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0 Introduction
Competitive neural networks model is an important kind of unsupervised synaptic modification neural network, which

contains two state variables: short-term memory variable (STM) to describe fast neural activities, and long-term memory vari-

able (LTM) to describe slow neural activities. Since Cohen and Grossberg [1] first proposed the competitive neural networks in

1983, there have been many works about the competitive neural networks, such as competing neural networks with different

time scales [2−5], time-varying distributed competitive neural networks with time delay [6,7], unsupervised competitive neural

networks [8], competitive neural networks with different time scales and random disturbances [9], delay competitive neural

networks with discontinuous activation function [10], competitive neural networks with different time scales and time-varying

delays [11].

In addition, synchronization is a typical collective behavior, which is widely used in biological evolution, chemical re-

action, safety communication and so on. Since the pioneering works of Pecora and Carroll [12], and the synchronization of

competitive neural networks has attracted more and more attentions. In [4], Lou and Cui studied the exponential synchroniza-

tion of a class of competitive neural networks, and designed some exponential synchronization criteria by using Lyapunov

function, linear matrix inequality method and Newton-Leibniz formula. In [9], an adaptive feedback controller was designed

by Gu to realize the complete synchronization of the coupled time-delay competitive neural networks with different time

scales and random disturbances. By using the LaSalle invariance principle of stochastic differential delay equations, the glob-

ally certain asymptotic stability of error dynamic systems was studied. In [11], Gan studied the synchronization of a class of

competitive neural networks with different time scales and time-varying delays. He proposed a new delay partition method

and derived a delay correlation condition to ensure the synchronization of response system and drive system. By solving

LMI, the design of gain matrix of linear feedback controller can be realized. In [13], Zhang et al studied the synchronization

problem of dynamic networks under hybrid impulse and switch control. The results show that collective synchronous motion

appeared in many large-scale dynamical networks. Based on the concept of impulse control and the stability theory of the

impulse system, a new criterion of impulse synchronization for the model was established.
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In recent years, discontinuous feedback control strategies such as intermittent control have been widely used in traffic

systems, communication and other fileds [14−16]. Therefore, it is necessary to study the intermittent control methods. For

example, in [17], periodic intermittent nonlinear feedback control method is used to synchronize a class of nonlinear chaotic

systems with time delay. Based on Lyapunov functional theory and Halaner inequality, some synchronization criteria were

derived and sufficient conditions were obtained to guarantee delay-free synchronization of nonlinear systems. In [18], the

problem of exponential stability for a class of nonlinear systems was studied by means of periodic intermittent control. In

this paper, Li et al. gave a set of exponential stability criteria for linear matrix inequalities, and a simple sufficient condition

determined by three scalar inequalities. On the premise that the control period and control width were fixed and known,

a suboptimal intermittent controller was designed for the general cost function and the theoretical results were verified by

numerical simulation. In [19], the exponential stability of delayed chaotic neural network was studied by using periodic

intermittent control method. Using Lyapunov function and Halaner inequality, the authors established the exponential stability

criterion and its simplified form of the controlled neural networks. The feasible region of control parameters was estimated

strictly. The theoretical results and numerical simulation show that the continuous time DCNN could be stabilized by using

the non-zero duration intermittent feedback control.

Based on the above discussion, we consider the competitive neural networks model with time-varying delay. By using

Lyapunov function method and differential inequality analysis method, the global exponential synchronization conditions of

competitive neural networks with time delay are discussed, and the corresponding criteria are established. At the same time,

we studied the exponential synchronization problems of competitive neural networks with both large and small time delays

and intermittent control, and some sufficient conditions are established. Finally, a numerical example is shown to verify the

correctness and validity of the theoretical result.

1 Model building and preliminaries
Consider the following competitive neural networks with time delay

■||||■||||■
S T M : εẋi(t)=−aixi(t)+

NΣ
k=1

dik fk(xk(t))+
NΣ

k=1
dτ

ik fk(xk(t−τ))+bi

PΣ
j=1

mi j(t)σ j,

LT M : ṁi j(t)=−cimi j(t)+σ j fi(xi(t)),
(1)

where N is the number of junction neurons in STM state, P is the number of neurons stimulated by external stimulation, xi

indicates the current activation level of neurons, fi(·) represents the neuron output function, mi j(t) is recorded as a valid join,

σ j is recorded as external stimulus weight, ai > 0 is called the neuron activation constant，ci > 0 is any constant, dik represents

the connection weight between the i-th and k-th neurons, bi represents the degree of external stimulation, ε> 0 represents the

time scale in the STM state, τ is a delay constant: dτ
ik represents the connection weight of the delay feedback between the i-th

and k-th neurons.

Let si(t) =
PΣ

j=1
mi j(t)σ j = mi(t)σ, where σ = (σ1,σ2, · · · ,σP)T , mi(t) = (mi1(t),mi2(t), · · · , miP(t))T , then the system (1) can

be represented as follows
■||||■||||■

S T M : εẋi(t)=−aixi(t)+
NΣ

k=1
dik fk(xk(t))+

NΣ
k=1

dτ
ik fk(xk(t−τ))+bisi(t),

LT M : ṡi(t)=−cisi(t)+ |σ|2 fi(xi(t)),
(2)

where |σ|2 = σ2
1 +σ

2
1 + · · ·+σ2

P is a constant, without loss of generality, let |σ|2 = 1, and when t ∈ R+ = [0,+∞), let x(t) =

(x1(t), x2(t), · · · , xN(t))T , S (t) = (s1(t), s2(t), · · · , sN(t))T , A = diag(a1,a2, · · · ,aN), D = (dik)N×N , Dτ = (dτ
ik)N×N , B = diag(b1,b2, · · · ,

bN),C = diag(c1,c2, · · · , cN), f (x(t))= ( f1(x1(t)), f2(x2(t)), · · · , fN(xN(t)))T , f (x(t−τ))= ( f1(x1(t−τ)), f2(x2(t−τ)), · · · , fN(xN(t−τ)))T .

So the matrix form of system (2) is
■||■||■

S T M : εẋ(t)=−Ax(t)+D f (x(t))+Dτ f (x(t−τ))+BS (t),

LT M : Ṡ (t)=−CS (t)+ f (x(t)).
(3)
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Therefore, the system is described as follows

■||■||■
S T M : εẏ(t)=−Ay(t)+D f (y(t))+Dτ f (y(t−τ))+BR(t)+u1(t),

LT M : Ṙ(t)=−CR(t)+ f (y(t))+u2(t),
(4)

where y(t)= (y1(t),y2(t), · · · ,yN(t))T , R(t)= (r1(t),r2(t), · · · ,rN(t))T , ui(t)(i= 1,2) is an intermittent controller

u1(t)=

■||■||■
−Q1e(t), nT ≤ t< nT +δ,

0, nT +δ≤ t< (n+1)T,
(5)

u2(t)=

■||■||■
−Q2z(t), nT ≤ t< nT +δ,

0, nT +δ≤ t< (n+1)T,
(6)

Qi ∈RN×N (i= 1,2) is the gain matrix of feedback control. Let e(t)= y(t)−x(t),z(t)=R(t)−S (t), then the error dynamic system

can be written as ■||■||■
S T M : εė(t)=−Ae(t)+Dg(e(t))+Dτg(e(t−τ))+Bz(t)+u1(t),

LT M : ż(t)=−Cz(t)+g(e(t))+u2(t),
(7)

where g(e(t))= f (y(t))− f (x(t)), g(e(t−τ))= f (y(t−τ))− f (x(t−τ)).

Assuming 1 There is a symmetric positive definite matrix L= (li j)m×n, for any x, y ∈Rn, we have ∥ f (x)− f (y)∥ ≤ L∥x−y∥.
Assuming 2 Time-lag τ< T , where τ is a constant, T is a cycle.

Lemma 1[18] For any real matrix with proper dimension Σ1,Σ2,Σ3, if given 0< Σ3 = Σ
T
3 and any real number ε > 0, then

ΣT
1Σ2+Σ

T
2Σ1 ≤ εΣT

1Σ3Σ1+ε
−1ΣT

2Σ
−1
3 Σ2 holds.

Lemma 2[13] If P ∈Rm×n is a positive definite matrix, Q is a symmetric matrix, then we have λmin(P−1Q)XT PX ≤ XT QX ≤
λmax(P−1Q)XT PX,X ∈Rn.

Lemma 3[17] Let ϕ is a nonnegative function in interval [t0 − τ,+∞), and it is continuous in the subinterval [t0,+∞).

When t≥ t0, ϕ′ ≤αϕ(t)+βϕ(t−τ) holds. If α> 0, β> 0, then, when t≥ t0, we have ϕ(t)≤ϕt0 eη(t−t0+τ), where ϕt0 = supt0−τ≤θ≤t0
ϕ(θ),

and η> 0 is the unique solution of the equation α+βe−ητ = η.

