1) — Aif (@i (8)) + Bof (it —7(2)))
~Bif(x +Czwjg 1:(t) (m+ pulle ()17 + palles ()19). (10)

Z &N Lyapunov PREX
N N

Z lles ()1l —EZ ([e: ()] ea(t) +es(t)  [es(t)]),

i=1

Hefr: e(t) = (lex @)l a1+ llew (®)[1)T. He(t) € RN\ {0},

d 1
SVile() =3

42 3 (e (A1) — A 1) + (A 010)) — A F(09)  es(0)
+% lea(8)]" (Bof (i (t—7(£))) — Buf (2, (t = 7(2)))
1
3
+g D (st wisles (1)) 3" (es () wisle(t)])

(le:@) ) +n" ()lex(®)]) (ma+ palle O +p2lle: )17)- (11)

1 X
5§
SZZ(Jik‘eik(t)h+Jik‘[eik(t)]|1)- (12)

) B, FeT i 1 AXER 2,

@+aawyw—aww+aamfkﬁm

3

%Z([ ()7 LA ((0) — Af D]+ (A (0:(0) — AT ()] ex 1)
<22 GEakileatt) + i len (0l
<X (aulentls +aullentt]). (13)
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N

%Z[ei(t)]’{ (Bif (yi(t=7(1))) = Bif (xi(t—7(1))))

i=1

+5 _Z Bif (gt =7(0))) = Buf (x:(t=7(1)))) " [es(1)]

N n n

)PP ILAA|CAC)

n

Szzgikueik(t)]‘l- (14)

i=1 k=1

M 1 AT

g Z Z (les ()] wi;gle; (8) +g" (e;(t))wis[es(1)]) = CZ Z ZWUR@([M]%(@M@)))

< CZZ wijl/k|ejk(t)}1. (15)
FTGI 3 3, AT LA

=3 OO+ Ol (et e a0

Zek Il mi— ZH DI, (eI +polle)];)

n N

<=2 llewllm =32 oulled i+ palled ). (16)
B (12)~(16) fOA (11), HEIHE 1 K& (9) A5
%Vl <§;IT (Dy+ Ay + ey, Q) e (t)
+§2ﬁka+Ak+BkJwﬁynﬁi@m@uﬂﬁ+pﬂ@@mb
géﬁ«dwy—mVB@a»—pﬂwf%;@@». (17)

M5 130 5 AT, REE (1) F(4) TEFERIE (8) T B mfE] [ 26y, HASRNE] T, w2

Lo 1
n .
(1—6)191 ,01_191 0—1N1_9p2—191

T, <T; =

JERHSEEE.

MARG (1) 1 (4) PR S REGR I WS DL, BIXHER v € C, g(v) =T, T = diag{y1,%2,"** ,Vn )},
Y € R, FRATAMES B LA T 4518,

L 1 e 1 KR (8) F

min{p,, N'"%p,} > 95, Dy + A+ B, —M <0, k=1,2,--- ,n,

HiP: 97 = max; <pcp { Amax (Di + A + 7)Y, WEEA MCNNs (1) £ (4) S2EE R EAER. 1ok, R A Bt

] T, w2 . . .
P1
T, <T'= 1 .
SN T 0 -1 N,
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E1OfEEH L, AR g=0, T, MANTHERSR A IR IE

1. 1 1
To<T;=—1 .
0="2 791 npl—ﬂl—'_e—lNl_gpg—ﬁl

iE 2 ELMERT MCNNs 87220 i BRI 5E p 421 1 T B340 2 1 2 (B AR S e 70 8 151
(HT RS, FAET SR 2. AR TR A%, A SCRAEAT S B 5 L AEFRHE R #RT  Lyapunoy
PRI A B B o M A (e S U A 2R T

iE 3 TERZECCTREIERRIFAL BT T, T FARZE MM E R a2 e AR DRy, 5
EANTR], AR SCE A R SR AL B It oy, itk TR geiysmlicit. 5350, 5138 s BUA Y [ 5 i (e A
PEHE BIANELL R G, IR e T EA AR H 2 A1 RN R AL TR

3 HEEH

AR IR 5 — R S LR BT A 4518 1A R

TERG (1) Al (4) Hh, BB RGB N =12, n = 2, Ty = {24(t) € C; [Re(zu(t))| + [Im(z(1))] <
1.5, k=1,2}, fu(zi(t)) = tanh(Re(w (¢))) +isin(Im(z,,(2))), k= 1,2, ICBHIESZANE E SN 2 20 (1), yir (t) € Ly,
diy = 1.07+0.22i,d;, = 0.49 —0.60i, a?, = 2.20 —1.03i,a?, = —0.14 4 0.60i,a}, = —5.10 + 3.49i,a}, = 3.00 — 2.02i
FHH b, = —1.5940.10i,bi, = —1.19—0.13i,b%, = —0.10 — 0.42i,b%, = —2.10 — 1.90i; 4 24 (t),yix(t) & Wi, diy =
0.98 4 0.12i,d;, = 0.51 — 0.62i, a}, = 2.10 — 0.99i,a’, = —0.11 +0.56i,a}, = —5.12 + 3.51i,a’, = 3.10 — 2.08i, Jf-H.
bi, = —1.65+0.151,bi, = —1.11 —0.12i,b}, = —0.19 — 0.40i, b}, = —1.99 — 1.89i.

