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Abstract: The diameter D(G) of a graph G is the the maximum distance between two vertices in G. For given positive
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0 Introduction

For graph-theoretical terminologies and notation not defined here, we follow [1]. In this paper, we consider finite simple
graphs. Let G be a graph with vertex set V(G) and edge set E(G). The order n = |V(G)| of G is the number of its vertices,
while the size m = |E(G)| of G is the number of its edges. For each vertex v € V(G), the neighborhood Ng(v) of v is defined as
the set of all vertices adjacent to v, and ds(v) = [Ng(v)| is the degree of v. The minimum degree of G is denoted by 6(G). For
two disjoint subsets of vertices V; and V,, [V}, V,]; is the set of all edges in G joining a vertex in V, and a vertex in V,. The
floor of a real number x, denoted by | x|, is the greatest integer not larger than x; the ceiling of a real number x, denoted by
[x7], is the least integer greater than or equal to x.

The distance ds(u,v) between two vertices u and v is the length of a shortest path from u to v in G. The diameter D(G)
of G is max{d;(u,v) : u,v € V(G)} if G is connected; otherwise D(G) = co. If V| C V(G) and V, C V(G) are two nonempty sets
of vertices, the distance between V| and V,, denoted by d;(V,, V,), is the minimum distances dg(u,v) withu e V,, ve V,. If
there is no ambiguity, we always delete subscript G in Ng(v), ds(v), [Vi, Valg, de(u,v) and dg(V,, V).

As a generalization of diameter, Balbuena et al. [2] introduced conditional diameter of a graph G. Given a prop-
erty P satisfied by at least one pair (V,V,) of nonempty subsets of V(G), the conditional diameter Dy(G) is defined as
max{ds;(V,,V,): 0+ V,,V, CV(G), where (V}, V,) satisfies property P}. Because conditional diameters measure the maximum
distance between subsets of vertices with given property, they could be used in some applications where the communication
delays between particular network clusters need to be controlled.

Let [ and s be two integers with 1 < s < /. Consider the property P as follows: (V,,V,) € V(G) x V(G) satisfies P if and
only if |V)|=1and |V,| = s. In this case, the conditional diameter D»(G) is denoted by D(G; 1, s) in [3], which is defined as

D(G; 1, s) =max{dg(V,, V) : Vi, V, S V(G), Vi =L |V,| = 5}.

Note that D(G;1,1) is exact the diameter D(G), and D(G;l,s) = 0 if and only if [+ s > |V(G)|. Moreover, D(G;l,s) <
[V(G)|+1—=(+s) when [+ s <|V(G)|.
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The minimum size of a graph of given order, maximum degree and diameter were investigated by Erd6s and Rényi [4],
and by Erdds, Rényi and Sés [5]. The problem of determining the minimum size of a graph of given order, minimum degree
and diameter was solved by Bollobas [6]. Because the conditional diameter D(G;/, s) of a graph G can not be increased by
adding an edge, it is natural to ask what is the maximum number of edges of graphs with given order and conditional diameter.
For the case /= s =1, Ore [7] obtained the following result.

Theorem 17 Let G be a connected graph with order n, size m and diameter d. Then
1
m< z(n—d— D(n—-d+4)+d.

Furthermore the bound is best possible.
If the minimum degree is prescribed, Mukwembi [8] obtained the following result.

Theorem 2 Let G be a connected graph of order n, size m, diameter d and minimum degree 6(G) =6 > 2. Then
1 , 1
m< Sln=2d(@+ DI+ 25+ D= 2d(@+2).

Furthermore, the bound, for fixed J, is asymptotically tight.

In [9], Ali et al. bounded the size of any graph and of any triangle-free graph in terms of its order, diameter and edge-
connectivity. Balbuena et al. [3] gave the upper bounds of the sizes of graphs with given order and conditional diameter,
which generalized Theorem 1.

Theorem 3™ Let [ and s be integers with 1 < s <I. Let G be a connected graph with order n, size m and conditional
diameter D(G;1,s)=d. Then

sn(n=1), ifd=1;
m<y in(n—1)-Is, ifd=2;
%(n—s—d+2)(n—s—d+1)+%s(s—1)+n—l—1, if d>3.

Furthermore, these bounds are best possible.
Motivated by the results above, we investigate the upper bounds of the sizes of graphs with given order, minimum degree

and conditional diameter. Our results extends those in [8]. In the next section, we will give our main results.

