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0 Introduction

All graphs considered in this paper are finite, simple and connected. Let G = (V,E) be a simple and connected graph,
with vertex set V and edge set E. Let |V|=n,|E| = m. The eccentricity e(v) of a verters v in G is the largest distance from v to
another vertex of G. Denote radius, diameter, and average eccentricity by r, D and ecc, respectively. That is

1
r=mine(v), D=maxe(v) and ecc=— Z e(v).
veV

veV
veV(G)

A vertex v in G is called a centre vertex if e(v) = r(G). The transmission o (v) of a vertex v is the sum of the distances

from v to all others. The proximity 7(G) and the remoteness p(G) are min,.,{c(v)} and max,.y{c(v)}. That is, if we denote
o (v) as the average distance from a vertex v to all other vertices in G, we have
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- . o(v) — a(v)
m=minc(v)=min——- and p=maxoc(v)=max —:-.
vev veV n—1 veV veV n—1

The Wiener index W(G) of a graph G is the sum of distances between each pair of vertices, that is,

W(G) = Z do(u, v)=% Z o).

{uv}CV(G) veV(G)

The Wiener index was proposed by Wiener Harold™ in 1947. Since then, the Wiener index has obtained wide attention
and achieved splendid results.

Compare the definition of the Wiener index and the proximity (resp. remoteness), one can easily find out that the Wiener
index reveals the global-property of graphs and proximity 7(G) ( resp. remoteness p(G) ) point out the local-property.

The transmission o(v) of a vertex v was introduced by Entringer, Jackson, and Snyder in [2], and studied by Polansky
and Boncheyv in [3]. Zelinka™ introduced a notion as m,(v) = % Sy AU, v) = ?, which is very close to the average distance
from a vertex.

Ma, Wu, and Zhang"' succeeded in proving a conjecture that consists of an upper bound on ecc — r together with the
corresponding extremal graphs. Wu and Zhang™ proved two conjectures involving average distance, radius, and remoteness.

Aouchiche and Hansen considered the Nordhaus-Gaddum relations for 7 and p, gave the lower and upper bounds on
n®7 and p®p, where @ denotes +,—, X, or +. They also established some relations for girth g and proximity 7 (remoteness p,
respectively) in [8].

In [9], Sedlar proved a series of AutoGraphiX conjectures in two of which remoteness p is involved. Hua and Das!'”
proved two AutoGraphiX conjectures involving remoteness p and proximity n in graphs.

The distance eigenvalues of a connected graph, denoted by 9,,0,, ...,d,, are those of its distance matrix, and are indexed
such that 8, > 8, > ... > d,. Recently, Aouchiche and Hansen!"" gave lower and upper bounds on the distance spectral radius
using proximity and remoteness, and lower bounds on 9, —x and 9, — p ( 9, denotes the largest eigenvalue of its distance
matrix). In addition, they formulated several conjectures which consist of lower bounds on p+09;, p+9, p), and n+0, . Lin,
Das, Wu'?! proved two above-mentioned conjectures , that is, p+38; >0 when D >3 and p+al% ;> 0. Mojallal and Hansen!"*!
proved a stronger result than one of them, which is 7+ d; > 0 with D > 3. Jia and Song!¥ considered the relations between
remoteness and distance(signless) Laplacian eigenvalues.

Recently, Ai, Gerke, and Gutin''*! considered the lower and upper bounds on remoteness and proximity in digraphs. In
[16], Pei, Pan and Wang solved some conjectures on the domination number, average eccentricity and proximity. Moreover,
several authors turn their attention from graphs to digraphs(resp. networks). It is natural for us to consider the proximity
and remoteness along this line. In [17], Zhang and Meng considered the restricted arc-connectivity of generalized De Bruijn
digraphs and Kautz digraphs. In [18], Sun and Meng considered the vertex fault tolerance of G(Gy,G,; M) networks with

respect to maximally connectivity. Zhu and Meng!"”!

considered the cycle-edge(resp. cycle-arc) connectivity of graphs. Some
related results about the restricted connectivity of some networks can be found in [20] and [21].
In [22], Aouchiche and Hansen first proved upper and lower bounds on 7 and p as a function of the order n of G, and

gave the following sharp bounds on the proximity and the remoteness of G:

= if n is odd
1<n< o and 1<p<
+ if n is even

NS N

Dankelmann®! gave upper bounds on the proximity and the remoteness of a graph in terms of minimum degree § and
order n.
Theorem 1! Let G be a connected graph of order n and minimum degree &, where § > 2. Then

3
n+3

"O< G T

and

7
< —-.
pG) < *+3

3n
2(6+1)
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We consider whether those upper bounds of Theorem 1 on the proximity and the remoteness can be improved in terms
of other graph invariants (minimum degree, maximum degree, and girth). We will use the similar method mentioned in
[24] to establish those bounds and find the extremal graphs. In this paper, we will give some new bounds on proximity and
remoteness in terms of minimum degree, maximum degree and girth in a triangle-free graph or a C,-free graph.