Lemma 4(Halanay inequality)[19] Let ϕ : [t0 − τ) → [0,+∞) is a continuous function, when t ≥ t0, such that ϕ′ ≤
−αϕ(t)+βϕt. If α > 0,β > 0, then, when t ≥ t0, we have ϕ(t) ≤ ϕt0 e−γ(t−t0), where ϕt = supt−τ≤θ≤t ϕ(θ), and γ > 0 is the unique

solution of the equation α−γ−βeγτ = 0.

Lemma 5 Suppose the function y(t) is continuous and nonnegative in t ∈ [−τ,+∞). If there are constants γ1, γ2, γ3, γ4

the following conditions are met

■||■||■
ẏ(t)≤−γ1y(t)+γ2y(t−τ), t ∈ [nT,nT +δ),

ẏ(t)≤ γ3y(t)+γ4y(t−τ), t ∈ [nT +δ, (n+1)T ),
(8)

and γ1 > γ̄ ≥ 0, η̄= γ1+γ3 > 0, ρ= λ∗− η̄(1− δ

T )> 0, then y(t)≤ sup
−τ≤s≤0

y(s)exp{−ρt}, where 0< δ < T , γ̄ =max{γ2,γ4}, λ∗ is the

solution of the equation λ∗−γ1+ γ̄exp{λ∗τ}= 0.

Proof SupposeW(t)= y(t)exp{λ∗t}, t≥ 0;M0 = sup
−τ≤s≤0

y(s), where λ∗ is the solution of the equation λ∗−γ1+γ̄exp{λ∗τ}= 0.

By lemma 4, we obtainW(t) ≤ M0. So, for any t ∈ [0, δ), we haveW(t) < hM0, where constant h > 1. Then, we need to

prove for any t ∈ [δ,T ), the formulaW(t)< hM0 exp{η̄(t−δ)} holds, i.e.,

H(t)=W(t)−hM0 exp{η̄(t−δ)}< 0. (9)

Otherwise, there exists p0 ∈ (δ,T ), such that

H(p0)= 0, Ḣ(p0)≥ 0, H(t)< 0, t ∈ (δ, p0). (10)
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For τ > 0, if δ < p0−τ(p0) < p0, thenW(p0−τ(p0)) < hM0 exp{η̄(p0−δ)}. In addition, if −τ ≤ p0−τ(p0) ≤ δ, we have

W(p0−τ(p0))< hM0 < hM0 exp{η̄(p0−δ)}. Therefore, for any τ, we haveW(p0−τ(p0))< hM0 exp{η̄(p0−δ)}. Hence,

Ḣ(p0)= λ∗W(p0)+exp{λ∗p0}ẏ(p0)− η̄hM0 exp{η̄(p0−δ)}
= (λ∗+γ3)W(p0)+γ4 exp{λ∗τ}W(p0−τ)− η̄hM0 exp{η̄(p0−δ)}
< (λ∗+γ3+γ4 exp{λ∗τ}− η̄)hM0 exp{η̄(p0−δ)}
≤ (λ∗−γ1+ γ̄exp{λ∗τ})hM0 exp{η̄(p0−δ)}= 0 (11)

This contradicts with the inequality (10). So, the inequality (9) holds, i.e., for any t ∈ [δ,T ),

W(t)< hM0 exp{η̄(t−δ)}< hM0 exp{η̄(T −δ)}. (12)

Then, for any t ∈ [−τ,T ), we haveW(t)< hM0 exp{η̄(T −δ)}.
Next, we prove for any t ∈ [T,T +δ), we have

W(t)< hM0 exp{η̄(T −δ)}. (13)

Otherwise, there exists p1 ∈ [T,T +δ), such that

H̃(p1)= 0, ˙̃H(p1)≥ 0, H̃(t)< 0, t ∈ (t1, p1), (14)

where H̃(t)=W(t)−hM0 exp{η̄(T −δ)}. So

˙̃H(p1)= λ∗W(p1)+exp{λ∗p1}ẏ(p1)

= (λ∗−γ1)W(p1)+γ2 exp{λ∗τ(p1)}W(p1−τ)

< (λ∗−γ1+γ2 exp{λ∗τ})hM0 exp{η̄(T −δ)}
≤ (λ∗−γ1+ γ̄exp{λ∗τ})hM0 exp{η̄(T −δ)}= 0. (15)

This contradicts with the inequality (14). Hence, (13) holds.

For t ∈ [T +δ,2T ), by the similar method, we get

W(t)< hM0 exp {η̄[(T −δ)+ (t− (T +δ))]} .

Repeating the above process, for any tk ≤ t≤ sk, we have

W(t)< hM0 exp {η̄k(T −δ)} . (16)

In addition, for kT +δ < t< (k+1)T , then

W(t)< hM0 exp {η̄ [k(T −δ)+ (t−kT +δ)]} . (17)

For any t≥ 0, there exists a positive integer k, such that kT ≤ t≤ (k+1)T . So, for any t, we have the following estimations for

W(t). When kT ≤ t< kT +δ,

W(t)< hM0 exp{η̄k(T −δ)}

= hM0 exp
{
η̄k

T −δ
T
·T
}

= hM0 exp
{
η̄
(
1− δ

T

)
kT
}

≤ hM0 exp
{
η̄
(
1− δ

T

)
t
}
.
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When kT +δ≤ t< (k+1)T , we have

W(t)< hM0 exp
{
η̄[k(T −δ)+ (t−kT −δ)]}

= hM0 exp
{
η̄
[
k

T −δ
T
·T + t−kT −δ

t−kT
· (t−kT )

]}

≤ hM0 exp
{
η̄
[
k
(
1− δ

T

)
kT +

δ

T
· (t−kT )

]}

≤ hM0 exp
{
η̄
(
1− δ

T

)
[kT + (t−kT )]

}

= hM0 exp
{
η̄
(
1− δ

T

)
t
}
.

Let h→ 1, by the definition ofW(t), we have y(t)≤M0 exp{−(λ∗− η̄(1− δ

T ))t}=M0 exp{−ρt}, t≥ 0.

Remark 1 In lemma 5, we only demand τ < T . There is no limit to the size relationship between δ and τ, i.e., lemma 5

holds for τ< δ and τ≥ δ.

2 Synchronization criterion of competitive neural networks under intermittent
control
In this section, the strict derivation of the synchronization criterion for system (3) and system (4) is given based on

differential inequality and intermittent control strategy.

Theorem 1 Under assumings 1, 2, the system (3) and system (4) synchronize with intermittent control protocol, if there

exists positive numbers α1, α2, εi, µi(i= 1, · · · ,4) and positive definite matrices Q1, Q2 meeting the following conditions

(1)−2A−2Q1+ε
−1
1 DT D+ε1L2+ε−1

2 DT
τ Dτ+εε3L2+ε−1

4 I+εα1I ≤ 0,

(2)−2C−2Q2+ε
−1ε−1

3 I+ε−1ε4BT B+α1I ≤ 0,

(3)−2A+µ−1
1 DT D+µ1L2+µ−1

2 DT
τ Dτ+εµ3L2+µ−1

4 I−εα2I ≤ 0,

(4)−2C+ε−1µ−1
3 I+ε−1µ4BT B−α2I ≤ 0,

(5) (i) If 0<τ< δ< T ,γ(δ−τ)−η(T −δ+τ)> 0,

(ii) If 0< δ< τ< T ,α1 > γ̄≥ 0, η̄=α1+α2 > 0,ρ= λ∗− η̄(1− δ

T )> 0,

where β1 = ε
−1ε2λmax(L2), β2 = ε

−1µ2λmax(L2), γ and η are the solutions of equations α1 − γ − β1eγτ = 0 and α2 + β2eητ = η

respectively, γ̄=max{β1,β2}, λ∗ are the solutions of equation λ∗−α1+ γ̄exp{λ∗τ}= 0.

Proof Constructing Lyapunov function:

V(t)= eT (t)e(t)+zT (t)z(t).

When t ∈ [−τ,0], let Vτ = sup
−τ≤k≤0

V(k), and when t= 0, we have V0 ≤Vτ. Then the derivative of V(t) about t is as follows：

(1) In the control interval, i.e., t ∈ (nT,nT +δ], from lemma 1 and lemma 2, we can infer

V̇(t)= 2eT (t)ė(t)+2zT (t)ż(t)

=
1
ε

2eT (t)(−Ae(t)+Dg(e(t))+Dτg(e(t−τ))+Bz(t)−Q1e(t)) +2zT (t)(−Cz(t)+g(e(t)))−Q2z(t))

≤ 1
ε

eT (t)(−2A−2Q1+ε
−1
1 DT D+ε1L2+ε−1

2 DT
τ Dτ+εε3L2+ε−1

4 I)e(t)

+zT (t)(−2C−2Q2+ε
−1ε−1

3 I+ε4BT B)z(t)+ε−1ε2eT (t−τ)L2e(t−τ)

≤−α1V(t)+β1V(t−τ)+
1
ε

eT (t)(−2A−2Q1+ε
−1
1 DT D+ε1L2 +ε−1

2 DT
τ Dτ

+εε3L2+ε−1
4 I+εα1I)e(t)+zT (t)(−2C−2Q2+ε

−1ε−1
3 I +ε−1ε4BT B+α1I)z(t)

≤−α1V(t)+β1V(t−τ),

where β1 = ε
−1ε2λmax(L2).