1 The main results

In this section, we assume that n, [, s and d are four given integers such that 1 <s</and 1 <d<n+1-(l+5s).

Let G be a graph with order 7, size m and conditional diameter D(G;1, s) = d. Then by definition, there exist two subsets
L,S CV(G) with |L| =1 and |S|= s such that d(L,S)=d. If d =1, then m < %n(n— 1), and equality holds if and only if G is
isomorphic to complete graph K. If d =2, then n > [+s+1. The condition d(L,S) =2 is equivalent to that there exist two edges
wu, wwwithueL,veS,weV(G)\(LUS), and no edge of G joins a vertex of L and a vertex of S. Thus m < %n(n— 1)—Is, and
equality holds if and only if G is isomorphic to the graph obtained by K, by deleting all edges between two disjoint subsets
of vertices with cardinalities / and s. We assume d > 3 in the following.

Theorem 4 Letn, [, s and d be integers such that 1 <s</and 1 <d <n+1-(/+5s). Assume G is a connected graph with
order n, size m, minimum degree 6 > 2 and conditional diameter D(G;[,s)=d > 3.

() IfL,s>6+1, thenm < 1[n—1(d—-6)6+1)—I— s +(I+6)n—1dQ2I5+21+6) + 1126 — 1+ 4) + 15(s —26) — [s— 1.

(i) If /> 6+1and s <6, then m < I[n—3(d=3)(S+ 1) =1 + (I +6)n— 3 d(25+21+6) + 112 - 1) - 356 + 16— 1.

(i) If 1, s <6, then m < J[n— 1d(6+ )]* + (26 + 1)(n— ¢d(6 +2)) — (I + s —2)6.

Proof Assume L and S are two subsets of vertices with |L| =1 and |S|= s such that d(L,S) =d. Let P := ugu,u,---u, be
a shortest path joining L and S, where up€ L and u, €S. Let A, C V(P) be the set

d
Al = {u3i|i:0v17.“ ,LgJ_l}U{ud}~
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(i) For 1 <i < [4]-1, choose any & neighbours uy,u3,--- ,ul; of uy and denote the set {us;,ul;,u3;, -, u3;} by Mlu].
Note that /, s > 6+ 1. For the vertex u,, choose any 6 vertices u,ug,--- ,u$ of L\ {u,} and denote the set {u, uy, uy, - ,u)} by
M[uy). For the vertex u,, choose any & vertices u),u3,---,u’ of S\ {u,} and denote the set {u,,u},u3, -, u} by M[u,]. Set
A :=U,cq, M[v]. Then

d
|Al=(6+ 1)([3] +1).

Claim1 } d(v)<2(6+ 1)n—(36+2)(|_‘;’] +1)—0(l+s5s-2).
VEA .

Partition A, to A, and A; as follows. Let A, :={ug|i=0,---, I_‘éj} if 3< d—6|_§J <5;andlet A, :={ugli=0,--- ,ng—l}u{ud}
if 0 < d—6L‘g’J < 2. Set A; = A;\ A,. For convenience, we denote A, and A; by {x;,---,x4,} and {y;,---,ya,} respectively.
Moreover, M[x;] = {x;,x;,--,x/} and M[y;]={y;,y},---,y}} for 1 <i<|A,| and 1 < j<|A;].

For any u,v e A,, we have d(u,v) > 3. Thus
nz(d(x)+ 1D+ +du,)+ D+ @)+ D+ +(da) + D. ey
If3< d—6l_§J <5, then A, ={ugli=0,---, I_‘éj}. Since d(x;,x;) > 6 for any x;,x; € A,, we have
n = (d(x)+ 1) +(d) + 1)+ +(d(x, )+ D +]As[ + (S| - 1), )
where j=1,2,---,6. For any y;,y; € A;, we have d(y;,y;) > 6, thus

n 2 (dy)+ 1D+ + D+ +d), )+ D+ + (L= 1), 3)

1431

where j=1,2,---,6.
Summing up (1) and (2), we get

(6+n> Z d@)+ (0 + DIA,|+ (26 + D|As|+6(s—1). “)

VE(Usen, M1xD

Summing up (1) and (3), we get

6+Dn=> Z dW)+ (0 + DIA;|+ (26 + DA, +0(I-1). (5)

Vve(Uyeay MIyD)

