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Abstract: This paper studies the consensus of second-order multi-agent systems (MASs) with general directed intermittent
communications. Firstly, a directed spanning tree transformation method is applied to get the consensus error system. Moreover,
some consensus conditions based on the coupling strengths and the communication width are obtained by using the Lyapunov
stability theory and matrix inequalities. Finally, a numerical example is given to verify the theoretical result.
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0 Introduction

Last decades have witnessed the rapid development of cooperative control for MASs. This research field includes
consensus control, rendezvous control, formation control and so on. The consensus of MASs, as one of the most important
research topics, has received much attention since it has been widely applied to various areas, such as traffic control, sensor
networks, mobile robots and unmanned aerial vehicles!' .

The consensus means that a number of agents achieve agreement about some variables of interests, such as position,
velocity, and attitude by communicating with all agents. The main task of consensus is to devise the protocols which only
rely on neighbor’s information. One pioneer work on consensus of MASs is [5], in which a general framework of first-order
consensus was proposed. The existing consensus works can be simply categorised into leaderless consensus and leader-
follower consensus. In [6], the intermittent saturated controller was designed to study the semi-global leader-following
consensus. The leader-following consensus with intermittent control and adaptive control was considered in [7]. These works
concerned leader-following consensus on directed graphs. However, many research works on leaderless consensus of MASs
mainly focused on some special graphs, such as undirected graph'®, strongly connected graph!®, balanced graph''”!, and so
on. For general digraphs, the linear MASs with periodic intermittent communication was considered in [11]. However, there
is still little work on consensus of second-order MASs with aperiodically intermittent communication and general nonlinear
dynamics.

This paper aims at proposing a novel method to study consensus of second-order MASs with general directed commu-
nication. Compared with existing works, the main contributions of this paper can be summarized as follows: (1) According
to the reordering scheme, a directed spanning tree transformation method is derived, which can transform the consensus
problem into the stability of the zero solution of the error system. (2) For second-order MASs with general digraphs and non-
linear dynamics, a directed and aperiodically intermittent communication protocol is designed and some criteria for reaching

consensus are obtained.
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1 Preliminaries and Model formulation

For convenience, some notations are given in this section. R" is the n-dimensional Euclidean space. N, denotes the set
of positive integer numbers. I is the identity matrix with dimension N. 1 and 0 are column vectors with each entry being
1 and O, respectively. Oy denotes the N-dimensional zero matrix. For a matrix C, C;; represents its entry in the ith row and
Jjth column. For a matrix B, B7, 1,;,(B) and A,,«(B) represent its transpose, the minimum and the maximum eigenvalues of
B, respectively. B > 0 means B is a positive definite matrix. ||-|| is the Euclidean norm. ® represents the Kronecker product.
diag(-) denotes the diagonal matrix.

Consider a second-order MAS with inherent nonlinear dynamics, in which the i-th agent is described by

pi(t) = qi(1),
g =f,p:@®),q®)+u (), i=1,2,---,N (1)

where p;(t) e R", qi(t) € R", and u;(¢) € R" are the position state, velocity state, and the control input. f: R*XR"XR" — R"is a
continuously differentiable vector-valued function which represents the inherent nonlinear dynamics.

In the following, some related definitions and assumptions are given.

Definition 1"'” Let MY'(1) = {M: M € R¥ """} in which the i-th row of M has only one entry a; and only one entry —a;
with @, # 0, and other entries are zeros. Let MY (n) = MI,:Me MY (1)}.

Definition 2!"¥' The consensus for second-order MAS (1) is said to be reached if for any initial conditions,
}Ll‘g lpi(t)— p;(DII=0, }LIE llg:(®)—q;(D)Il =0,

where i, j=1,2,---,N.

Assumption 1 For any p,y,q,u € R" and ¢ > 0, there exist two nonnegative constants p; and p, such that

Lf(t, p,q) = ft,y, I < pillp =yl +p2llg —pll.