In order to find extremal graphs, we give a simple fact that will be used frequently in this paper. It is easy to see that the
average distance from a vertex to all other vertices will decrease by adding an edge to G(G % K,,). An immediate consequence
follows as:

Proposition 1 Let G be a connected graph and let T be a spanning tree of G. Then

7(G) <a(T) and p(G) < p(T).

Our main results are the following theorems. Firstly, we consider the bounds of the proximity and remoteness in terms
of minimum and maximum degree in a general graph.
Theorem 2 Let G be a connected graph with n vertices, minimum degree § > 2 and maximum degree A. Then, there

exists a spanning tree T of G with

30’ +2nA-2n6+2A6-3A*+6*+46  2n
nT)< - + )
4 G+1@n-1) n—1

and
3(n+A-6)(n—-A-1) 4n-2

27 G+hn=1) -1

Secondly, we consider the bounds of the proximity and remoteness in terms of minimum and maximum degree in a

p(M) =

triangle-free graph.
Theorem 3 Let G be a connected triangle-free graph with n vertices, minimum degree ¢ > 2 and maximum degree A.
Then, there exists a spanning tree 7 of G with

(n—A+6)?+4(A-56)(n—A-9) +5 n

(1)< 26(1—1) -1’

and
n—A-06)(n+A-9) N 8n-3
o(n—1) n—1"

Thirdly, we consider the bounds of the proximity and remoteness in terms of minimum and maximum degree in a Cy-free

o(T) <

graph.
Theorem 4 Let G be a connected C,-free graph with n vertices, minimum degree ¢ > 2 and maximum degree A. Then,
there exists a spanning tree 7 of G such that

A(T) < 2 nn+2ey—2&5) 4n

>

gs(n—1) n—1

and
5(m+e))? 31ln-8

< + ,
PO oD 2D
where £, = A6 —2|A/2]+ 1,85, =6 -2|6/2]+ 1.
Finally, we consider the bounds of the proximity and remoteness in terms of minimum degree, maximum degree, and

girth in a connected graph.
Theorem 5 Let G be a connected graph with n vertices, minimum degree 6 > 3, maximum degree A, and girth g. Then,
there exists a spanning tree 7 of G.
(i) If g is odd, then
(n=¢)’ +¢(2n+2¢-3¢) g-1
4p(n—1) n—-1

n(T) <

and
g+ pp=3np  (Q2n-Dig-1)

P < = =) n—1

[}
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where ¢ = ¢(A,6,8) =1+ [AG—1DE V2 -A)/(6-2), ¢=¢(,8)=1+[6(5—1)ED2-5]/(6-2).
(i1) If g is even, then
(n—5)2+¢(2n+2¢—39_0)+g—1

T
G =1’

and - -
n-g+gg-3np  (2n-)g-1)
20(n—1) n—1

p(T) <

’

where §=%(A,6,8) = 1+[AG— 12 =A)/(6-2), ¢=6(6.8)=(2(6—1)**~2)/(5-2).
1 Definitions, Notation and Preliminaries

Let G be a connected graph with vertex set V(G), let k be a posive integer and let A be a subset of V(G). The kth
neighbour set N5 (A) of A is the set of all vertices x of G with dg(x,a) <k, where di(x,a) denotes the distance in G between
x and a. If A = {v}, we use Ng(v) instead of N}(v), which is the neighbour set of v. The closed neighbour set Ng[v] of v is
Nc(v)U{v}. G[A] is the subgraph of G induced by A.

The kth power of a simple graph G = (V, E) is the graph G* whose vertex set is V, two distinct vertices being adjacent in
G* if and only if their distance in G is at most k.

A k-packing of G is a subset A C V with dg(u,v) > k for all u,v € A.

Definition 1Y For a weight function c : V(G) — N,, we define the weighted distance of a vertex v as

T(1,G)= ) cwdg(v,w).
weV(G)
We use the convention for a subset M C V(G), and write ¢(M) for ), ., c(v).
Lemma 1! Let G be a connected graph, let a be a positive integer, and let ¢ : V(G) — N, be a weight function such
that c(v) > a for all ve V(G). Let N := c(V(G)). If v, is an arbitrary vertex of G, then