By (4) and (5), we obtain

Zd(v)z Z d(v) + Z d(v)

veA ve(Usea, MIx)) ve(Uyeas MIYD)
<2(6+ Dn—(6+ DAL +A3]) = (26 + D(|As| +As)) —6(1+ s—2)
s2(6+1)n—(36+2)(L§J+1)—6(l+s—2).
Ifo< d—6L§J <2, then A, ={ugli=0,--- ,L%’J —1}U{v,}. Since d(x;,x;) > 6 for any x;,x; € A,, we have
n = (d(x)+ D) +(d() + 1)+ +(d(x], )+ 1) +]As], (6)
where j=1,2,---,6. For any y;,y; € A;, we have d(y;,y;) > 6, thus
n>(dy)+ 1)+ @)+ D+ +dO), )+ D+ A + (L +1S-2), (N
where j=1,2,---,0.
Summing up (1) and (6), we get

0+ Dn=> Z dW)+(0+ 1A+ (26 + 1)|A;]. ®)

ve(Useay MIxT)
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Summing up (1) and (7), we get
G+n> Z do(W)+ (0 + DIAs] + (26 + DJAs| +6(1+5-2). )

vE(Uyea, MIyD)

Similarly, by (8) and (9), we obtain

Zd(v): Z d) + Z dv)

veA ve(Uyea, MLx]) ve(Uyeay MIy])
d
<20+ n=(36+2)( 31+ D=o(l+5-2).

Claim 1 is thus proved.

Set L' = I\(M[u)), S’ = S\(M[u,]) and R = V(G)\(AUL'US"). Then |L| = [-6-1,|S’| = s=61 and [R| = n—(&+1)(| 4 |-1)~I-s.

Claim 2 } d(v)<(n—(6+ 1)(|_§J— D—-l-s)(n—(0+ 1)(|_§J— D=s+0-1).

VER

Since every vertex v € R has at most A9 neighbours in AUL'US’, we have d(v) < n—1-AUL'US ' H+6 = n—(5+1)(|_§’J—1 F-s+o—1.

Thus we have Y, dv)<(n—(0+ 1)(|_§J -D-Il-5)(n—(0+ 1)(|_§1J —1)—s+0—1). Claim 2 is thus proved.

cmimsVGRz dW) < (=6- D=1 +(s=6=D(s— D+ -G+ DL~ D) ~I-s5)I—6-1).

ve(L/US ")

Since every vertex in L’ has at most /— 1 neighbours in AU L’, every vertex in S’ has at most s— 1 neighbours in AU S’

and there is no vertex in R can join both a vertex in L’ and a vertex in S’ (by d(L,S)=d >3), we have

Z dW)<(I-6-D(I-D+(s—0-D(s=D)+|[L,RI+I[S",R]|

ve(L’US’)

S(1—6—1)(1—1)+(s—5—1)(s—1)+(n—(6+1)(|_;—ZJ—1)—Z—S)(Z—6—1).

This completes the proof of Claim 3.
By Claim 1, 2, 3 and the inequality | ] > ¢ -1, we obtain

Z d(v) = Z dv)+ Z dv)+ Z dv)

veV(G) veA VER ve(L’US”)

<20+ 1)n—(36+2)(L§J+1)—6(l+s—2)

=@+ G- D= )0= @+ DA 1= D= s+6-1)
+(l—5—1)(1—1)+(S—5—1)(s—l)+(n—(5+1)(|_§J—1)—l—s)(l—5—l)
S2(6+1)n—(36+2)§—6(l+s—2)

-5+ 1)(%1—2)—l—s)(n—((5+1)(%1—2)—s+6—1)
F(U=6-1)(I=1)+(s—6- 1)(s—1)+(n—(6+1)(%—2)—l—s)(l—6—1)
- [n—%(d—é)(6+1)—l—s]2+2(l+6)n—%d(216+21+5)

126 —1+4)+ 5(s—26)— 25 —2.

Sincem=13 Y, d(v), we obtain
VveV(G)

m= % D dw)< %[n—%(d—6)(6+ 1) =15+ +6)n— %d(216+21+6)

veV(G)
1 1
+ 51(26—l+4)+ 5s(s—26)—ls— 1.