(2) In the non-controlling interval, i.e., t ∈ (nT +δ, (n+1)T ], we have
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V̇(t)= 2eT (t)ė(t)+2zT (t)ż(t)

= 2eT (t)(−Ae(t)+Dg(e(t))+Dτg(e(t−τ))+Bz(t))+2zT (t)(−Cz(t)+g(e(t))))

≤ 1
ε

eT (t)(−2A+µ−1
1 DT D+µ1L2+µ−1

2 DT
τ Dτ+εµ3L2+µ−1

4 I)e(t)

+zT (t)(−2C+ε−1µ−1
3 I+ε−1µ4BT B)z(t)+ε−1µ2eT (t−τ)L2e(t−τ)

≤ 1
ε
α2V(t)+β2V(t−τ)+eT (t)(−2A+µ−1

1 DT D+µ1L2+µ−1
2 DT

τ Dτ)

+εµ3L2+µ−1
4 I−εα2I)e(t)+zT (t)(−2C+ε−1µ−1

3 I+ε−1µ4BT B−α2I)z(t)

≤α2V(t)+β2V(t−τ),

where β2 = ε
−1µ2λmax(L2). Hence, from (1) and (2) we obtain

■||■||■
V̇(t)≤−α1V(t)+β1V(t−τ), nT < t≤ nT +δ.

V̇(t)≤α2V(t)+β2V(t−τ), nT +δ < t≤ (n+1)T.
(18)

By lemma 3 and lemma 4, it is not difficult to find out that for any positive integer n
■||■||■

V(t)≤VnT e−γ(t−nT ), nT < t≤ nT +δ,

V(t)≤VnT+δeη(t−nT−δ+τ), nT +δ < t≤ (n+1)T,
(19)

where γ and η are the solutions of equations α1−γ−β1eγτ = 0 and α2+β2eητ = η respectively. Obviously, V(t)is an non-increasing

function in t ∈ (nT ≤ t ≤ nT +δ] , but it is non-decreasing function in t ∈ (nT +δ ≤ t ≤ (n+1)T ]. VnT = sup
nT−τ≤t≤nT

V(t) at t = nT

and VnT+δ = sup
nT+δ−τ≤t≤nT+δ

V(t) at t = nT +δ. Since there is no special limit on the scale size of delay τ, it is possible that nT −τ
belongs to interval ((n−1)T, (n−1)T +δ], or to interval ((n−1)T +δ,nT ]. Similarly, it is also possible that nT +δ−τ belongs

to interval ((n−1)T +δ,nT ] or (nT,nT +δ]. Therefore, the following proof process needs to be divided into two cases:

Case 1: When δ−τ> 0, we need to prove
■|||||||||■|||||||||■

V(t) ≤Vτe−[γt−nγ(T−δ+τ)−n(T−δ+τ)], t ∈ (nT,nT +δ],

V(t) ≤Vτe−{(n+1)[γ(δ−τ)−η(T−δ+τ)]−η[t−(n+1)T ]}, t ∈ (nT +δ, (n+1)T ],

VnT ≤Vτe−n[γ(δ−τ)−η(T−δ+τ)],

VnT+δ ≤Vτe−[(n+1)γ(δ−τ)−nη(T−δ+τ)].

(20)

From assuming 2，there exists Vτ ≥V0.

The following is proved by mathematical induction.

(i) When l= 0, i.e., when t ∈ [0,T ], by (18), we have
■||■||■

V(t)≤V0e−γt ≤Vτe−γt, 0< t≤ δ,
V(t)≤Vδeη(t−δ+τ), δ < t≤T.

(21)

By the above inequality, Vδ = sup
δ−τ≤t≤δ

V(t) ≤ V(δ− τ) ≤ Vτe−γ(δ−τ), then t ∈ [δ,T ], V(t) ≤ Vτe−{[γ(δ−τ)−η(T−δ+υ)]−η(t−T )}. Therefore we

have ■||■||■
V(t)≤Vτe−γt, 0< t≤ δ,
V(t)≤Vτe−{[γ(δ−τ)−η(T−δ+τ)]−η(t−T )}, δ < t≤T.

(22)

(ii) Suppose that when l= n−1, the following inequalities hold
■|||||||||■|||||||||■

V(t) ≤Vτe−[γt−(n−1)γ(T−δ+τ)−(n−1)(T−δ+τ)], t ∈ ((n−1)T, (n−1)T +δ],

V(t) ≤Vτe−{n[γ(δ−τ)−η(T−δ+τ)]−η[t−nT ]}, t ∈ ((n−1)T +δ,nT ],

V(n−1)T ≤Vτe−(n−1)[γ(δ−τ)−η(T−δ+τ)],

V(n−1)T+δ ≤Vτe−[nγ(δ−τ)−(n−1)η(T−δ+τ)].

(23)

By deduction, when l= n, (23) holds.
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When l= n, t ∈ (nT, (n+1)T ], by (18), we have
■||■||■

V(t)≤VnT e−γt(t−nT ), nT ≤ t≤ nT +δ,

V(t)≤VnT+δeη(t−nT+δ−τ), nT +δ < t≤ (n+1)T.
(24)

As long as the expressions VnT and VnT+δ are derived, the above inequality can be obtained. From lemma 4, we obtain

VnT = sup
nT−τ≤t≤nT

V(t)=max{ sup
nT−τ≤t≤(n−1)T+δ

V(t), sup
(n−1)T+δ≤t≤nT

V(t)}=max{V(nT −τ),V(nT )}.

because (n−1)T < nT−τ≤ (n−1)T+δ, and by (24) we have VnT ≤Vτe−n[γ(δ−τ)−η(T−δ+τ)]. In addition, VnT+δ = sup
nT+δ−τ≤t≤nT+δ

V(t)≤
V(nT +δ−τ). By (23) we have VnT+δ ≤VnT e−γ(δ−τ) ≤Vτe−[(n+1)γ(δ−τ)−nη(T−δ+τ)].

From the above analysis process, the following results are obtained. For any t ≥ 0, there exists n0 ∈ Z+, let t−δ
T ≤ n0 ≤ t

T ,

t ∈ [n0T,n0T +δ) in Case 1, i.e., δ−τ> 0, we have

V(t)≤Vτe−[γn0T−n0γ(T−δ+τ)−n0η(T−δ+τ)]

≤Vτe−[ t−δ
T γT− t

T γ(T−δ+τ)− t
T η(T−δ+τ)]

=Vτe−[ t
T (γ+η)(δ−τ)−ηt−γδ], (25)

and
V(t)≤Vτe−[(n0+1)γ(δ−τ)−η(T−δ+τ)]

≤Vτe−[ t
T (γ(δ−τ)−η(T−δ+τ)]. (26)

Based on (25) and (26), it can be concluded that V(t)≤Vτe( t−δ
T +1)η(T−δ+τ). So, for t> 0, ∥eT (t)e(t)+zT (t)z(t)∥ ≤ ∥eT (t)e(t)∥2+

∥zT (t)z(t)∥2 ≤ Vτe−[ t
T (γ(δ−τ)−η(T−δ+τ)]. According to the condition (5)(i), we have lim

t→+∞
∥e(t)∥ = 0, lim

t→+∞
∥z(t)∥ = 0. Hence the error

system is globally exponentially stable.

Case 2: When 0 < δ < τ < T , according to the condition (5)(ii), we can get directly from lemma 5 V(t) ≤ Vτe−ρt.

Therefore, lim
t→+∞
∥e(t)∥= 0, lim

t→+∞
∥z(t)∥= 0

Remark 2 In [17], the authors only considered the case of τ < δ(small delay), and gave some intermittent control

synchronization criteria. In the process of proving the theorem 1, according to the relationship between τ and δ, we mainly

divide it into two parts to prove the conclusion of the theorem. For the case of τ < δ(small delay), we use lemma 3 and 4 to

get the condition of synchronization. In the case of τ ≥ δ, we can not get the relevant conclusion directly from lemma 3 and

4. Therefore, lemma 5 is given. According to lemma 5, we can directly obtain the criterion of synchronization. Obviously,

the conclusion is more general than that in [17].

Remark 3 In this paper, we choose the controllers u1(t) and u2(t) as linear batch controllers. In fact, there are similar

results for nonlinear batch controllers. For example, we select

u1(t)=

■||■||■
−Q(e(t)), t ∈ (nT,nT +δ],

0, t ∈ (nT +δ, (n+1)T ],

u2(t)=

■||■||■
−Q(z(t)), t ∈ (nT,nT +δ],

0, t ∈ (nT +δ, (n+1)T ].

And we only need to assume that the continuous function Q(·) satisfies the following condition

eT (t)Q(e(t))≤ eT (t)Q1e(t), zT (t)Q(z(t))≤ zT (t)Q2z(t).