Assumption 2 The communication graph G = (V,E, A) contains a directed spanning tree, and G= (V,E,A)is a directed
spanning tree of G.

Remark 1 The reordering scheme proposed in [12] is also applied. In the directed spanning tree G, all nodes are
divided into three categories: the root, the stem, and the leaf. In the directed spanning tree G, we denote v, as the parent node
of node v;,; for 1 <k < N-1, then (v

Vie1) 18 a directed edge of G. Specially, when k =1, v, =v,, and v;, , represents the

i
parent node of v;,. Then the following lemmas are given.

Lemma 1" Suppose that the digraph G = (V,E,A) contains a directed spanning tree G = (V,E,A), where E =

i —1

(Vi vl k=1,2,-++ ,N =1}, A = [@;; ]y« is the weighted adjacent matrix. The element of A satisfies a;; > 0 if (v;,v;) € E and

a@;; =0, otherwise. Let He M} (1) be an (N — 1) X N matrix and its element satisfies

-1, j=i+1, i=12,---,N-1,
H;=1{ 1, ai1;>0,1,j=1,2,--- ,N-1,

0, otherwise.

Then, the consensus for second-order MAS (1) can be realized if and only if
lim [(HeL,)p(0]| =0, lim[(HSL,)q()l=0, o)

where p(1) = (p7 (1), p; (1), -+, pr ()" and (1) = (g7 (1), g5 (1), -+ . gy (D).
Lemma 2!'? Suppose that Assumption 2 is satisfied and L € RV is the Laplacian matrix of G. Constructing a matrix
K € RV-"(=1 which satisfies HL = KH. Then, the matrix K = HLS has the same eigenvalues with the Laplacian matrix L
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except for zero eigenvalue. In addition, the element of S satisfies

i-1
>H,S;, 1<j<i-1,i=2,---,N,
I=1

Sii= 0, j=i-1, i=2,---,N,
1 j=i, i=1,2,---,N-1.

Lemma 3 If Assumption 1 holds, then for any matrix A > 0, there exists a symmetric matrix P > 0 such that
P(-K)+(-K)"P=-A. 3)

Proof Because of G containing a directed spanning tree, all eigenvalues of L have positive real parts except for a simple
zero eigenvalue!'¥, Based on the analysis of Lemma 2, all eigenvalues of K have positive real parts, so the matrix —K is

Hurwitz. Hence, there exists a symmetric positive definite solution P satisfying the Lyapunov equation (3).

2 Main Results

The system (1) with aperiodically intermittent communication is described as follows
pi= g
N N
g = [t p@),q1)-a Zl L;p;(H-p 21 L;q;(®), telt,,t,+0.), @
Jj= Jj=
ql(t): f(t9pl(t)sqt([))a te [tm+6m’tm+l)’

where @ and S8 are coupling strengths, ¢,,, denotes the communication width in the mth time interval, m € N, and #,=0.
Let pi(t) = p;, (t) = prn (1) and gx(?) = g;, (1) — qis1 () be the error states of the position and the velocity for 1 <k < N-1.
Then,

p(0)=HRL)p(), g(t)=HRL,)q(r) &)
where p(1) = (P (1), p; (1), -, Py (D), p(&) = (p1 (1), p3 (), -+, PR ()", (1) = (G (D), G5 (1), -+~ .Gy, () (D) = (q7 (D). g5 (D), -+,
qr(0)". According to Lemma 1, one can get that the consensus is reached if and only if
lim{[p(0)ll =0, Tim () =0, (©)
The error dynamics of system (4) is written as
= g0
. - N N
Qk(t) = f(t7i)k(t)’ qk(t))_aZl(Li/(._/_L/\'+l,_/')p_/(t) _ﬁZI(L[k,j_Lk+I,j)q_i(t)’ te [tm,tm+6m)’ (7)
j= J=
Qk(t): f([9l_7k(t),6_]k(t)), te [tm+6m9tm+l),