Theorem 4 (i) thus holds.
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(i1) Since the proof of Theorem 4 (i) is similar to Theorem 4 (i), we only give the sketch of the proof here. For

1<i<|4]-1, choose any & neighbours u};, 13, - ,u3; of us; and denote the set {us;, u};, u3;, -+ ,u3;} by M[u]. Note that /> 6+1.
For the vertex u,, choose any § vertices u, ug, - - ,uj of L\ {u,} and denote the set {uo, uy,u3,- - ,u} by M[u]. Since s <6, for
the vertex u,, we choose any 6—s+1 neighbours u), -, u5*" of u, in N(us)\S and denote the set {ug,u}, -, ul U \{ug})

by M[u,]. Set A :=U,,, M[v]. Then
d
|Al=(6+ 1)(L§J+ D).

By a similar argument as Claim 1, 2, 3, we have the following claims.
Claim 1’ }, d(v)<2(6+ 1)n—(36+2)(L’3—’J +1)—=6(l+s-2).

Set L' = L‘?‘EM[MO]) and R=V(G)\(AUL"). Then |L'|=[-6—1and [R|=n—(5+ )| 4] -1

Claim 2’ } dv) < (n—(6+ DL4]-D(n—- S+ DL4]+6-1).

Since evelvr;Rvertex v € R has at most [+ neighbours in AUL’, we have d(v) <n—1—-|AUL'|+[+5=n—-(+ 1)|_§J +0—1.
Thus we have %d(v) <=+ DLE]-Dn—-G+DLL]+6-1).

Claim3 Y dv)<(-6-1)(I-D+(I-6-Dn-(5+DL4]-D.
vel! .
Since every vertex in L’ has at most [ — 1 neighbours in AU L’ and has at most |R| neighbours in R, we have

Zd(v)s(l—é—1)(1—1)+(1—6—1)|R| =(1—6—1)(1—1)+(l—6—1)(n—(6+1)|_%lj—l).

veLl!

By Claim 1’,2’, 3’ and the inequality [ £ > ¢ - 1, we obtain

Z d(v)de(v)+Zd(v)+Zd(v)§2(<5+ 1)n—(35+2)(L§J+ 1)=6(+s5-2)

veV(G) veA veR vel’

+(n—(6+1)L§J—l)(n—(6+l)L;—ij+6—1)+(l—6— l)(l—1)+(l—6—1)(n—(6+1)[§]—l)
32((5+1)n—(36+2)%l—6(l+s—2)+(n—(6+ 1)(%1— 1)—l)(n—(6+1)(%1—1)+6—1)
+(l—6—1)(l—1)+(l—6—1)(n—(6+1)(§—1)—l)

—[n- %(d—3)(6+ l)—l]2+2(l+6)n—%d(2l§+2l+6)+l(2—l)—s6+6— 1.
Bym=1 3 d(v), we obtain

veV(G)

1 1 1 1 1 1 1 1
=— <—[n-=(d- —IP? - —12-)—- = —5——
m= 3 § dv) < 5= 3d=3)@+ D= IF + 1+ dQUo+2+0)+ 512 =D~ 350+ 55~

vev(G)

Theorem 4 (ii) thus holds.
(iii) As the proof of Theorem 4 (ii), we only give the sketch of the proof here. For 1 <i < Lg’] —1, choose any § neighbors

ul, u3;, - ul; of uy; and denote the set {us;, uy, u3, - ,us,} by M[us]. Note that [, s < 8. For the vertex uy, choose any § — [+ 1
neighbours uj,--- ,ul """ of uy in N(up) \ L and denote the set {uo,uy, -+ ,ul "'} U (L \ {uo}) by M[u,]. For the vertex u,, we

choose any 6 — s+ 1 neighbours u}, -, u5**" of u, in N(u,)\ S and denote the set {uy, ul, - ,ul "YU (S \{u,}) by M[u,]. Set

A :=U,eq, M[v]. Then
d
Y =(6+1)(L§J+1).

By a similar argument as Claim 1 and 2, we have the following claims.
Claim 17 3 d(v) <2(6+ Dn—B5+2)(L 4]+ 1) —6(l+5-2).

VEA

Set R=V(G)\A. Then |R|=n—(S+ 1)(L¢]+1).
Claim 2 Y, d(v) < (n—(+ D(LL]+ 1)) -6+ D(LL]+1)-26).

veR
Since every vertex v € R has at most 20+ 1 neighbours in A, we have d(v) <n—1—|A|+20+1=n—-(+ 1)([%’] +1)—26.

Thus we have » d(v)<(n—(5+ 1)(|_‘§1J +1)(n—-(0+ 1)(L;1J +1)-26).