(N—-a)N

<
O (V()) = 2(,1

and if v, is a centre vertex of G, then
2

. < —.
T, (VO) = 4a

2 Main Results

Proof of Theorem 2 First, we construct a maximal 2-packing of G by the following procedure. Let v, be a vertex of
G with degs(v,) = A. Let M, = {v,}. If there exists a vertex v, in V(G)— M, with dg(v,, M) = 3, let M, = M, U {»,}. If there
exists a vertex v; in V(G) — M, with dg(vs, M,) = 3, let M3 = M, U {v;}. We continue this procedure after ¢ steps until there
exists no vertex v in V(G) — M, which satisfies d;(v,M,) = 3. Let M := M,. Let T’ be the forest with vertex set | J,.,, N[u] and
edge set all edges incident with a vertex in M. By our construction of 77, there exist [M|— 1 edges in G, each of them joining
two components of 7’, and whose addition to 7" yields a subtree 7" of G. Extend 7" to a spanning tree T of G. For every
vertex u of V(G), there exists a vertex uy, in M such that d(u,u,,) <2. Define a weight function ¢, : V(T') —» N by

() =l{xe V(T)ld(u,x) <2}|.

It is easy to see that ¢;(v;) > A+ 1, and ¢,(u) > 6 + 1 for each vertex u € V(M) —{v,}. By a simple observation, we have
Zuevm ci(v)=n and

n2A+1+Z o @D =AT TG+ DM D),
ueM—{v;

thus,

n—-A+o6
o+1

M| < e
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Our strategy is to make |a'(v, T)-o. (v, T)| as small as possible. By the fact d(w,w,,) <2, we have |d;(v,w)—d;(v,wy)| <
2, and

o, D=, DI <| Y drn =Y e w)
- ‘Zwsvm dr(v,w)= ZwEV(T) dr (v, wu )’
= ZMEV(T) | (1, v) = dy(u, upg)| < 2n.
Thus, we get
o, T)<o, (v, T)+2n )

We consider two cases, depending on whether ve M orve V(T)—-M.
Casel veM.

We define a new function ¢, arising from the function ¢, by the following way

c(w)—A+6 ifw=v,
Cz(W):{ .
ci(w) ifweM—{v}.

In order to bound o, (v, T) in (2), we consider the graph T*[M]. For all we M, dr(v,w) < 3dp3;un (v, w). We get
T D)= W)=Y e(wdr(viw)
<3 Wdp(v,w) =30, (v, TP [M]),
Thus
0., v, T) <30, (v, T’[M]) 3)

Note that T3[M] is connected and |T°[M]| = |M|. We have

o T M) =) ciw)drn (v w)
= Zwevm Cz(W)dr‘[M](V, w)+[ci(vi) = (v )]dT3[M](V’ Vi)

Now, we consider the bound of dy3 (v, v)), for v,v, € T*[M]. Clearly, drs;n(v,v)) < diam(T°[M])—1=|M|-1. By (1),
we have dpspn(v,v)) <(n—A-1)/(6+1).
Substituting this inequality into the above-obtained formula, we get

-A-1
o, v, T’ [M]) < Zwevm Wdrspn (v, w) +[cy (vl)—62(v|)]n§T
—-A-1
= D vy s (v, W)+ (A=) (4)
B , (A-8)(n—-A-1)
_0-('2(V,T [M])+ 6+1

By the definition of ¢,, one can find ¢,(u) > 6 + 1 for each vertex u € V(M), and N, = 3 . c2(v) =n+6—A. Hence, by
Lemma 1 we have

5 it forallve M (5)
T, T M) <] 200 . .
) 26+D) if ve Mis a centre vertex of G 6)
Putting together (2)~(6), we obtain
(n+A-6)(n—-A-1)
JER 2D 1 0n for alle, € M (7

o, T)< 2 ; 2,2, 45 . .
’ JIABA DM SN0 4 D if v€e, is a centre vertex of G 8
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Dividing both sides of the inequality (7) by n—1 yields

3(tA-8)n-A-1) 2n

AR Ry oy py n—1

Inequality (8) shows that 7" contains a vertex v by § > 2, after division by n—1, we have

_ 32 4+2nA=2n8+2A6-3AN*+8*+45 2n
o, T)< - + .
4 G+1D)(n-1) n—1

Case2 veV(T)-M.
By definition of M, we can readily find that there exists a vertex vy, € M, such that dr(v,vy) < 2, for every vertex v of
V(T). Since for every vertex w € V(T) —{v,vy}, |[dr(v,w) —d;(vy, w)| < 2, we have

o0 D=0 D=1 | (dr(v,w) =dr (v, W) <21 =2).
Hence, we get
o, T) = (v, T)| < 2.

In conjunction with (7) we obtain

3(n+A-6)(n-A-1) 4n-2

AR Syt e

Corollary 1 Let G be a connected graph with n vertices, minimum degree ¢ > 2 and maximum degree A. Then

32 +2nA-2n6+2A6-3A>+8*+46 2n
m(G)< - +
4 G+ D=1 n—1

s

and
3(n+A-6)(n—-A-1) 4n-2

27 G+Dn-1) -1’

Proof The results immediately follow by Theorem 2 and Proposition 1.

pG) <

The graph constructed in the following example shows that the bounds in Theorem 2 and Corollary 1 are best possible,
apart from the value of the additive constant. For a vertex v of a connected graph G, the transmission o-(v) of a vertex v is the
sum of the distances from v to all others. Let 0, (G) = min,eyy0(V), Oinax (G) = MaX,ey(y0 (V).