BT EZE, REE (1) POIRSLA SR SRR Sh ) 2 A7 A an LR 28R, X HL 2,(0) = —2.18 —
1.09i, 25(0) = —1.97+1.22i.

Re(s, (1))

3 2 1 o 1 2 3 s 2 a o
Re(s, (1)) Im(s, (1)

v ey AL 1 2 IRALT B9 ERREE

SHERA i=1,2,---,12, k=1,2, B g (2:(t)) = tanh(Re (x5 (t))) + itanh(Im(z;, (¢))). 81 7] EH5 45,
FEFR 1 ATHL F4S MCNNs (1) 1 (4) 2 B a0 0, anEFIEI4RT R, Ak, KR rps 2 s [alfd 14350
T; =22.00, Ty =21.82.
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Re(e )|
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Im(e,) | 4

Imee,) |
e T, 2
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3 . s L L
° ® 10 1% 20 2 o 5 10 15 20 25

3 B=05 HEESZEREL B4 =0 HEESEER



52 T, A o R TR (D 28 10 245 £ ] 5 P I ] 22 143

4

%t

b=

ASCFENE T —ZEHA A R S A B (B A 2 28 1 [ I R] [ 25 75 AR S AEAT 5 pRERCRIT 1Y

[ R I (AR PR EIE, B 1A AN S S B i SR, i F I8 ) Lyapunov PREOK 73T 145 114 i 5 i [7]
[R5, BeAh, B i Pt 7 ikl B SRR i L T AR GE BT, AR AR IS Bk 2R G sl 23 R 2% £
1] T4 Al [

Sk

(1]
2]

(3]

(4]

[5]

[6]

7]

(8]

[9]

(10]

(11]

(12]

(13]

14]

CHUA L. Memristor the missing circuit element[J]. IEEE Transactions on Circuits Theory, 1971, 18: 507-519.

LI C, SHE K, ZHONG S. Extended robust global exponential stability for uncertain switched memristor-based neural networks
with time-varying delays[J]. Applied Mathematics and Computation, 2018, 325: 271-29.

HU B, GUAN Z, YU X. Multisynchronization of interconnected memristor-based impulsive neural networks with fuzzy hybrid
control[J]. IEEE Transactions on Fuzzy Systems, 2018, 26: 3069-3084.

GUO R, ZHANG Z, LIU X. Exponential input-to-state stability for complex-valued memristor-based BAM neural networks with
multiple time-varying delays[J]. Neurocomputing, 2018, 275: 2041-2054.

YANG X, LI C, HUANG T. Synchronization of fractional-order memristor-based complex-valued neural networks with uncertain
parameters and time delays[J]. Chaos, Solitons & Fractals, 2018, 110: 105-123.

CAO J, LI R. Fixed-time synchronization of delayed memristor-based recurrent neural networks[J]. Science China (Information
Sciences), 2017, 3: 108-122.

WEI R, CAO J. Fixed-time synchronization of memristive cohen-grossberg neural networks with impulsive effects[J]. International
Journal of Control, Automation and Systems, 2018, 16: 2214-2224.

XU Y, WU X, LI C. Fixed-time synchronization of complex networks with a simpler nonchattering controller[J]. IEEE Transactions
on Circuits and Systems II: Express Briefs, 2019, early access, DOI: 10.1109/TCSII.2019.2920035.

CHEN J, CHEN B, ZENG Z. Global asymptotic stability and adaptive ultimate mittag-leffler synchronization for a fractional-
order complex-valued memristive neural networks with delays[J]. IEEE Transactions on Systems, Man, and Cybernetics: Systems,
2019, 49: 2519-2535.

FILIPPOV A. Filippov differential equations with discontinuous righthand sides[M]. Dordrecht: Kluwer academic, 1988.

AUBIN J, FRANKOWSKA H. Set-Valued analysis[M]. Boston: Birkhauser, 1990.

XIONG K, YU J, HU C, et al. Synchronization in finite/fixed time of fully complex-valued dynamical networks via nonseparation
approach[J]. Journal of the Franklin Institute, 2020, 357: 473-493.

FENG L, YU J, HU C, et al. Nonseparation method based finite/fixed-time synchronization of fully complex-valued discontinuous
neural networks[J]. IEEE Transactions on Cybernetics, 2020, early access, DOI: 10.1109/TCYB.2020.2980684.

FORTI M, GRAZZINI M. Generalized lyapunov approach for convergence of neural networks with discontinuous or nonlipschitz
activations[J]. Physica D, 2016, 214: 88-99.

HAEGE: PR