VER



390 Journal of Xinjiang University (Natural Science Edition in Chinese and English) 2021

Combining Claim 1", 2” with the inequality [ ] > ¢ -1, we obtain

Z d(v):Zd(v)+Zd(v)s2(5+1)n—(35+2)(L§J+1)—5(1+s—2)

veV(G) veA veR

+(n—(0+ l)(L§J+ D)@n—-(+ l)(L§J+ 1)-26)<2(6+ 1)n—(36+2)%l —-0(l+s5-2)

+(n—(6+ 1)%1)(n—(5+ 1)%—25): [n— %d(6+ DI +2(26 + 1)(n—éd(6+2))—6(l+s—2)

Bym=1 Y d(v), we obtain
veV(G)

m= % v;@d(v) < %[n— %d(6+ DI +Q6+1)(n— éd(6+2))— %(5(1+ s—2).

This completes the proof of Theorem 4 (iii). And Theorem 4 thus holds.

The upper bound in Theorem 4 (iii) for /= s =1 is exact the bound in Theorem 2. Note that D(G; 1, 1) = D(G). Thus the
results of Theorem 4 implies Theorem 2.

In the following, we will construct some graphs to show that the upper bounds in Theorem 4 are asymptotically tight
with given minimum degree. We only construct examples for Theorem 4(i). The examples for Theorem 4 (ii) and (iii) can be
similarly constructed.

Let d >3 be an integer with d =0 (mod 3). Let n, d, [ and s be integers such that 6 >2,6+1<s<landd<n+1-(l+5).
We construct a graph G as follows. The vertex set V(G) is V,UV,U---V,, where

1, i=0,
n—3d-3)@¢+1)-l-s-1, i=1,

[Vil={ 6-1, i=0(mod3)and 0<i<d,
1, i=lor2(mod?3),
s, i=d.

For any two distinct vertices u,v € V(G), say u € V; and v € V;, u and v are adjacent in G if and only if [i— j| < 1. We see that
[V(G)|=n, 6(G)=6, D(G;l,s)=d and

mGy> n—%(d—3)(6+1)—s—1)'

2
Thus the upper bound in Theorem 4(i) is asymptotically tight with fixed minimum degree.
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m<-(n—d-1)(n—d+4)+d

N |

[ A 3 AS AR B AT Y.
TS24 E Fie /N, MukwembifE SR [8] FPAS 3 T 1 145 5.
EIB 26 % G B— B n, WECH m, BHIER d Fi/NER 6(G) =6 > 2 By &,

m< %[n— %d(d—k D+ (264+1)(n— éd(6+2))

[ X T8 8 1Y 6 XA ARk 5.

FESCHR[9) 1, ALSE AL T B TC = MR IR LS, BRI 3% 38 B A L. Balbuena S8 A7E (3]
25 A BRSBTS A2 R T L

EIB 361 A1 fl s WEEH 1 < s <1 &K G IR— 5800 n, WECH m, 5 EARN D(G;1,s) = d )%
.

in(n—1), if d=1;
m<{ in(n—1)—lIs, if d=2;
tn—s—d+2)(n—s—d+1)+3is(s—1)+n—1—-1, if d>3.
I Hix S FUE R Y.
ARG L L5 RASCES T 207 s, B NS AR R BB B3, ARSCHET 1 SCHR[S] Y2
1 FEHR

FEAT T R n, 1, s Tl d 2 DU 58 REER A5 1 <s<IFI1<d<n+1—(+3).

WE G W RBCN n, B m, S EARN D(G;1,s) = d. fZ1F EARRE AT, AR T4 LS CV(G)
Hrp|L| =1 B |S|=s, #if3 d(L,S)=d. Y d=18f m < In(n—1), K807 4 HACY G M FEeR K,. 4
d=2 MW n>1+s+1, G BRI EE d(L,S) =2, BFAEM 5530 wu Flwo, HueL,ve S MweV(G)\(LUS),
JEHAE LA S ZIRA L, BN — 50— s AE L, J3—A 8 AE S, I m < in(n—1) —1s, Hrp 45
B HALY G Rk T5t 28 K, MBREECH 1R s P ASAHZE S PR Z B I 30, e N iEihe d > 3
L.

EIB 4 ¥n, I, s Md NEE, H1<s<IM1<d<n+1-(+s). BB G RSEH n, ECH m, B/NERN
§>2 MK, HAMFERN D(G;l,s)=d>3.