In particular, if there is no delay in the neuron transfer function of the model (3), then the model (3) degenerates to the

following form ■||■||■
S T M : εẋ(t)=−Ax(t)+D f (x(t))+BS (t),

LT M : Ṡ (t)=−CS (t)+ f (x(t)).
(27)
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Therefore, the system is described as follows
■||■||■

S T M : εẏ(t)=−Ay(t)+D f (y(t))+BR(t)+u1(t),

LT M : Ṙ(t)=−CR(t)+ f (y(t))+u2(t),
(28)

Where, ui(t), i= 1,2 is an intermittent controller

u1(t)=

■||■||■
−Q1e(t), nT ≤ t< nT +δ,

0, nT +δ≤ t< (n+1)T,
(29)

u2(t)=

■||■||■
−Q2z(t), nT ≤ t< nT +δ,

0, nT +δ≤ t< (n+1)T,
(30)

Qi ∈RN×N , i= 1,2 is the gain matrix of feedback control. Let e(t)= y(t)− x(t), z(t)=R(t)−S (t) then the error dynamic system

can be written as
■||■||■

S T M : εė(t)=−Ae(t)+Dg(e(t))+Bz(t)+u1(t),

LT M : ż(t)=−Cz(t)+g(e(t))+u2(t),
(31)

where g(e(t))= f (y(t))− f (x(t)).

Corollary 1 Under assumption 1, the system (27) and (28) are synchronized with the intermittent control protocol, if

there exists positive numbers α1, α2, εi, µi(i= 1,2,3) and positive definite matrices Q1, Q2 meeting the following conditions

(1)−2A−2Q1+ε
−1
1 DT D+ε1L2+εε2L2+ε−1

3 I+εα1I ≤ 0,

(2)−2C−2Q2+ε
−1ε−1

2 I+ε−1ε3BT B+α1I ≤ 0,

(3)−2A+µ−1
1 DT D+µ1L2+εµ2L2+µ−1

3 I−εα2I ≤ 0,

(4)−2C+ε−1µ−1
2 I+ε−1µ3BT B−α2I ≤ 0,

(5)α1δ−α2(T −δ)> 0.

Proof Constructing Lyapunov function V(t)= eT (t)e(t)+zT (t)z(t), when t ∈ [nT,nT +δ), by the derivative of V(t), we get

V̇(t)= 2eT (t)ė(t)+2zT (t)ż(t)

=
2
ε

eT (t)(−Ae(t)+Dg(e(t))+Bz(t)−Q1e(t)) +2zT (t)(−Cz(t)+g(e(t)))−Q2z(t))

≤ 1
ε

eT (t)(−2A−2Q1+ε
−1
1 DT D+ε1L2+εε2L2+ε−1

3 I)e(t)

+zT (t)(−2C−2Q2+ε
−1ε−1

2 I+ε3BT B)z(t)+ε−1ε2eT (t−τ)L2e(t−τ)

≤−α1V(t)+
1
ε

eT (t)(−2A−2Q1+ε
−1
1 DT D+ε1L2+εε2L2+ε−1

3 I

+εα1I)e(t)+zT (t)(−2C−2Q2+ε
−1ε−1

2 I+ε−1ε3BT B+α1I)z(t)

≤−α1V(t).

Hence, V(t)≤V(nT )e−α1(t−nT ). When t ∈ [nT +δ, (n+1)T ), we have

V̇(t)= 2eT (t)ė(t)+2zT (t)ż(t)

= 2eT (t)(−Ae(t)+Dg(e(t))+Bz(t))+2zT (t)(−Cz(t)+g(e(t))))

≤ 1
ε

eT (t)(−2A+µ−1
1 DT D+µ1L2++εµ2L2+µ−1

3 I)e(t) +zT (t)(−2C+ε−1µ−1
2 I+ε−1µ3BT B)z(t)

≤α2V(t)+eT (t)(−2A+µ−1
1 DT D+µ1L2+εµ2L2+µ−1

3 I−εα2I)e(t)+zT (t)(−2C+ε−1µ−1
2 I+ε−1µ3BT B−α2I)z(t)

≤α2V(t).

then

V(t)≤V(nT +δ)eα2(t−(nT+δ)) ≤V(nT )e−α1δ+α2(t−(nT+δ)).

So V((n+1)T )≤V(nT )e−α1δ+α2(T−δ). For ∀t ∈ [nT,nT +δ), by the mathematical induction, we can obtain obviously
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V(t)≤V(t0)e−n[α1δ−α2(T−δ)e−α1(t−nT ) ≤V(t0)e−(α1δ−α2(T−δ)) t−δ
T .

For ∀t ∈ [nT +δ, (n+1)T ),
V(t)≤V(t0)e−(α1δ−α2(T−δ)) t−δ

T ·e−(α1δ−α2(T−δ)) =V(t0)e−(α1δ−α2(T−δ))( t−δ
T +1).

By the condition (5) of inference 1, we have lim
t→+∞

V(t)= 0, and then

lim
t→+∞
∥e(t)∥= 0, lim

t→+∞
∥z(t)∥= 0.

Remark 4 In this section, we require 0 < δ < T . In particular, when δ = t, the controllers (5) and (6) degenerate into

general continuous control, i.e.,

u1(t)=−Q1e(t), u2(t)=−Q2z(t). (32)

Corollary 2 Under assumings 1, 2，the system (3) and system (4) are synchronized with the controller (32), if there

exist positive numbers α1, εi(i= 1, · · · ,4) and positive definite matrices Q1, Q2 meeting the following conditions

(1)−2A−2Q1+ε
−1
1 DT D+ε1L2+ε−1

2 DT
τ Dτ+εε3L2+ε−1

4 I+εα1I ≤ 0,

(2)−2C−2Q2+ε
−1ε−1

3 I+ε−1ε4BT B+α1I ≤ 0.

3 Numerical example and simulation
Consider a numerical example of 2−D competitive neural networks with variable time delay

■||■||■
S T M : εẋ(t)=−Ax(t)+D f (x(t))+Dτ f ((t−τ))+BS (t),

LT M : Ṡ (t)=−CS (t)+ f (x(t)),
(33)

where x(t) = (x1(t), x2(t))T , S (t) = (s1(t), s2(t))T , f (x) = (0.6tanh(x1)+0.4sin(x1), 0.6tanh(x2)+0.4sin(x2))T , τ = 0.4, C = 0.8I,

B= 0.3I, ε= 0.4,

A=

■||||||■
1.5 0

0 2.2

■||||||■ , D=

■||||||■
1 −1.8

1 2.5

■||||||■ , Dτ =

■||||||■
−1.45 −0.05

−0.28 0.05

■||||||■ .

The initial conditions of this dynamic behavior system are x(0) = (2,0.4)T , S (0) = (−0.5,0.8)T , and the operation results are

shown in Fig 1, Fig 2.
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Fig 1 the phase diagram of x(t)
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Fig 2 the phase diagram of S (t)

Consider the synchronization between the main system (33) and the slave systems (34)■||■||■
S T M : εẏ(t)=−Ay(t)+D f (y(t))+Dτ f ((t−τ))+BR(t)+u1(t),

LT M : Ṙ(t)=−CR(t)+ f (y(t))+u2(t),
(34)

where y(t) = (y1(t),y2(t))T , R(t) = (r1(t),r2(t))T . The state with initial conditions y(0) = (−1.6,0.6)T , R(0) = (0.2,0.56)T , xi(t),

yi(t), si(t) and ri(t)(i= 1,2) have no control, as shown in Fig 3∼Fig 6. Obviously, the trajectory of master-slave system is not

synchronous without control.

According to the analysis of theorem 1, the main system (33) and the slave system (34) tend to be synchronized under

appropriate conditions after periodic intermittence control (5) and (6) are added to the system. For convenience, we choose

Q1 = 3.5I, Q1 = 3I, ε1 = µ1 = 2, ε2 = µ2 = 1, ε3 = µ3 = 0.5, ε4 = µ4 = 0.25. By simple calculation, it is found that the conditions

(1)∼(4) of theorem 1 hold. As long as we choose δ = 2, T = 3, the condition (5)(i) of theorem 1 holds. So，in this example,

where δ = 2, T = 3, under the periodic intermittent control (5) and (6), track patterns of xi(t), yi(t), si(t), and ri(t)(i = 1,2) are

shown in Fig 7∼Fig 10. Obviously, the master-slave system tends to be synchronized.
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4 Conclution
This paper considers a competitive neural networks model with time-varying delay based on the neural networks with

time-varying delay in which the intermittent feedback control with non-zero duration can be stabilized to continuous time. By

using the method of differential inequality analysis and Lyapunov function, the global exponential synchronization conditions

of competitive neural networks with time delay are discussed, and the corresponding criteria are established. At the same

time, the exponential synchronization problems of competitive neural networks with time-varying delays and intermittent

control are studied, and which satisfied both large and small delays. Some sufficient conditions are established. Finally, a

simulation example is shown to verify the correctness and validity of the theoretical results.
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摘 要：本文主要讨论了间歇控制下时滞竞争神经网络的指数同步问题. 利用微分不等式分析方法与 Lyapunov 函数

法，给出了同时满足大时滞与小时滞竞争神经网络的全局指数同步的充分性条件，并建立了相应的判别准则. 最后，设

计了一个数值实验，通过仿真实例验证了所提出理论的正确性和有效性.
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0 引 言

竞争神经网络模型是一类重要的无监督突触修饰神经网络, 它包含两种状态变量, 短期记忆变量(STM)描

述快速神经活动, 长期记忆变量(LTM)描述缓慢的神经活动. 自1983年Cohen和Grossberg[1]首次提出了竞争神经

网络以来,出现了很多关于竞争神经网络的研究,如不同时间尺度竞争神经网络[2−5]、时变分布时滞竞争神经网

络[6,7]、无监督竞争神经网络[8]、不同时间尺度和随机扰动下竞争神经网络[9]、具有不连续激活函数的时滞竞争

神经网络[10]、具有不同时间尺度和时变延迟的竞争神经网络[11].