Example 1 For fixed A,d,k € N with § > 2 and k even let G, 5, (see Figl) be obtained by the following way, V(Gasx) =
U, Vi, where

1 if i=1or2(mod 3),
Vil=4 A-1 if i=0or 3k,
0—1 otherwise.

E(Gagi) ={uvlue V,ve V,,|j—il < 1}. Itis easy to see that n(G,sx) = (k—1)(6+ 1) +2(A+1), and that
kK2 o 3
O min(Gasi) = 2<Zi=l(3l -3+3i6)+ 5k(A—6+ 1)+6-2
3 9
= Zk(k_ D@+ D+ Zk(6+ D+3k(A-6)+6-2
13

3 9 1
= JkE=DE+ D+ 7 (k= D(E+ D +3KA=6)+ 65— 7.

and
k-1 k-1
Toan(Gas) =20A+ 1)+ )"~ 3ig+ )"~ 3(k+1)
= %(k— Dk +k+1)+2(A+1)

= %k(k— DS+ 1)+%(k— D+2(A+1).
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Since n=(k—1)(6+1)+2(A+1), we have (k—1)(§+1) =n—2(A+1) and k = =52 + O(1). Bring these terms into above
two formulas, we get

Tnin(Gagi) _ 3 (m=2A-2)(n+10A+85+7)

MGas) == 71 =3 G+ D)(n-1) + O,
and
 OnnGas) 3 (1=2A=2)(n=2A=D+2A+ D(6+1)
P(Gasa) = 1 2 G+Dm-1) +0(1).

Figl G,,, withA=7, 6=4andk=2

For an edge of G, S (e) denotes the double-star which is a special subtree induced by endpoints of e and its neighbours.

Proof of Theorem 3 Our target is to find a spanning tree 7 of G using the following procedure. First we obtain a
matching M of G, let V(M) be the set of vertices incident with an edge of M. Let v, be a vertex of G with deg;(vy) = A and ¢,
incident with v,. Let M| ={e,} and T, = S (e)), let e, be an edge at distance exactly 3 from M,, d(e,, M,) = 3, if such an edge
e, exists. Let M, = M,U{e,} and let T, be the graph obtained from 7', | S (e,) by adding an edge joining a vertex of S (e,). Let
e; be an edge at distance exactly 3 from M,, if one exists. Then there exists an edge f joining some vertex of 7, and some
vertex of S (a;). Let M3 = M, U {e;} and let T; be the graph obtained from 7, US (e;) by adding the edge f mentioned above.
Generally, given M; and T;, we choose an edge ¢;,, at distance exactly 3 from M,, if one exists, let f; be an edge joining a
vertex in 7; to a vertex in S (e;,), let M;,; = M;U{e;,,}, and let T}, be the graph obtained from 7;US (e;;;) by adding the edge
fi- Repeat this procedure ¢ steps until all vertices are at distance at most 2 from M,. M := M,, T, :=T;. Clearly, T, is a tree and
all vertices in V(G)— V(T,) are at distance at most 3 from M.

Extend T to a spanning tree T of G and define a weight function ¢, on V(T).

For every vertex u, there exists a vertex u,, in M, such that d(u,u,,) < 3. Define the weight function ¢, : V(T) — N by

ci(u) = {x € V(T)ldg(x,u) < 3}|.

Our strategy is to make |0'(v, T)-o. v, T)| as small as possible. We only need to bound o, (v, T).

By the definition of ¢,, we have
o D=0, | <|Y | dmw =Y e (w)

= 'ZWEV(T) dr(v,w)— ZWEV(T) dr(v, WM)|
< Zuevm |dr(u,v) —dr(u, uy)| < 3n.

Thus, we get
ocw,T)<o,(v,T)+3n ®

Since G is triangle-free, N(u)(\N(v) = 0 for each edge uv € E(G). Hence, deg,(v,) = deg;(vy) = A and deg,(u) =
deg;(u) > 6 for each vertex u € V(M) —{v,}.

By a simple observation, one can find ¢;(vy) > A+ 1, and ¢,(u) > 6 + 1 for each vertex u € V(M) — {v,}.

Now we consider the line graph L(T') of T, whose weight function ¢, arises from ¢, by the following way. Define the
weight function ¢, on the ling graph L = L(T) with vertex set V(L) = E(T) as following.

¢ (uv) = c;(u)+c;(v), if u and v belong to M. Otherwise c,(uv) =0.