AR 1, s >6+1, W m < Ln—1(d—6)(0+1)—1—s]*+(I1+0)n— L1 d(206+21+6)+ 21(26—14+4) + L 5(s—26)—1s—1;

(AR 1>0+1 H s <6, WM m<in—2(d-3)(0+1) =12+ (I+6)n—2d(25+21+6)+31(2—1)— Ls6+ 16— 15

(i) AR 1,5 <8, W m < Ln—21d(6+1)]2+ (26 + 1) (n— 2d(6+2)) — 2 (I+s—2)6.

IERR 15 L FI S 2 V(G) IIAF4E, B || =1 1 |S| = s (7% d(L,S) = d. B Pi=uouus - ug WEHE LAl
S Z B R, ot uo e L Fluge S. WA A, CV(P), K

Ay i={usli=0,1,--- ,ng — 1} U{ug}-

) Wls>6+1 XF 1 <i < [2]—1, BEFE ugy AR 0 DB ulpud, - ud,, H Mus) FmER
{usi,uy ud;, - us, b TEERN L s > 641, X5 R wo, Pe8E D\{uo} ' uo PR 6 DR ud,ud, -+ ul, FH Muo] TS
{ug,ub,u2, - ud}. X wg, PP S\{ug} H ug LR 0 DEPME ub w2, - ul, F Mug) FRES {ug,ul,u, - ud}.
/7“\ A= UveAlM[U]- )I_!IJ

Al=@+1) (51 +D).

BIE 13 d(v) <2(6+1)n—(30+2)([ 4] +1)—6(1+s—2).

vEA

W AL RIIE R Ay B A, BRI INT: 2R 3<d—6]2] <5 Ay :={ug|i=0,---,[£]}; R 0<d—6|2] <2
)I_\“J Az = {U6i|i207"' 5 L%J —1}U{Ud}~ %{3\ As :Al \Az- j‘jjﬂ'ﬁﬁﬂﬁﬁ {$1,"' 7$|A2\} *ﬂ {y1,~~~ ,y|A3\} ﬂéﬁ%lﬁé
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ML u,v € Ay A d(u,v) > 3. 51
n> (d(zy) +1) 44 (d(z)a,) + 1)+ (d(y2) + 1)+ -+ (d(y)ag) +1) (1)
miR3< d—GL%J <5, M Ay = {ug)i=0,---, LgJ} R SHE R 2,2, € Ay A d(zy,2,) > 6, W
n > (d(a])+ 1)+ (d(@3) + 1)+ + (d(2] ) +1) + | As[ + (S| - 1) (2)
Hrpj=1,2,- 6. MEEM vi,y; € As A d(ys,y,) > 6, W
n > (d(yl) + 1)+ (d(y3) + 1)+ -+ (d(yla,) + 1) +[Az| + (L] = 1) (3)
Hrj=1,2,.-6.
it #(1) A (2) KA
G+n> > d()+(6+1)|As|+(20+1)|As|+6(s—1) (4)
v€(Upea, Mlz])
Xt 2 (1) F(3) KRS
@+Dn> > dw)+(0+1)|As|+(20+1)| A +5(1-1) (5)
vE(Uyeay, Mly))
i =) 1 (5) Al 5
Yodwy= > dw)+ > d(v)
vEA vE(Ugea, Mlz)) vE(Uyeag Mly))
<254+ 1)n— (5+1)(|As| + | As|) — (20 +1)(|As| + |As]) — (1 +5—2)
§2(5+1)n7(35+2)(LgJ+1)75(l+572).
MR 0<d—6[2) <2, Ay = {ug,|i=0,--, [ 2] —1}U{vs}. MHMERER 2,2, € A H d(x,,2,;) >6, W
n> (d(x]) +1) +(d(@d) +1) 4+ (d(2] ) +1) + | As] (6)
/E\:EF' i=1,2---6. X‘_J‘HE%:E/‘J Yir Yj € As ﬁ d(yi,yj) >6, I)_!U
n > (dyl)+ 1)+ (d(y3)+ 1)+ +(d(yla,) + 1)+ A2+ (L] + 15| -2) (7)
Hrj=1,2,.. 6.
xF 2(1) Fl (6) RFNG
G+Dn> D d(v)+(5+1)|Az|+ (26 +1)| As] (8)
VE(Upe ag Mlz])
XF= (1) F(7) RFNG
G+Dn> D de(v)+(6+1)| A+ (20+1)| A +5(1+5—2) 9)

vE(Uyeay Mly))

I, = (8) #1(9) AT4%
Mdwy= > dw)+ > d)

veA vE(Uge A, M) vE(Uye ag Mly))

§2(5+1)n—(35+2)(LgJ—|—1)—6(l+s—2).
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Wi 1 CAE.