此外,同步是一种典型的集体行为,它在生物进化、化学反应、安全通信等方面应用广泛. 1990年,其开创性

的研究工作由Pecora和Carroll[12]提出,自此竞争神经网络的同步问题受到了越来越多学者的关注. Lou与Cui[4]研

究了一类竞争神经网络的指数同步问题, 利用线性矩阵不等式方法、Lyapunov函数法、牛顿-莱布尼兹公式, 设

计了一些指数同步准则. Gu[9]设计了一种自适应反馈控制器, 以实现具有不同时间尺度和随机扰动的耦合时滞

竞争神经网络的完全同步，利用随机微分时滞方程的Lasalle不变性原理, 研究了误差动态系统的全局几乎确定

的渐近稳定性. Gan[11]研究了一类具有不同尺度时变时滞的竞争神经网络的同步问题，提出了一种新的延迟划

分方法, 推导了一种保证响应系统与驱动系统同步的延迟相关条件，通过求解线性矩阵不等式, 可以实现线性

反馈控制器增益矩阵的设计. Zhang等人[13]研究了混合脉冲和切换控制下复杂动态网络的同步问题. 研究表明,

许多大型复杂动力网络都表现出集体同步运动, 可利用脉冲控制的概念和脉冲系统的稳定结果, 建立该模型的

脉冲同步新准则.

近年来, 间歇控制等非连续反馈控制策略在交通、通信等工程中得到了广泛的应用[14−16]. 因此, 对于间歇

控制方法的研究十分必要,如文献[17]采用周期性间歇非线性反馈控制方法,对一类具有时滞的非线性混沌系统

进行同步，基于Halanay不等式和Lyapunov泛函理论等方法, 推导出了一些同步准则, 并得到了保证非线性系统

无延迟同步的充分条件. 文献[18]用周期间歇控制方法研究了一类非线性系统的指数稳定问题，给出了一组线

性矩阵不等式的指数稳定判据, 以及由三个标量不等式确定的一个简单的充分条件. 在控制周期和控制宽度固

定且已知的前提下, 针对一般成本函数设计了次优间歇控制器, 并用数值模拟验证了理论结果. 文献[19]采用周

期间歇控制方法研究了延迟混沌神经网络的指数稳定问题，利用Lyapunov函数和Halanay不等式, 建立了受控

神经网络的指数稳定准则及其简化形式,对控制参数的可行域进行了严格的估计.理论结果和数值模拟表明,采

用非零持续时间的间歇反馈控制可以稳定连续时间的时滞混沌神经网络.

本文在以上研究的基础上考虑了具有时变时滞的竞争神经网络模型,利用微分不等式分析方法和Lyapunov
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函数方法, 讨论了具有时滞的竞争神经网络的全局指数同步条件, 并建立了相应的判别准则, 同时, 也研究了既

满足大时滞也满足小时滞的时变时滞和间歇控制的竞争神经网络的指数同步问题, 并建立了一些充分性条件.

最后, 通过仿真实例验证了所提出方案的正确性和有效性.

1 模型建立及预备知识

考虑如下具有时滞的竞争神经网络
■
|■
|■

STM : εẋi(t)=−aixi(t)+
NΣ

k=1

dikfk(xk(t))+
NΣ

k=1

dτ
ikfk(xk(t−τ))+bi

PΣ
j=1

mij(t)σj ,

LTM : ṁij(t)=−cimij(t)+σjfi(xi(t)),
(1)

其中: P为受到外部刺激的神经元个数, N为STM状态下的联接神经元个数, xi表示神经元当前被激活水平,

fi(·)表示神经元输出函数, mij(t)记为有效联接, ai > 0为神经元激活常数, σj记为外部刺激权重, bi代表外部

刺激程度, ci > 0为任意常数, dik代表第i个和第k个神经元之间的联接权重, dτ
ik代表第i个和第k个神经元之间时

滞反馈的联接权重, τ为时滞常数, ε> 0表示STM状态下的时间尺度.

令si(t) =
PΣ

j=1

mij(t)σj = mi(t)σ, 其中: σ = (σ1,σ2, · · · ,σP )T , mi(t) = (mi1(t),mi2(t), · · · ,miP (t))T , 则系统(1)可

被表示如下 ■
■
■

STM : εẋi(t)=−aixi(t)+
NΣ

k=1

dikfk(xk(t))+
NΣ

k=1

dτ
ikfk(xk(t−τ))+bisi(t),

LTM : ṡi(t)=−cisi(t)+ |σ|2fi(xi(t)),
(2)

其中: |σ|2 = σ2
1 + σ2

1 + · · ·+ σ2
P为一常数, 不失一般性, 不妨令|σ|2 = 1, 且在t ∈ R+ = [0,+∞)时, 令x(t) =

(x1(t),x2(t), · · · ,xN(t))T , S(t) = (s1(t),s2(t), · · · ,sN(t))T , A = diag(a1,a2, · · · ,aN), D = (dik)N×N , Dτ = (dτ
ik)N×N ,

B = diag(b1, b2, · · · , bN), C = diag(c1, c2, · · · , cN), f(x(t)) = (f1(x1(t)),f2(x2(t)), · · · ,fN(xN(t)))T , f(x(t− τ)) =

(f1(x1(t−τ)),f2(x2(t−τ)), · · · ,fN(xN(t−τ)))T .

于是把系统(2)写成矩阵形式为
{

STM : εẋ(t)=−Ax(t)+Df(x(t))+Dτf(x(t−τ))+BS(t),

LTM : Ṡ(t)=−CS(t)+f(x(t)).
(3)

因此，从系统描述如下
{

STM : εẏ(t)=−Ay(t)+Df(y(t))+Dτf(y(t−τ))+BR(t)+u1(t),

LTM : Ṙ(t)=−CR(t)+f(y(t))+u2(t),
(4)

其中: y(t)= (y1(t),y2(t), · · · ,yN(t))T , R(t)= (r1(t), r2(t), · · · , rN(t))T , ui(t)(i=1,2)为间歇控制器

u1(t)=

{
−Q1e(t), nT ≤ t< nT +δ,

0, nT +δ≤ t< (n+1)T,
(5)

u2(t)=

{
−Q2z(t), nT ≤ t< nT +δ,

0, nT +δ≤ t< (n+1)T,
(6)

Qi ∈RN×N(i=1,2)为反馈控制增益矩阵. 令e(t)= y(t)−x(t), z(t)= R(t)−S(t), 则误差动力系统可写为
{

STM : εė(t)=−Ae(t)+Dg(e(t))+Dτg(e(t−τ))+Bz(t)+u1(t),

LTM : ż(t)=−Cz(t)+g(e(t))+u2(t),
(7)

其中: g(e(t))= f(y(t))−f(x(t)), g(e(t−τ))= f(y(t−τ))−f(x(t−τ)).

假设1 存在一对称正定阵L=(lij)m×n, 对任意x,y ∈Rn，有∥f(x)−f(y)∥≤L∥x−y∥.
假设2 时滞τ < T , 其中τ为常数, T为周期.
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引理1[18] 对任意具有恰当维度的实矩阵Σ1,Σ2,Σ3,若给定0 <Σ3 =ΣT
3与任意实数ε> 0，则不等式ΣT

1 Σ2+ΣT
2 Σ1

≤ εΣT
1 Σ3Σ1 +ε−1ΣT

2 Σ−1
3 Σ2成立.

引理2[13] 若P ∈Rm×n是一正定矩阵, Q是一对称阵,则有λmin(P−1Q)XT PX ≤XT QX ≤λmax(P−1Q)XT PX成

立, 其中X ∈Rn.

引理3[17] 令ϕ是区间[t0−τ,+∞)内的非负函数, 且在子区间[t0,+∞)内连续.设t≥ t0时ϕ′≤αϕ(t)+βϕ(t−τ).

若α > 0, β > 0, t≥ t0时, 有ϕ(t)≤ϕt0e
η(t−t0+τ), 其中ϕt0 =supt0−τ≤θ≤t0

ϕ(θ), 且η > 0为方程α+βe−ητ = η的唯一解.

引理4(Halanay不等式)[19] 令ϕ : [t0−τ)→ [0,+∞)是一连续函数, 在t≥ t0时，有ϕ′ ≤−αϕ(t)+βϕt. 若α > 0,

β > 0, 那么, t≥ t0 时, 有ϕ(t)≤ϕt0e
−γ(t−t0), 其中ϕt =supt−τ≤θ≤t ϕ(θ), 且γ > 0为方程α−γ−βeγτ =0的唯一解.