where (1, pi(1), Gu() = £ (8, pi, (1), 4, () = f(t, Prer (1), Guar (1))
Let F(t,p(0),3(®) = (f7(t, p1(1), i), , T (&, Py-1(®)), Gnu-1(®))". The compact form of the error dynamics can be
written as
p= 4
gy=F(t,p1),q) - aHL®L)p(t) - BHLOL)G(?), t € [ty 1, +5,), (®)
E]([): F(Lﬁ(t),é_](t))’ re [tm+5m’tm+l)-
Theorem 1 Under Assumption 1 and Assumption 2, the second-order MAS (4) can achieve consensus if the following

conditions are satisfied

& €
Amin(A) > max {a—; /?i} )
6m > B (tm+] - tm), (10)

m+n
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where A= PK+KTP, P> Oa m= /1min(®_1 Rl )a m= Amax(g_l RZ)a é:l = [a(zpl+p2)+ﬁpl ]Jmax(P)’ §2 = [B(2p2+p1)+a/(p2+2)]/lmax(P)9

R A=y Oy, apA  aP R &Sl afA
1 — — N 2 =
ON—I BZA—é‘:zIN_] (YP ﬁP (YﬁA §ZIN—|
Proof We consider the following Lyapunov function candidate
| p@)
V(= E(PT(I),qT(t))(G@JIn)[ _ ] (1)
q(1)
aBA  aoP
where O =

oP P ,A=PK+K’P,P>0, @>0, and 8> 0. Based on inequality (9), one can easily obtain that @ > 0.
Then, V() > 0, and V(¢) =0 if and only if p(f) = 0,x-1), G(¢) = 0,-1). For t € [t,,,1,,+5,,) and m € N,, taking the derivative of
V(¢) along the trajectories of (8) and combination with Lemma 2 and Lemma 3, we obtain
V(D) =aBp" (N(A®L)g(0) +ag" (HPRL)g(1) +[ap’ (1) +B7 (1)]
x(PRL)F(t, p(1),4(1)) &’ p" (N(PHL®L)p(t) - afp’ () (PHL®1L,)q(7)
—apg’ (n(PHL®L,)p(1) -p°g" (H(PHL®L,)q(r)
=aBp’ (NA®L)G(1) +aq" (HPOL)G(1) +[ap' (1) +B7 (1]

2
x(PL)F(z, p(1),q(1) - %ﬁT(t)(AQ?In)ﬁ(t) —app" (N(PK®IL,)g(1)
2
—apg" (N(PK®L,)p(1) ~ %QT(I)(A ®L)q(n)

2
=[ap" (0 +B7" (OIPBL)F(t, p(1),4(1)) ~ %ﬁT(t)(A®In)ﬁ(t)

2
—%EIT(I)(AQ?L)E](I) +ag' (H(P®L)g(D).

Based on Assumption 1, it has

[ap” () +Bg" (DIPSL)F(1, p(1),4(1))
SAmax Y@l PO+ BIGDOIDIEE, p(0), G(1)]
SAmax Y@l PO+ BIGOID 1 PO+ p2llgD)I])
ap, +Bp )
2

<(api+ A PFOIF +(Bo2 + @)ﬂmxm)nqmn? (12)

In combination with (13), the equation (12) is written as

2

V(1) <aq" (D(PSI,)G(r) - %ﬁT(r)(A@L)ﬁ(r) + (ap1 + %ﬁ“)amxm)nmnz
2
(g0 + L) 4 @il -2 7 A L0

| P
-= R, ®I,
<=5 0.g IR ® ][ 70 ]

<- /lmin((")7l Rl )V(t)
=-m V@, (13)
where

R]Z

Oy BA-&ELy
M = Anin(@7'R)), & = [@(201 +02) + 01 1 Aman(P), and & = [B(20 + 1) + @(02 +2)] A (P).