WL =L\ (Muo)), S = S\ (M[ug)) F1 R = V(G)\ (AUL'US). W || =1-6—1, || =s—0—1 A
|R|=n—(6+1)(|2]-1)—1-s.

#is 2 vgd(v)g (n— @+ ([ 4] =1)=l—s)(n—(+1)(|[ 4] 1) —s+5—1).

AR v e RAE AUL'US' TR ZA 146 ANEBA, W d(v) < n—1—| AUL'US’ 46 = n—(5+1) (| ] —1)—s+5—1.
WY dw) < (n—(6+1)([2]-1) —1—s)(n—(6+1)(|2]—1)—s+d—1). WiF 2 TIE.

BiE 3 S do)<(-0-1)(1-1)+(s—0-1)(s—1)+(n—(0+1)([2]-1)—1-s)(I-5-1).

ve(L'US’)

N L PR SEE AUL MEZA 1-1 MBS TR AUS hREZA s—1 MR,

HHT d(L,S)=d>3, W R PARFELE—A SR RB s BEAE L' thli s S v, ik

Y dw)s(=6-1)(I-1)+(s=5-1)(s—1)+[[L', Rl +|[5", R]|

ve(L'US’)

g(l—d—1)(l—1)+(3—6—1)(3—1)+(n—(6+1)(LgJ—1)—l—s)(l—5—1).

Wr = 3 2k
kS 1,2, 3 AR [4)>4-1, 6

Y dw)=) dw)+) dw)+ > d)

vEV(G) vEA vER ve(L'US’)
32(6+1)n—(35+2)(L§J +1)=d6(l+s—2)
+(n—(5+1)([§] —1)—1—5)(n—(5+1)(LgJ —1)—s+0—1)

+(z-5—1)(1—1)+(s—5—1)(s—1)+(n—(5+1)(ng 1) —l-s)(1-6—1)
§2(5+1)n—(35+2)§—5(z+s—2)

+(n—(5+1)(§—2)—l—s)(n—(5+1)(g—2)—s+5—1)

+(l—5—1)(l—1)+(8—5—1)(s—1)+(n—(5+1)(g—2)—l—s)(l—6—1)

1 1
=[5 (d=6)(F+1) ~ =] +-2(+0)n— Sd(25+20+8) +1(26 —L+4) + (s —20) ~2s —2.

WAhm=5 > d), M

veV(GQ)

1 1 1 1 1
— — < R — _]—_4]? R — — — — — —1.

vEV(G)
EH A (1) BT
(i) B 1> 6+1. PURX AR IE ] S g B 4 (1) UERH RS RL, e AR R A TERGR . X T 1<i< [4)-1,
TEFE g WAEEE 6 DABA wlpud,, - ud s T Mug] FoRES {ugi,ul,uly, - ud, b EER 1> 6+ 1 MHEER
B g, TEFE L\ {uo} ' uo MATTE 6 ANEBA wl,ul, - ul, F Mluo] RARER {uo,ub,ul, - ud}. FR s <5, W
X T8 wg, T N(ug)\ S HTIERE wg FAEE 06— s+ 1 DAL, Muag) FRES {ua,ul,-ud U (S\ {ua}). B
Ai=Uyea, M[v]. W|

|~

A=+ 151+,

Wi 1,2, 3 250, 132 M A4,
BE 4 3 d(v) <2(6+1)n—(36+2)([2]+1)—d(+5—2).

vEA
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B L =L\ (M{ug)) Bl R=V/(G)\ (AUL'), W |L/| =1—6—1 Rl |R|=n— (5 +1)| 2] L.
BiE 5 Y dv)<(n—(+1)[L]—1)(n—(+1)[2]+5-1).