为了给出更一般时滞（即不区分大小时滞）的结论, 我们给出并证明如下引理.

引理5 假设函数y(t)在t∈ [−τ,+∞)上是连续的非负函数. 如果存在常数γ1, γ2, γ3, γ4满足以下条件{
ẏ(t)≤−γ1y(t)+γ2y(t−τ), t∈ [nT,nT +δ),

ẏ(t)≤ γ3y(t)+γ4y(t−τ), t∈ [nT +δ,(n+1)T ),
(8)

且γ1 > γ̄ ≥ 0, η̄ = γ1 +γ3 > 0, ρ = λ∗− η̄(1− δ
T
) > 0, 则y(t)≤ sup

−τ≤s≤0

y(s)exp{−ρt}, 其中0 < δ < T , γ̄ = max{γ2,γ4},
λ∗ 是方程λ∗−γ1 + γ̄ exp{λ∗τ}=0的解.

证明 设W(t) = y(t)exp{λ∗t}(t≥ 0), M0 = sup
−τ≤s≤0

y(s), 其中λ∗是方程λ∗−γ1 + γ̄ exp{λ∗τ}= 0的解. 由引理4,

我们得到W(t)≤M0. 因此, 对于任意的t∈ [0, δ), 我们有W(t) < hM0, 其中常数h > 1. 于是我们需要证明对于任

意的t∈ [δ,T ), 有W(t) <hM0 exp{η̄(t−δ)}成立. 即

H(t)=W(t)−hM0 exp{η̄(t−δ)}< 0. (9)

否则, 存在p0 ∈ (δ,T )使得

H(p0)= 0, Ḣ(p0)≥ 0, H(t) < 0, t∈ (δ,p0). (10)

对于τ > 0, 如果δ < p0− τ(p0) < p0, 则W(p0− τ(p0)) < hM0 exp{η̄(p0− δ)}. 此外, 如果−τ ≤ p0− τ(p0)≤ δ, 我们

有W(p0−τ(p0))<hM0 <hM0 exp{η̄(p0−δ)}. 因此, 对任意τ , 有W(p0−τ(p0))<hM0 exp{η̄(p0−δ)}. 故
Ḣ(p0)= λ∗W(p0)+exp{λ∗p0}ẏ(p0)− η̄hM0 exp{η̄(p0−δ)}

=(λ∗+γ3)W(p0)+γ4 exp{λ∗τ}W(p0−τ)− η̄hM0 exp{η̄(p0−δ)}
< (λ∗+γ3 +γ4 exp{λ∗τ}− η̄)hM0 exp{η̄(p0−δ)}
≤ (λ∗−γ1 + γ̄ exp{λ∗τ})hM0 exp{η̄(p0−δ)}=0. (11)

这与不等式(10)矛盾. 因此, 不等式(9)成立, 也就是对任意的t∈ [δ,T ),

W(t) <hM0 exp{η̄(t−δ)}<hM0 exp{η̄(T −δ)}. (12)

则对任意的t∈ [−τ,T ), 有W(t)<hM0 exp{η̄(T −δ)}.
下一步证明对于任意的t∈ [T,T +δ), 有

W(t) <hM0 exp{η̄(T −δ)}. (13)

否则，存在一个p1 ∈ [T,T +δ), 使得

�H(p1)= 0, �̇H(p1)≥ 0, �H(t) < 0, t∈ (t1,p1), (14)

其中: �H(t)=W(t)−hM0 exp{η̄(T −δ)}. 故
�̇H(p1)= λ∗W(p1)+exp{λ∗p1}ẏ(p1)

= (λ∗−γ1)W(p1)+γ2 exp{λ∗τ(p1)}W(p1−τ)

< (λ∗−γ1 +γ2 exp{λ∗τ})hM0 exp{η̄(T −δ)}
≤ (λ∗−γ1 + γ̄ exp{λ∗τ})hM0 exp{η̄(T −δ)}=0. (15)
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这与不等式(14)矛盾. 因此, (13)成立.

对于t ∈ [T +δ,2T ), 利用相似的方法, 我们得到W(t) < hM0 exp{η̄[(T −δ)+(t−(T +δ))]}. 重复上述证明过
程，对于任意的tk ≤ t≤ sk, 我们有

W(t) <hM0 exp{η̄k(T −δ)} . (16)

此外，对于kT +δ < t< (k+1)T , 可得

W(t) <hM0 exp{η̄ [k(T −δ)+(t−kT +δ)]} . (17)

由于对任意的t≥ 0, 存在一个正整数k, 使得kT ≤ t≤ (k+1)T . 因此, 对任意的t, 我们对W(t)有如下的估计,

当kT ≤ t< kT +δ,

W(t) <hM0 exp{η̄k(T −δ)}

=hM0 exp
{

η̄k
T −δ

T
·T

}

=hM0 exp
{

η̄

(
1− δ

T

)
kT

}

≤hM0 exp
{

η̄

(
1− δ

T

)
t

}
.

当kT +δ≤ t< (k+1)T , 有

W(t) <hM0 exp
{
η̄[k(T −δ)+(t−kT −δ)]

}

=hM0 exp
{

η̄

[
k

T −δ

T
·T +

t−kT −δ

t−kT
·(t−kT )

]}

≤hM0 exp
{

η̄

[
k

(
1− δ

T

)
kT +

δ

T
·(t−kT )

]}

≤hM0 exp
{

η̄

(
1− δ

T

)
[kT +(t−kT )]

}

=hM0 exp
{

η̄

(
1− δ

T

)
t

}
.

令h→ 1, 由W(t)的定义, 我们有y(t)≤M0 exp{−(λ∗− η̄(1− δ
T
))t}=M0 exp{−ρt}, t≥ 0.

注记1 在引理5中, 问题对τ < δ与τ ≥ δ这两种情况都成立. 也就是说, 此引理中, 我们仅仅要求τ < T , 对

于δ和τ之间的大小并没有任何限制.

2 间歇控制下竞争神经网络的指数同步准则

我们基于微分不等式方法和间歇控制策略, 给出了系统(3)与系统(4)同步准则的严格推导.

定理1 若假设1、2成立, 如果存在正常数α1, α2, εi, µi(i=1, · · · ,4)以及正定矩阵Q1, Q2满足以下条件

(1)−2A−2Q1 +ε−1
1 DT D+ε1L

2 +ε−1
2 DT

τ Dτ +εε3L
2 +ε−1

4 I +εα1I ≤ 0,

(2)−2C−2Q2 +ε−1ε−1
3 I +ε−1ε4B

T B+α1I ≤ 0,

(3)−2A+µ−1
1 DT D+µ1L

2 +µ−1
2 DT

τ Dτ +εµ3L
2 +µ−1

4 I−εα2I ≤ 0,

(4)−2C +ε−1µ−1
3 I +ε−1µ4B

T B−α2I ≤ 0,

(5) (i) 如果0 <τ < δ < T , γ(δ−τ)−η(T −δ+τ) > 0,

(ii) 如果0 <δ <τ < T , α1 > γ̄≥ 0, η̄ =α1 +α2 > 0, ρ =λ∗− η̄(1− δ
T
)> 0,

其中: β1 = ε−1ε2λmax(L2), β2 = ε−1µ2λmax(L2), γ和η分别是方程α1− γ − β1e
γτ = 0和α2 + β2e

ητ = η的解, γ̄ =

max{β1,β2}, λ∗是方程λ∗−α1 + γ̄ exp{λ∗τ}=0的解. 那么, 系统(3)和系统(4)在间歇控制协议下实现同步.

证明 构造Lyapunov函数V (t) = eT (t)e(t)+ zT (t)z(t). 当t ∈ [−τ,0]时, 记Vτ = sup
−τ≤k≤0

V (k), 并且当t = 0时,

有V0≤Vτ . 那么V (t)关于t求导如下:
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(1) 在控制间歇中, 当t∈ (nT,nT +δ]时, 由引理1与引理2可知

V̇ (t)= 2eT (t)ė(t)+2zT (t)ż(t)

=
1
ε
2eT (t)(−Ae(t)+Dg(e(t))+Dτg(e(t−τ))+Bz(t)−Q1e(t))

+2zT (t)(−Cz(t)+g(e(t)))−Q2z(t))

≤ 1
ε
eT (t)(−2A−2Q1 +ε−1

1 DT D+ε1L
2 +ε−1

2 DT
τ Dτ +εε3L

2 +ε−1
4 I)e(t)

+zT (t)(−2C−2Q2 +ε−1ε−1
3 I +ε4B

T B)z(t)+ε−1ε2e
T (t−τ)L2e(t−τ)

≤−α1V (t)+β1V (t−τ)+
1
ε
eT (t)(−2A−2Q1 +ε−1

1 DT D+ε1L
2 +ε−1

2 DT
τ Dτ

+εε3L
2 +ε−1

4 I +εα1I)e(t)+zT (t)(−2C−2Q2 +ε−1ε−1
3 I +ε−1ε4B

T B+α1I)z(t)

≤−α1V (t)+β1V (t−τ),

其中: β1 = ε−1ε2λmax(L2).