Then

A+0 ifvpisanendof e€ M,
02(6)2 .
26 ifeeM—{e,}.
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By a simple observation, we have 3,y (W) = 3 cyry €1 (v) =n and
nZA+5+Z 26=A+6+25(M|-1).
eEM—(cVO)
Thus
n—-A+¢o
M| < 10
|M]| % (10)

Now we bound the difference

oo, (v, T) =0 (e, L(T))|.

Let u,v be two vertices of T. Let e, and e, be edges of T incident with u and v respectively. Let P be the (u,v)—path

Thus
dr(u,v) <dyr(e,e)+1.
By the definition of ¢,, d(u,u,,) <3 for every vertex of u of T — M, we have

Ca =Y i)=Y e (v, w)
=3 (W), w)+ e () (v, )
<3 Lew)dufene,) + D+ e dynene)+ D)
= e enen) + @i e, +n
<Y leWdur (e, )+ e)dy e, e,) + Dl +n
- ZMM[C‘ W)y ey, e,)+ci(udyr ey, e,)] + ZweM ci(u)+n
=S i (ene)+ Y ewn
<o,(e, L(T))+2n.

Thus

o, v,T)<o,(e,, L(T))+2n

By our construction, there exist matching edges e, e, € M, such that dr(e,,e,) =3. Then dy (e, e,) <4.

Next, we consider the induced subgraph L*[M]. It is easy to see that L*[M] is connected and
dyr(ey,e,) <4diap(e,,e,), forevery two edges e,,e, € M,

We get

Tolen LIN=D, | cleldinese)= ) | ale)dun(ene,)

<4y elediaene,) =40 (e, L(M)).
Thus
o, (e, L(T)) <40, (e,, L' (M)

Now, we define a new weight function c; arising from the function ¢, by the following way

© c(e)—A+6 if vpisanend of e € M,
ci(e) =
’ cs(e) ifee M—{e,).

in T. If, exactly one of edges ¢, and e, belongs to E(P), then dr(u,v) = dyr)(e,,e,). If none of them belongs to E(P), then
dr(u,v) =dyr(e,e,)— 1. If both of them belong to E(P), then dr(u,v) =d 1 (e, e,)+ 1.

(1)

12)
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Then c;3(e) > 20, foreache€ M. N3 =3, .y cs(e,)dr(e,,e,) =N, —A+06=n—A+6. For each edge e of L*[M], we have

Tolen LTN= D | cxedin(ene)
<4y ele)dpu(ene)
=43, eeddian(ene) Hdlelen —cle))dua(ene)
=40, (e,, L'(M)) +4(A—=8)d s (ers€)).

Note that L*(M) is a connected subgraph of L(T) with order | M|, thus dsy)(e,,e;) < diam(L*(M))-1 = |M|-1 < %—1 =

223 Then we deduce the following

26

e L) <7 (e, L)+ ZR- D0 Z0Z0) (13)

We consider two cases, depending on whether ve M orve V(T)—- M.
Casel veM.
Since c3(e) > 26 for each e e M and N; =n—A+6. By Lemma 1, we get

(noB-0)n=At0) foralle, e M 14
Oy (ew L4(M)) < (n_zxs.‘.(;)z . . ( )
s if vee,is a centre vertex of G (15)
and then

0.T) < (A0uihd) 4 5n foralle,e M (16)

oWw,1)= 5 . .
w +5n ifvee,is a centre vertex of G (17)

After division by n— 1, the formula (16) shows that for all ve M
—-A=6)(n+A-6
Ty < " ) ) 45"

o(n—-1) n—1
The formula (17) shows that T contains a vertex v by ¢ > 2, after division by n— 1, we have

(n=A+6) +4(A-8)(n-A-8) . n
26(n—1) n—1'

o, T)<

Case2 veV(T)-M.
By definition of M, we see that there exists a vertex vy, € M, such that d;(v,vy) < 3, for every vertex v of V(T). Since
for every vertex we V(T) —{v,vy}, |dr(v,w) —dr(vy, w)| < 3, we have

e T =0 DI=1 Y. (v, w)=dy (v, W) <3(1-2),
hence
oW, T) -y, T)| <3,

thus
(n=A-6)(n+A-9) . 8n-3

AUEPE Stn—1) -1

Corollary 2 Let G be a connected triangle-free graph with n vertices, minimum degree 6 > 2 and maximum degree A.
Then,

(=A+6) +4A=-06)n-A-08) _ n
rG)= 25(n—1) T
and

(1-A=0)(n+A=5) §n-3

pG)= stn—1) -1
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The following example shows that the bounds on the remoteness and proximity in Corollary 2 are the best possible apart
from a term O(1).

Example 2 For fixed A, 6,k € N with 6 > 2 and k odd, let G}, ;, (see Fig2) be obtained by the following way, V(G},,) =
U¥, Vi, where

1 ifi=0or1 (mod 4),
[Vil=3 A-1 if i=2or 4k-1,
0—1 otherwise.

