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0 Introduction
For graph-theoretical terminologies and notation not defined here, we follow [1]. In this paper, we consider finite simple

graphs. Let G be a graph with vertex set V(G) and edge set E(G). The order n = |V(G)| of G is the number of its vertices,

while the size m = |E(G)| of G is the number of its edges. For each vertex v ∈V(G), the neighborhood NG(v) of v is defined as

the set of all vertices adjacent to v, and dG(v) = |NG(v)| is the degree of v. The minimum degree of G is denoted by δ(G). For

two disjoint subsets of vertices V1 and V2, [V1,V2]G is the set of all edges in G joining a vertex in V1 and a vertex in V2. The

f loor of a real number x, denoted by ⌊x⌋, is the greatest integer not larger than x; the ceiling of a real number x, denoted by

⌈x⌉, is the least integer greater than or equal to x.

The distance dG(u,v) between two vertices u and v is the length of a shortest path from u to v in G. The diameter D(G)

of G is max{dG(u,v) : u,v ∈V(G)} if G is connected; otherwise D(G) =∞. If V1 ⊆V(G) and V2 ⊆V(G) are two nonempty sets

of vertices, the distance between V1 and V2, denoted by dG(V1,V2), is the minimum distances dG(u,v) with u ∈ V1, v ∈ V1. If

there is no ambiguity, we always delete subscript G in NG(v), dG(v), [V1,V2]G, dG(u,v) and dG(V1,V2).

As a generalization of diameter, Balbuena et al. [2] introduced conditional diameter of a graph G. Given a prop-

erty P satisfied by at least one pair (V1,V2) of nonempty subsets of V(G), the conditional diameter DP(G) is defined as

max{dG(V1,V2) : ∅≠V1,V2 ⊆V(G), where (V1,V2) satisfies property P}. Because conditional diameters measure the maximum

distance between subsets of vertices with given property, they could be used in some applications where the communication

delays between particular network clusters need to be controlled.

Let l and s be two integers with 1 ≤ s ≤ l. Consider the property P as follows: (Vl,Vs) ⊆ V(G)×V(G) satisfies P if and

only if |Vl|= l and |Vs|= s. In this case, the conditional diameter DP(G) is denoted by D(G; l, s) in [3], which is defined as

D(G; l, s) = max{dG(Vl,Vs) : Vl,Vs ⊆V(G), |Vl|= l, |Vs|= s}.

Note that D(G;1,1) is exact the diameter D(G), and D(G; l, s) = 0 if and only if l + s > |V(G)|. Moreover, D(G; l, s) ≤
|V(G)|+1− (l+ s) when l+ s≤ |V(G)|.
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The minimum size of a graph of given order, maximum degree and diameter were investigated by Erdős and Rényi [4],

and by Erdős, Rényi and Sós [5]. The problem of determining the minimum size of a graph of given order, minimum degree

and diameter was solved by Bollobás [6]. Because the conditional diameter D(G; l, s) of a graph G can not be increased by

adding an edge, it is natural to ask what is the maximum number of edges of graphs with given order and conditional diameter.

For the case l = s = 1, Ore [7] obtained the following result.

Theorem 1[7] Let G be a connected graph with order n, size m and diameter d. Then

m≤ 1
2

(n−d−1)(n−d +4)+d.

Furthermore the bound is best possible.

If the minimum degree is prescribed, Mukwembi [8] obtained the following result.

Theorem 2[8] Let G be a connected graph of order n, size m, diameter d and minimum degree δ(G) = δ≥ 2. Then

m≤ 1
2

[n− 1
3

d(δ+1)]2 + (2δ+1)(n− 1
6

d(δ+2)).

Furthermore, the bound, for fixed δ, is asymptotically tight.

In [9], Ali et al. bounded the size of any graph and of any triangle-free graph in terms of its order, diameter and edge-

connectivity. Balbuena et al. [3] gave the upper bounds of the sizes of graphs with given order and conditional diameter,

which generalized Theorem 1.