X R v e RTE AUL MR ZA 1+6 DMABAL, W d(v) <n—1—[AUL|+14+0=n—(6+1)[¢|+5—1. Kt
S dw) < (n—E+D)[L] - (n—(+1)[2]+5-1).

vER

BiE 6 Y dv)<(—0-1)(1—1)+(1—0—1)(n—(6+1)[ <] -1).
KL R SEE AUL PR 11 DA, BAE R TP EZH |R| 4B, N

Zd(v)g(1—571)(l71)+(175—1)\R|:(1—571)(171)+(176—1)(n7(5+1)LgJ—l).

veL’

HWIE 4, 5, 6RIAREL [4) >4 -1, 6
> dw)=) dw)+) dw)+ Yy d(v)

veV(G) vEA vER veEL’
§2(6+1)n—(35+2)(LgJ+1)—(5(l+s—2)
= (G413~ (4 1) 5] +6-1)
+(z—5—1)(1—1)+(z—5—1)(n—(5+1)L§J )

S2(6+1)n—(35+2)g—(5(l+s—2)

Fn= ()G~ =Dn— (41§ 1) +5-1)
FU=5 =)= 1)+ (=61 (4 1) (5 1) 1)

:[n—%(d—3)(6+1)—l}2+2(l—|—6)n—%d(216+2l—|—5)+l(2—l)—36+5—1.
Hm=1 > dw),fi

veV(G)

v§c)d 1n_%<d_3)<5+1)_l]2+(l+5)n—%d(2l5+2l+5)+%l(2—l)—%55+15_%.

EFE 4 (i1) 7.

(iif) B 1,5 < 8. PR A IE A 58 B 4 (i) ASTUERH SRR, By DAAH R0 o SRR, X 1< < 1¢]-1,
iﬁj&““& HERL 6 4~ u3i’u3i’ T 3" ’ﬂiﬂﬁﬁM[us ] TS {us; ,u3i7u3i7 I 31‘}. ﬂfi@Jl s < 6. X T, Ug,
B2 N\ Py BOEERS 0441 1408 M) RS ot UL\ ). T
Foug, TE N (ug)\S PR ug AL 0—s+1 /1\913/'51 ub, e T M ug) FREE {ug,ul, - ud O\ {ua}).
B A:=U,ca, M[v]. iy

l\.’J

A=+ 1))+ D).
5WrE 1,2 2860, 93T A4S
BiE7 S dv) <25+ 1)n (35+2)(ng 1)—5(l+s—2).
ﬁR:vé?G)\A, MRl =n—(0+1)([£]+1).
=8 ZRd() (n —(5+1)(LJ D)(n—(0+1)(15]+1)—29).
Ijﬂﬁi)ﬁveRT’“AEF'E&%Q(SH/I\QBIE MW d(v) <n—1—|A|+20+1=n—(6+1)([¢]+1)—20. Kk
> dv) < (n=(0+1)([5]+1))(n— (6 +1)([ 5] +1)—24).

vER

HIlS 7,8 SAEN (4] >4-1,
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>, d(v)= 3 d(v)+ 3 d(v)

veV(G) vEA vER
<2004+ 1)n—30+2)([4]+1)—6(I+s—=2)+(n—O0+1)([£]+1))(n—(6+1)([2]+1)—20)
<2004+ 1)n—(30+2) —d(l+5—2)+(n—(0+1)%)(n—(6+1)2 —20)

=[n—3d(0+1)?+2(20+1)(n— 1d(6+2)) —6(l+5—2)

3
I
N
&
S
IN
N

n— %d(5+1)]2+(25+1)(n— %d(5+2)) —%5(Z+s—2).

RRIER T B 4 (iii). E P 4 JEEE.

HEE D(G;1,1)=D(G), EH 4 5P 2 MR, BIY 1 =s =11, EH 4 (i) 09 SR 5T 2 i AR

I RERRAE 45 08 S8, e/ NS AR A IR e B 4 () PO R . X B RSHE e 4 () 1Y
I, (i) A1 (i) IEBLS (1) B, SASTE B U,

Wd>3 NEE, H d=0 (mod 3). & n,d, | Fl s HEEEL, 15 6>2,6+1<s<IMd<n+1—(+s). N
BRI N V(G)=V,uViu---V, I G INF:

l, i=0,
n—3(d=3)(0+1)—l-s—1, i=1,

[Vil|=1¢ -1, 1=0 (mod 3), 0<i<d,
1, i=1 1Y 2(mod 3),
s, i=d.

MHERE AT w0 € V(G), B u eV flo eV, WERFER G W w Fl o B HALY |i—j] <1, W
V(@) =n,8(G)=0, D(G;l,s)=d FlI

m(G) > <

RIXT 25 5 A e/ INBE ZE B 4 (1) 1 b SRk SR Y.
B2 3Rk
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