Fig2 G, withA=8 6=4andk=7

E(G, ;) ={wlueV,veV,|j—il=1}. Itis easy to see that n(G} ;,) = 2k6 +2(A—6), and that

. (k=3)/2 .
Tuin(Gly) = Z,-=1 166i + (4k—3)(A+6—2) +(8k—8) +6
=26(k—1)(k=3)+(4k—=3)(A+5—-2)+(8k—8) +4,

and

k-1
Omax(Grsp) = Z " (8i=5)0+4k(A+06)—-26
=40(k+1)(k—2)— ko +4kA + 8.

Since n = 2k6 + 2(A—6), we have k6 = (n—2(A-6))/2 and k = % + O(1). Bring these terms into above two formulas,

we get

Tnin(Ghsp) 1 (n—2A)(n+2A+46)
-1 2 s(n—1)

1(Gysp) = +0(1),

and

O max (Gzyg,k) _ n(n - ZA) - (n/2 A+ 6)6
-1 s(n—1)

P(Gysi) = +0(1).

Proof of Theorem 4 We first obtain a maximal 4-packing of G by the following procedure. Let v, be a vertex of G
with degs(v;) = A. Let M, = {v,}. If there exists a vertex v, in V(G)— M, with ds(v,, M) =5, let M, = M, U{v,}. If there exists
a vertex v; in V(G) — M, with ds(v;, M,) =5, let M5 = M, U {v;}. We continue this procedure after ¢ steps until there exists
no vertex v in V(G) — M, which satisfies dg(v,M,) =5. Let M := M,. Let T’ be the forest with vertex set | J,.,, N[«] and edge
set all edges incident with a vertex in M. By our construction of 7", there exist [M|—1 edges in G, each of them joining two
components of 7”, and whose addition to 7" yields a subtree 7" of G. Extend T to a spanning tree T of G. For every vertex
u of V(G), there exists a vertex u,, in M such that d(u,u,,;) <4. Define a weight function ¢, : V(T) —» N by

c1(u) = {x € V(T)ldg(u, x) < 4}|.

By a simple observation, one can find ¢,(v,) > &,, and ¢, (u) > &; for each vertex u € V(M)—{v,}, where g, = A6—2[A/2]|+1
and g5 = 6°-2[A/2]+1. Choose one pair of vertices v,,v, € M such that d;(v;,v,) =5. Since G is C,-free, for every pair vertices
v, V2 of No(v)), No(WO\ v} Y Ng(V)\{vi} # 0. Then |NA[v,]| > 1+A+A(G-2)=A5—A+1 for A odd, and |[N3[v,]| > A6—A+2
for A even. Thus, [N2[v,]| > A6 —2|A/2]+ 1 = g,. Similarly, [NA[v,]| > 6> —2[6/2]+1 = ¢&;.

Our strategy is to make |o-(v, -0, T)| as small as possible.



No. 1 ZHANG Wanping, et al: Bounds on Two Distance-Based Invariants Proximity and Remoteness in Terms of - -- 11

By a simple observation, we have 3 ., c;(v) =n and

n28A+Z gs=eptes(IM|-1),
eer{evO)

thus,
M| < n-éatés (18)
Es
By the definition of ¢,, we have d(u,u,) <4 for every vertex of ue€ T — M. Thus, |d;(v,w)—d;(v,wy)| <4, and
o0 D=0, | <[Y | drwn = (v,
= ‘ZWEV(T) dr(v,w)— Zwevm dr(v, WM)|
€ D vy (V) =dy ()| < 4n.
It follows that
ocv,T)<o,(v,T)+4n (19)
We consider two cases depending on whether ve M orve V(T)—- M.
Casel veM.
We define a new function ¢, arising from the function ¢, by the following way
ci(w)—gp+¢&s ifw=v,,
o(w) = .
ci(w) ifweM—{v}.
In order to bound o, (v,T) in (19), we consider the graph T°[M]. Note that T7°[M] is connected, |T°[M]| = |M| and
dr(u,v) <5dpspn(u,v), for every two vertices u,v € M.
We get
T D)= ) W)=Y e(wdr(v.w)
<5 Wz (v,w) = 5o, (v, T[M]).
Thus
0., 0, T) <50, (v, T’[M]). (20)
We have

ci(w)drs M] v,w)

o, (LT [M]) = Zwem)

= ngvm Wdps (v, w) +[c1(vi) — co(v)1dpsan (v, vi).