(2) 在非控制间歇中, 当t∈ (nT +δ,(n+1)T ]时, 亦有

V̇ (t)= 2eT (t)ė(t)+2zT (t)ż(t)

= 2eT (t)(−Ae(t)+Dg(e(t))+Dτg(e(t−τ))+Bz(t))+2zT (t)(−Cz(t)+g(e(t))))

≤ 1
ε
eT (t)(−2A+µ−1

1 DT D+µ1L
2 +µ−1

2 DT
τ Dτ +εµ3L

2 +µ−1
4 I)e(t)

+zT (t)(−2C +ε−1µ−1
3 I +ε−1µ4B

T B)z(t)+ε−1µ2e
T (t−τ)L2e(t−τ)

≤ 1
ε
α2V (t)+β2V (t−τ)+eT (t)(−2A+µ−1

1 DT D+µ1L
2 +µ−1

2 DT
τ Dτ )

+εµ3L
2 +µ−1

4 I−εα2I)e(t)+zT (t)(−2C +ε−1µ−1
3 I +ε−1µ4B

T B−α2I)z(t)

≤α2V (t)+β2V (t−τ),

其中: β2 = ε−1µ2λmax(L2).

因此, 由(1)与(2)可知
{

V̇ (t)≤−α1V (t)+β1V (t−τ), nT < t≤nT +δ,

V̇ (t)≤α2V (t)+β2V (t−τ), nT +δ < t≤ (n+1)T.
(18)

利用引理3与引理4不难解得, 对于任意的正整数n 而言
{

V (t)≤VnT e−γ(t−nT ), nT < t≤nT +δ,

V (t)≤VnT+δe
η(t−nT−δ+τ), nT +δ < t≤ (n+1)T,

(19)

其中: γ和η分别是方程α1−γ−β1e
γτ =0和α2 +β2e

ητ = η的解.

容易看出, V (t)在(nT ≤ t ≤ nT + δ]上是非增函数, 在(nT + δ ≤ t ≤ (n+1)T ]上是非减函数. 并在t = nT时,

VnT = sup
nT−τ≤t≤nT

V (t), 在t =nT +δ时, VnT+δ = sup
nT+δ−τ≤t≤nT+δ

V (t).

由于时滞τ的尺度大小并无特殊限制, 所以nT − τ有可能属于区间((n− 1)T,(n− 1)T + δ], 也有可能属于区

间((n− 1)T + δ,nT ], 同样nT + δ − τ有可能属于区间((n− 1)T + δ,nT ]或(nT,nT + δ]. 因此, 以下证明过程需

分δ−τ > 0与δ−τ < 0两种情形:

情形1: 当δ−τ > 0时, 我们须证明
■
||||■
||||■

V (t) ≤Vτe−[γt−nγ(T−δ+τ)−n(T−δ+τ)], t∈ (nT,nT +δ],

V (t) ≤Vτe−{(n+1)[γ(δ−τ)−η(T−δ+τ)]−η[t−(n+1)T ]}, t∈ (nT +δ,(n+1)T ],

VnT ≤Vτe−n[γ(δ−τ)−η(T−δ+τ)],

VnT+δ ≤Vτe−[(n+1)γ(δ−τ)−nη(T−δ+τ)].

(20)
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由假设2, 存在Vτ ≥V0.

下面利用数学归纳法证明.

(i) 当l =0时, 即t∈ [0,T ]时, 由(18)式得
{

V (t)≤V0e
−γt≤Vτe−γt, 0 <t≤ δ,

V (t)≤Vδe
η(t−δ+τ), δ < t≤T.

(21)

由(21)式可知, Vδ = sup
δ−τ≤t≤δ

V (t)≤V (δ−τ)≤Vτe−γ(δ−τ),则当t∈ [δ,T ]时, V (t)≤Vτe−{[γ(δ−τ)−η(T−δ+υ)]−η(t−T )}.

于是有 {
V (t)≤Vτe−γt, 0 <t≤ δ,

V (t)≤Vτe−{[γ(δ−τ)−η(T−δ+τ)]−η(t−T )}, δ < t≤T.
(22)

(ii) 假设当l =n−1时, 下面不等式组成立
■
||||■
||||■

V (t) ≤Vτe−[γt−(n−1)γ(T−δ+τ)−(n−1)(T−δ+τ)], t∈ ((n−1)T,(n−1)T +δ],

V (t) ≤Vτe−{n[γ(δ−τ)−η(T−δ+τ)]−η[t−nT ]}, t∈ ((n−1)T +δ,nT ],

V(n−1)T ≤Vτe−(n−1)[γ(δ−τ)−η(T−δ+τ)],

V(n−1)T+δ ≤Vτe−[nγ(δ−τ)−(n−1)η(T−δ+τ)].

(23)

推导当l =n时, (23)式成立.

我们知道, 当l =n时, t∈ (nT,(n+1)T ]. 由(18)式, 则有
{

V (t)≤VnT e−γt(t−nT ), nT ≤ t≤nT +δ,

V (t)≤VnT+δe
η(t−nT+δ−τ), nT +δ < t≤ (n+1)T.

(24)

只要推出VnT与VnT+δ的表达式, 即得(24)式. 由引理4知,

VnT = sup
nT−τ≤t≤nT

V (t)

=max{ sup
nT−τ≤t≤(n−1)T+δ

V (t), sup
(n−1)T+δ≤t≤nT

V (t)}

=max{V (nT −τ),V (nT )}.

因为(n−1)T < nT − τ ≤ (n−1)T + δ, 由式(24)可得: VnT ≤ Vτe−n[γ(δ−τ)−η(T−δ+τ)]. 另外, VnT+δ = sup
nT+δ−τ≤t≤nT+δ

V (t)≤V (nT +δ−τ). 由式(23)知: VnT+δ ≤VnT e−γ(δ−τ)≤Vτe−[(n+1)γ(δ−τ)−nη(T−δ+τ)].

由上面分析过程, 得到如下结果:

对任意t≥ 0, 总存在n0 ∈Z+, 使得当t∈ [n0T,n0T +δ)时, 取 t−δ
T
≤n0≤ t

T
, 则在情形1下, 当δ−τ > 0时, 有

V (t)≤Vτe−[γn0T−n0γ(T−δ+τ)−n0η(T−δ+τ)]

≤Vτe−[ t−δ
T

γT− t
T

γ(T−δ+τ)− t
T

η(T−δ+τ)]

=Vτe−[ t
T

(γ+η)(δ−τ)−ηt−γδ], (25)

V (t)≤Vτe−[(n0+1)γ(δ−τ)−η(T−δ+τ)]

≤Vτe−[ t
T

(γ(δ−τ)−η(T−δ+τ)]. (26)

综合上述分析, 总能得出V (t)≤Vτe( t−δ
T

+1)η(T−δ+τ).

因而, 对t> 0, 意味着

∥eT (t)e(t)+zT (t)z(t)∥≤∥eT (t)e(t)∥2 +∥zT (t)z(t)∥2≤Vτe−[ t
T

(γ(δ−τ)−η(T−δ+τ)].
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根据条件(5)(i), 我们得到 lim
t→+∞

∥e(t)∥=0, lim
t→+∞

∥z(t)∥=0, 从而得知误差系统是全局指数稳定的.

情形2: 对于0 < δ < τ < T时, 根据条件(5)(ii), 可以直接由引理5得V (t) ≤ Vτe−ρt. 从而 lim
t→+∞

∥e(t)∥ = 0,

lim
t→+∞

∥z(t)∥=0.

注记 2 在定理1中,我们通过τ和δ之间的大小关系,分两部分证明了定理的结论.对于小时滞(τ < δ)的情况,

只需利用引理3和引理4,即可得到系统达到同步的条件.对于τ ≥ δ的情况,由于不能直接由引理3和引理4得到相

应的结果, 因此, 我们给出了引理5, 根据引理5, 可以直接获得系统达到同步的相关准则. 在文献[17]中, 作者只

考虑了τ < δ(小时滞)的情况, 给出了一些间歇控制同步准则. 显然, 本文结论比文献[17]更具一般性.

注记 3 本文所选择的控制器ui(t), i = 1,2均为线性间歇控制器. 而在实际应用中, 对于非线性间歇控制器

也有类似的结论. 例如, 选择

u1(t)=

{
−Q(e(t)), t∈ (nT,nT +δ],

0, t∈ (nT +δ,(n+1)T ],

u2(t)=

{
−Q(z(t)), t∈ (nT,nT +δ],

0, t∈ (nT +δ,(n+1)T ].

只需假设连续函数Q(·)满足条件eT (t)Q(e(t))≤ eT (t)Q1e(t),zT (t)Q(z(t))≤ zT (t)Q2z(t).