Theorem 3[3] Let l and s be integers with 1 ≤ s ≤ l. Let G be a connected graph with order n, size m and conditional

diameter D(G; l, s) = d. Then

m≤

■|||||■|||||■

1
2 n(n−1), if d = 1;
1
2 n(n−1)− ls, if d = 2;
1
2 (n− s−d +2)(n− s−d +1)+ 1

2 s(s−1)+n− l−1, if d ≥ 3.

Furthermore, these bounds are best possible.

Motivated by the results above, we investigate the upper bounds of the sizes of graphs with given order, minimum degree

and conditional diameter. Our results extends those in [8]. In the next section, we will give our main results.

1 The main results
In this section, we assume that n, l, s and d are four given integers such that 1≤ s≤ l and 1≤ d ≤ n+1− (l+ s).

Let G be a graph with order n, size m and conditional diameter D(G; l, s) = d. Then by definition, there exist two subsets

L,S ⊆ V(G) with |L| = l and |S | = s such that d(L,S ) = d. If d = 1, then m ≤ 1
2 n(n−1), and equality holds if and only if G is

isomorphic to complete graph Kn. If d = 2, then n≥ l+s+1. The condition d(L,S ) = 2 is equivalent to that there exist two edges

wu, wv with u ∈ L, v ∈ S , w ∈V(G)\(L∪S ), and no edge of G joins a vertex of L and a vertex of S . Thus m≤ 1
2 n(n−1)−ls, and

equality holds if and only if G is isomorphic to the graph obtained by Kn by deleting all edges between two disjoint subsets

of vertices with cardinalities l and s. We assume d ≥ 3 in the following.

Theorem 4 Let n, l, s and d be integers such that 1≤ s≤ l and 1≤ d ≤ n+1−(l+s). Assume G is a connected graph with

order n, size m, minimum degree δ≥ 2 and conditional diameter D(G; l, s) = d ≥ 3.

(i) If l, s≥ δ+1, then m≤ 1
2 [n− 1

3 (d−6)(δ+1)− l− s]2 + (l+δ)n− 1
6 d(2lδ+2l+δ)+ 1

2 l(2δ− l+4)+ 1
2 s(s−2δ)− ls−1.

(ii) If l≥ δ+1 and s≤ δ, then m≤ 1
2 [n− 1

3 (d−3)(δ+1)− l]2 + (l+δ)n− 1
6 d(2lδ+2l+δ)+ 1

2 l(2− l)− 1
2 sδ+ 1

2δ− 1
2 .

(iii) If l, s≤ δ, then m≤ 1
2 [n− 1

3 d(δ+1)]2 + (2δ+1)(n− 1
6 d(δ+2))− 1

2 (l+ s−2)δ.

Proof Assume L and S are two subsets of vertices with |L|= l and |S |= s such that d(L,S ) = d. Let P := u0u1u2 · · ·ud be

a shortest path joining L and S , where u0 ∈ L and ud ∈ S . Let A1 ⊆V(P) be the set

A1 := {u3i|i = 0,1, · · · ,⌊d
3
⌋−1}∪{ud}.
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(i) For 1 ≤ i ≤ ⌊ d
3 ⌋ − 1, choose any δ neighbours u1

3i,u
2
3i, · · · ,uδ3i of u3i and denote the set {u3i,u1

3i,u
2
3i, · · · ,uδ3i} by M[u3i].

Note that l, s ≥ δ+ 1. For the vertex u0, choose any δ vertices u1
0,u

2
0, · · · ,uδ0 of L \ {u0} and denote the set {u0,u1

0,u
2
0, · · · ,uδ0} by

M[u0]. For the vertex ud, choose any δ vertices u1
d,u

2
d, · · · ,uδd of S \ {ud} and denote the set {ud,u1

d,u
2
d, · · · ,uδd} by M[ud]. Set

A :=∪v∈A1 M[v]. Then

|A|= (δ+1)(⌊d
3
⌋+1).

Claim 1
Σ
v∈A

d(v)≤ 2(δ+1)n− (3δ+2)(⌊ d
3 ⌋+1)−δ(l+ s−2).