Now, we consider the bound of dys;y,(v,v,), for v,v, € T’[M]. Clearly, drs;py(v,v)) < diam(T°[M])-1 = |M|-1. By (1),

we have drs;y,(v,v)) < (n—&,)/&s. Substituting this inequality into the above formula, we get

n—_E&p

o, (v, T [M]) < Zwevm cx(W)drspn (v, w) +[c1(vi) — c2(v)] ]
n—E&na

= D v, W (v, 0) + (63— 3) 1)

Es
(n—&,)(&x—&5)

S

=0, T [ M]) +
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By the definition of ¢,, one can find c,(u) > &5 for each vertex u € V(M), and N, = 3’y ©2(v) = n+ &5 — 5. Hence, by
Lemma 1 we have

T IMD < e forallve M (22)
O, Vs ’ - +e5—¢, . .
? % if ve M is a centre vertex of G (23)
Combining (19)~(23), we obtain
5 ) | 2 foralle, € M (24)
ow,T)<{ 2 & 2
f;"“”i—f'w +4n if vee,is a centre vertex of G (25)

The formula (24), after division by n— 1, shows that for all ve M

_ 5 (n+ey)? 23n
DS =D 21

The formula (25) shows that 7' contains a vertex v by d > 2, after division by n—1, we have

F0.T) < % nn+2ey—2es5) 4n

gs(n—1) n-1

Case2 veV(T)-M.
By definition of M, we can readily find that there exists a vertex vy, € M, such that dr(v,v,) < 4, for every vertex v of
V(T). Since for every vertex w € V(T)—{v,vy}, |dr(v,w)—dr(vy,w)| <4, we have

o0 D=0 D=1 | (dr(v,w) = dr (v, )] <4(n-2).
Hence, we get
(v, T)—0(vy,T) <4.

In conjunction with (25) we obtain

5(n+s&))? 31n-8

0D < =D 2=

Corollary 3 Let G be a connected C,-free graph with n vertices, minimum degree § > 2 and maximum degree A. Then,

Sn(n+2ey—2g5) 4n
G)<> :
R N

and

2(G) < 5 (n+ey)? N 31n-8 ’
2g5(n—1) 2(n-1)

where g, = A6—2|A/2]+1,85=6>-2[6/2]+1.

The bounds of proximity and remoteness in Corollary 3 is not far from best possible. In [25], Erdos gave the following
graph which satisfies the condition of C,-free.

Example 3 Given ¢,m,A,6 € N such that § + 1 is a prime power, consider the connected C,-free graph denoted by
G a6 (see Fig3). Let ¢ =6+ 1. In order to construct the graph G , ;, we first establish a smaller graph H, which dosen’t
contain C,. Let V(Hy) = {X = (x1, X%, x3)|x £ 0,x; € GF(q),i = 1,2,3}, E(H,) = {¥y|%-7 = 0}. It is easy to see that H, is C,-free,
|Hol = ¢* + ¢+ 1 and diam(H,) = 2. For an arbitrary vertex Z € V(H,), we choose {X,¥} € Ny, (2). Let H; be a graph obtained
from H, by deleting vertex Z and all edges ¥ j (where ¥ € NHO()'C),)'/ € Ny, (). It is easy to see that [H;j| = g +q, 6(H) =q—1,
and diam(H;) =4.
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OO

Fig3 G* witht=5 m=3, A=6g+5and 6=¢g—1

t,m,A, 6

Let G*

tm,AS

copies Hy (i = 1,2,---,m) of H; by adding the edges y'x*' (where § € Hj,¥*' € Hi*', corresponding to 3,X in Hy,i =

be defined as the union of ¢ disjoint isomorphic copies H, (i = 1,2,---,) of H, and m disjoint isomorphic

1,2,---,t—1) and by identifying the all vertices w*(i=1,2,--- ,m) and X' to a new vertex *.
Then |G};, , ;| =n=(+m) (g’ +q), §(G, ) =q—1,and AG}, , ;) = (m+1)(g+1)— 1. By simple calculation, we get
sk _ t2-1 2 ; 2 5 - § 2 z
Tun(Gion) = Dy AT +@Si+m(@ +9)31= 51 +q)(5 = 1+m),
and
Tnax(Gras) = [(@= 1) +2¢°1+ Zi:2[5(i =D+ (Si=4)(g=D+(5i=3)q’1+5mm(q* +q)
5 1
=g+ @)1= 5 +m)=ig+ 1.

Since g = 6+ 1 and g is constant, we have n—¢g, + &5 —2A = n— A5+ O(1) = t(¢* + g) + O(1). Thus, we get H(q*+q) =
3

t 1 m 1 n 1 A 5 1 _ 5 3 1 _5_n A
n—8A+8§—2A+0(1), 5—1+m— 5(t+m)+3—1 = §q2+q+qul+0(1)’ and Et—§+m— §(t+m)—§m—§ = Em—ij+0(1)

Substituting these terms into above two formulas, we get

Tnin(G7oa5) 5 (n—ea+&=28)(n+A@G+1))

Gt )= : _ o(l),
(G n—1 4 (0*+30+2)(n—-1) +o
and
Tuax(Grng) 5 (M=8a+8,=20)(n—3A(5+1))
G* )= L o(l),
P(Gra0) n—1 2 (02 +36+2)(n—1) +owm

where £, = A6 —2|A/2]+ 1,8, =6*=2|6/2]+1.
We denote minimal number of vertices of a graph by n(g,d) with girth g and minimum degree 6. An lower bound on
n(g,0) of a graph in terms of minimum degree § and girth g was given by Tutter in [26].