特别地, 如果模型(3)中的神经元传输函数不存在时滞, 则模型(3)退化为以下形式

{
STM : εẋ(t)=−Ax(t)+Df(x(t))+BS(t),

LTM : Ṡ(t)=−CS(t)+f(x(t)).
(27)

因此, 从系统描述如下 {
STM : εẏ(t)=−Ay(t)+Df(y(t))+BR(t)+u1(t),

LTM : Ṙ(t)=−CR(t)+f(y(t))+u2(t),
(28)

其中: ui(t), i=1,2 为间歇控制器

u1(t)=

{
−Q1e(t), nT ≤ t< nT +δ,

0, nT +δ≤ t< (n+1)T,
(29)

u2(t)=

{
−Q2z(t), nT ≤ t< nT +δ,

0, nT +δ≤ t< (n+1)T,
(30)

Qi ∈RN×N , i=1,2为反馈控制增益矩阵. 令e(t)= y(t)−x(t), z(t)= R(t)−S(t), 则误差动力系统可写为

{
STM : εė(t)=−Ae(t)+Dg(e(t))+Bz(t)+u1(t),

LTM : ż(t)=−Cz(t)+g(e(t))+u2(t),
(31)

其中: g(e(t))= f(y(t))−f(x(t)).

推论1 若假设1成立. 如果存在正常数α1, α2, εi, µi (i=1,2,3)以及正定矩阵Q1, Q2满足以下条件

(1)−2A−2Q1 +ε−1
1 DT D+ε1L

2 +εε2L
2 +ε−1

3 I +εα1I ≤ 0,

(2)−2C−2Q2 +ε−1ε−1
2 I +ε−1ε3B

T B+α1I ≤ 0,

(3)−2A+µ−1
1 DT D+µ1L

2 +εµ2L
2 +µ−1

3 I−εα2I ≤ 0,

(4)−2C +ε−1µ−1
2 I +ε−1µ3B

T B−α2I ≤ 0,

(5)α1δ−α2(T −δ) > 0,

则系统(27)和(28)在间歇控制协议下实现同步.
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证明 构造Lyapunov函数V (t)= eT (t)e(t)+zT (t)z(t), 当t∈ [nT,nT +δ)时, 关于V (t)求导数得

V̇ (t)= 2eT (t)ė(t)+2zT (t)ż(t)

=
2
ε
eT (t)(−Ae(t)+Dg(e(t))+Bz(t)−Q1e(t))

+2zT (t)(−Cz(t)+g(e(t)))−Q2z(t))

≤ 1
ε
eT (t)(−2A−2Q1 +ε−1

1 DT D+ε1L
2 +εε2L

2 +ε−1
3 I)e(t)

+zT (t)(−2C−2Q2 +ε−1ε−1
2 I +ε3B

T B)z(t)+ε−1ε2e
T (t−τ)L2e(t−τ)

≤−α1V (t)+
1
ε
eT (t)(−2A−2Q1 +ε−1

1 DT D+ε1L
2 +εε2L

2 +ε−1
3 I

+εα1I)e(t)+zT (t)(−2C−2Q2 +ε−1ε−1
2 I +ε−1ε3B

T B+α1I)z(t)

≤−α1V (t).

因此V (t)≤V (nT )e−α1(t−nT ), 当t∈ [nT +δ,(n+1)T )时, 亦有

V̇ (t)= 2eT (t)ė(t)+2zT (t)ż(t)

= 2eT (t)(−Ae(t)+Dg(e(t))+Bz(t))+2zT (t)(−Cz(t)+g(e(t))))

≤ 1
ε
eT (t)(−2A+µ−1

1 DT D+µ1L
2 ++εµ2L

2 +µ−1
3 I)e(t)

+zT (t)(−2C +ε−1µ−1
2 I +ε−1µ3B

T B)z(t)

≤α2V (t)+eT (t)(−2A+µ−1
1 DT D+µ1L

2 +εµ2L
2 +µ−1

3 I

−εα2I)e(t)+zT (t)(−2C +ε−1µ−1
2 I +ε−1µ3B

T B−α2I)z(t)

≤α2V (t).

则

V (t)≤V (nT +δ)eα2(t−(nT+δ))

≤V (nT )e−α1δ+α2(t−(nT+δ)).

故有V ((n+1)T )≤V (nT )e−α1δ+α2(T−δ).

对∀t∈ [nT,nT +δ), 利用数学归纳法容易得出

V (t)≤V (t0)e−n[α1δ−α2(T−δ)e−α1(t−nT )

≤V (t0)e−(α1δ−α2(T−δ)) t−δ
T .

对∀t∈ [nT +δ,(n+1)T ), 亦有

V (t)≤V (t0)e−(α1δ−α2(T−δ)) t−δ
T ·e−(α1δ−α2(T−δ))

=V (t0)e−(α1δ−α2(T−δ))( t−δ
T

+1).

由推论1的条件(5)可知 lim
t→+∞

V (t)= 0, 从而 lim
t→+∞

∥e(t)∥=0, lim
t→+∞

∥z(t)∥=0.

注记 4 在推论1中,我们要求0 <δ <T . 而当δ =T时,我们发现控制器(5)和(6)将退化为一般的连续控制,即

u1(t)=−Q1e(t), u2(t)=−Q2z(t). (32)

推论 2 若假设1、2成立, 如果存在正常数α1,εi(i=1, · · · ,4)以及正定矩阵Q1,Q2满足以下条件:

(1)−2A−2Q1 +ε−1
1 DT D+ε1L

2 +ε−1
2 DT

τ Dτ +εε3L
2 +ε−1

4 I +εα1I ≤ 0,

(2)−2C−2Q2 +ε−1ε−1
3 I +ε−1ε4B

T B+α1I ≤ 0,

则系统(3)和系统(4)在控制器(32)下实现同步.
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3 数值实例与仿真

我们设计了一类数值实例, 通过仿真实例验证了模型的实效性. 考虑一类2−D变时滞竞争神经网络的数值

算例 {
STM : εẋ(t)=−Ax(t)+Df(x(t))+Dτf((t−τ))+BS(t),

LTM : Ṡ(t)=−CS(t)+f(x(t)),
(33)

其中: x(t) = (x1(t),x2(t))T , S(t) = (s1(t),s2(t))T , f(x) = (0.6tanh(x1) + 0.4sin(x1), 0.6tanh(x2) + 0.4sin(x2))T ,

τ =0.4, C =0.8I, B =0.3I, ε =0.4,

A =

(
1.5 0

0 2.2

)
, D =

(
1 −1.8

1 2.5

)
, Dτ =

(
−1.45 −0.05

−0.28 0.05

)
.

此动力行为系统的初始条件为x(0)= (2,0.4)T , S(0)= (−0.5,0.8)T , 运行结果如图1, 图2所示.
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图 2 S(t)的相图

考虑主系统(33)与从系统(34)的同步性
{

STM : εẏ(t)=−Ay(t)+Df(y(t))+Dτf((t−τ))+BR(t)+u1(t),

LTM : Ṙ(t)=−CR(t)+f(y(t))+u2(t),
(34)

其中: y(t) = (y1(t),y2(t))T , R(t) = (r1(t), r2(t))T . 初始条件为y(0) = (−1.6,0.6)T , R(0) = (0.2,0.56)T , xi(t), yi(t),

si(t)和ri(t)(i=1,2)的状态如图3∼图6呈现了无控制的情况. 显然, 未控制下主从系统的轨线是不同步的.
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通过对定理1的分析可知,在选取适当条件时,系统在周期间歇控制(5)和(6)下,主系统(33)与从系统(34)将趋

于同步.为简便起见,我们在本例中选择了Q1 =3.5I, Q2 =3I, ε1 =µ1 =2, ε2 =µ2 =1, ε3 =µ3 =0.5, ε4 =µ4 =0.25.

简单计算后可知定理1的条件(1)∼(4)成立. 此外，选择δ = 2, T = 3, 定理1的条件(5)(i)也成立. 故本例选择δ = 2,

T =3, 在周期间歇控制(5)和(6)下, xi(t), yi(t), si(t)与ri(t)的形态轨线如图7∼图10所示, 其中i=1,2, 此时主从系

统趋于同步十分明显.
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4 结 论

本文在非零持续时间的间歇反馈控制可以稳定到连续时间的时滞神经网络的基础上, 考虑了具有时变时滞

的竞争神经网络模型. 利用微分不等式分析方法和Lyapunov函数法, 讨论了具有时滞的竞争神经网络的全局指

数同步条件,并建立了相应的判别准则.同时,也研究了既满足大时滞又满足小时滞的时变时滞和间歇控制的竞

争神经网络的指数同步问题, 建立了一些充分性条件, 并通过仿真实例验证了所提出方案的正确性和有效性.
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[5] MEYER-BÄSE A, ROBERTS R, THÜMMLER V. Local uniform stability of competitive neural networks wiyh different time

scales under vanishing perturbations[J]. Neurocomputing, 2010, 73: 770–775.

[6] NIE X B, CAO J D. Exponential stability of competitive neural networks with time-varying and distributed delays[J]. Proceedings

Inst Mech E Part I Journal of Systems and Control Engineering, 2008, 222: 583-594.

[7] NIE X B, CAO J D. Multistability of competitive neural networks with time-varying and distributed delays[J]. Nonlinear Analysis:

Real World Applications, 2009, 10: 928–942.
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