’A-&1y On_i )
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For te[t,+9,.,t..1), meN,, based on Assumption 1, the time derivative of V(¢) with equation (8) is

V(D) =aBp" (N(ABL)g(0) +agq" (NPRL)G(1) +(@p’ (1) +B7" (0))PRL)F(t, p(1),g(1))

<aBp" ()A®L)(D) +ag (1)(PSL,)(1) + (apl + WZTW)AW(P)H[?(DIIZ + (ﬁpz + %)Amax(mnqmnz
L ()
— s R, ®I,
< 0.7 ) R: )[ oo )
< V(o). (14)
where
(&L epA ]
A &Ly |

1M = A (O7'Ry), &) = [(2p1 +2) + B 1] Anix(P), and & = [B(2p +p1) + (02 +2)] Amax (P).
In combination with the above process, we have

V(tZ) < V(tl +61)e”2(t2_t1—51) < V(tl)e—g] ,

where £, =1n,6, —n,(t, —t; — ;). Applying the mentioned condition (10), one gets ; > 0. Employing induction, it has that, for

any positive integer m,
V(tm+l) < V(tl )e,z;_n:] {/7

where {; =1,0;—1n,(t;s1—t;—06;) >0, j=1,2,--- ,m. For arbitrary ¢ > 0, there exists s € N such that t,,; <t <t,. Since [t,, f,+1),
m € N, is non-overlapping uniformly bounded time sequence, one may let W = MaX,ay, {tn — ) and £ = min e, (451

Consequently, it is resulting that
Z
V() < V(ty)e™" < Kye omax’,
where K, = e“"2V(t,), which indicates that all agents exponentially reach consensus.

3 Numerical simulations

In order to illustrate the effectiveness of the protocol, a simulation example is presented.
Consider the MAS (4) with five agents. The information communication among all agents is described by Fig 1 with the
weight on each edge being 1. By reordering scheme, the communication graph is given as Fig 2, where the solid lines denote

the directed spanning tree G. The nonlinear function is f(z, p,(1),q:(¢)) = 0.05sin(p;(t)) +0.05 cos(g;(¢)), where p;(t),q;(t) € R,

i=1,---,5. Itis easy to verify that Assumption 1 is satisfied. According to Lemma 2, one has
3 -1 1 0
1 1 1 0
K= 0 0 3 -1
2 1 0 1
Choose

04417 -0.1003 -0.1413 0.2917

-0.1003 0.5038 -0.1608 —0.1042

-0.1413 -0.1608 0.4010 -0.0625

02917 -0.1042 -0.0625 0.5000
a =2, f =3, then it is easy to get that & = 0.378 3, & = 3.825 2, Aun(A) = 0.999 6 > max{0.094 6,0.425 0}. By
simple calculation, one obtains 1, = 0.563 7 1, = 9.540 0, and m”fm = 0.944 2. Hence, we choose r,,,jm— = 0.95. Then the
conditions of Theorem 1 are satisfied. Choosing the initial conditions p,(0) = (1.2,-2,-3)", ¢,(0) = (-1.5,1.3,-0.5)", p,(0) =
(=3.6,-0.25,-1.5)", ¢,(0) = (=0.3,0.5,-0.4)", p5(0) = (0.5,2,-0.25)", ¢5(0) = (-0.6,0.45,-0.8)", p,(0) = (-2.6,-0.8,1.2)7,
q4(0) = (-2.5,0.7,0.5)", ps(0) = (-0.8,1.3,-0.9)7, and ¢5(0) = (3.2,1,0.4)". Then, all agents’ state trajectories are presented
in Figs 3~Figs 8.
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Fig 1 The graph G
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4 Conclusion

In this paper, we employ a directed spanning tree transformation method to study the consensus of second-order MASs
with nonlinear dynamics. A directed intermittent communication protocol is proposed, and some conditions to achieve

consensus are obtained by using Lyapunov stability theory and inequality techniques.
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Big1 X THEEM p,y,qu€ R S t >0, fFEEWNHETRTEEL po F1 p, (1115
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Pr(t) =qx(t) N .
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)

)
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)
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p(t)=q(t)
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