Lemma 21%¢ o
1+6"—1 ifgisodd,
n(g,&) > 2(5-1)8/2=2

6-2
Equality holds for 6 =3,g€{3,4,5,6,8}, and g=4,6 > 3.
Proof of Theorem 5 The proofs of (i) and (ii) are similar, so we only prove (i). Our target is to find a spanning tree

if giseven .

T of G using following method similar to the proof of the Theorem 1.5. First we obtain a maximal (g — 1)-packing M of G.
Let v, be a vertex of G with deg;(v,) = A, and let M = {v,}. If there exists a vertex v, in V(G)— M, with dg(v,, M;) = g, let
M, = M, U{»,}. If there exists a vertex v; in V(G) — M, with d;(vs, M,) = g, let M5 = M, U{v;}. We continue this procedure
after ¢ steps until there exists no vertex v in G — M, which satisfies d;(v, M,) = g. For every vertex u, there exists a vertex uy,
in M, such that d(u,u)) < g—1. Define a weight function ¢, : V(T) — N by

ci(u) = {xe V(D)ldg(u,x) < g—1}

By the definition of ¢,, we have
0 ifué M,

ci(w) =13 ¢(A,0,8) ifu=v,,
#(6,8) ifue M—{v},
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——(g-1)/2

where, [INe )12 1+ A+AG = 1)+ A@ =12 +AG = 1)+ + AG = DED2 = 1+ [AG — D) D2 = Al/(6-2) = ¢(A, 6, g).
Since G is a graph with girth g, by Lemma 1, we have [Ny ()| = n(g.6) > 1 +[A(6 — )¢ 2 = A]/(6—2). Similarly,
#(6,8) =1+[6(6— 1) =6]/(6-2).

By a simple observation, we have 3, ., c;(v) =n and

nzet) o o=pro(M-1),

thus

—p+
< L2 (26)
We denote (A, 6, g)(or ¢(6,8)) by ¢(or ¢), respectively.
In order to bound o(v, T), we consider the difference between o(v,T) and o, (v,T) and make the difference as small as
possible.
By the definition of ¢, for every vertex u in T — M, there exists uy € M such that d(u,u,) < g—1. By a similar proof to

that of Theorem 4, we have
low. T) =, (v, T)| < (g— Dn,
thus
ocw,T)<o,v,T)+(g—Dn 27

We only consider the case for ve M. The proof of the other case for ve V(T)— M is similar.
We define a new function ¢, arising from the function ¢, by the following way

c(w)—p+¢ ifu=v,
Cz(u)={ .
ci(u) ifueM—-{v}.

In order to bound o, (v,T) in (27), we consider the graph T¢[M]. Clearly, 7¢[M] is connected and |T¢[M]| = |M|. Thus,
by (26), we have drspn(v,vy) < diam(T¢[M])—1=|M|-1<(n—¢)/¢. On the other hand,
T T MD = (W) (v, w)

eV(T)

= Zwevm CZ(W)dTX[MJ(V7 w)+ [Cl(Vl)_Cz(Vl)]de'[MJ(V,Vl)-

By a similar arguments to those of Theorem 4, (i) is established.

Corollary 4 Let G be a connected C,-free graph with n vertices, minimum degree 6 > 2 and maximum degree A. Then,
(1) If g is odd, then

(n—¢) +¢(2n+2¢-3¢) g-1

(@< 4g(n—1) -1’

and

n’ — ¢’ +¢p—3ng N 2n-1)(g—-1)
2p(n-1) n—1 ’

where = p(A,8,8) =1 +[AG—1)ED2-A)/(6-2), p=¢(5,8) =1+[6(6—1)EV2-6]/(6-2).
(2) If g is even, then

p(G) <

(n—5)2+¢(2n+2¢—3¢)+g—1
4¢(n—1) n—-1’

n(G) <

and L
n-g+gg-3nf  (2n-1)g-1)
20(n—1) n—1 ’

where ¢ = (A, 6, 8) = 1H{A-1)¥>-A]/(6-2), ¢ = d(5,8) = 1+6(6-1)*>~5]/(6 - 2).

pG) <
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3

Concluding Remark

In this paper, we determine some new bounds on proximity and remoteness in terms of minimum degree, maximum

degree and girth in a triangle-free graph or a C,-free graph.
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