Partition A1 to A2 and A3 as follows. Let A2 := {u6i|i = 0, · · · ,⌊ d
6 ⌋} if 3≤ d−6⌊ d

6 ⌋ ≤ 5; and let A2 := {u6i|i = 0, · · · ,⌊ d
6 ⌋−1}∪{ud}

if 0 ≤ d− 6⌊ d
6 ⌋ ≤ 2. Set A3 = A1 \A2. For convenience, we denote A2 and A3 by {x1, · · · , x|A2 |} and {y1, · · · ,y|A3 |} respectively.

Moreover, M[xi] = {xi, x1
i , · · · , xδi } and M[y j] = {y j,y1

j , · · · ,yδj} for 1≤ i≤ |A2| and 1≤ j≤ |A3|.
For any u,v ∈ A1, we have d(u,v)≥ 3. Thus

n≥ (d(x1)+1)+ · · ·+ (d(x|A2 |)+1)+ (d(y1)+1)+ · · ·+ (d(y|A3 |)+1). (1)

If 3≤ d−6⌊ d
6 ⌋ ≤ 5, then A2 = {u6i|i = 0, · · · ,⌊ d

6 ⌋}. Since d(xi, x j)≥ 6 for any xi, x j ∈ A2, we have

n≥ (d(x j
1)+1)+ (d(x j

2)+1)+ · · ·+ (d(x j
|A2 |)+1)+ |A3|+ (|S |−1), (2)

where j = 1,2, · · · , δ. For any yi,y j ∈ A3, we have d(yi,y j)≥ 6, thus

n≥ (d(y j
1)+1)+ (d(y j

2)+1)+ · · ·+ (d(y j
|A3 |)+1)+ |A2|+ (|L|−1), (3)

where j = 1,2, · · · , δ.
Summing up (1) and (2), we get

(δ+1)n≥
Σ

v∈(∪x∈A2 M[x])

d(v)+ (δ+1)|A2|+ (2δ+1)|A3|+δ(s−1). (4)

Summing up (1) and (3), we get

(δ+1)n≥
Σ

v∈(∪y∈A3 M[y])

d(v)+ (δ+1)|A3|+ (2δ+1)|A2|+δ(l−1). (5)

By (4) and (5), we obtain

Σ

v∈A
d(v) =

Σ

v∈(∪x∈A2 M[x])

d(v)+
Σ

v∈(∪y∈A3 M[y])

d(v)

≤ 2(δ+1)n− (δ+1)(|A2|+ |A3|)− (2δ+1)(|A2|+ |A3|)−δ(l+ s−2)

≤ 2(δ+1)n− (3δ+2)(⌊d
3
⌋+1)−δ(l+ s−2).

If 0≤ d−6⌊ d
6 ⌋ ≤ 2, then A2 = {u6i|i = 0, · · · ,⌊ d

6 ⌋−1}∪{vd}. Since d(xi, x j)≥ 6 for any xi, x j ∈ A2, we have

n≥ (d(x j
1)+1)+ (d(x j

2)+1)+ · · ·+ (d(x j
|A2 |)+1)+ |A3|, (6)

where j = 1,2, · · · , δ. For any yi,y j ∈ A3, we have d(yi,y j)≥ 6, thus

n≥ (d(y j
1)+1)+ (d(y j

2)+1)+ · · ·+ (d(y j
|A3 |)+1)+ |A2|+ (|L|+ |S |−2), (7)

where j = 1,2, · · · , δ.
Summing up (1) and (6), we get

(δ+1)n≥
Σ

v∈(∪x∈A2 M[x])

d(v)+ (δ+1)|A2|+ (2δ+1)|A3|. (8)
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Summing up (1) and (7), we get

(δ+1)n≥
Σ

v∈(∪y∈A3 M[y])

dG(v)+ (δ+1)|A3|+ (2δ+1)|A2|+δ(l+ s−2). (9)

Similarly, by (8) and (9), we obtain

Σ

v∈A
d(v) =

Σ

v∈(∪x∈A2 M[x])

d(v)+
Σ

v∈(∪y∈A3 M[y])

d(v)

≤ 2(δ+1)n− (3δ+2)(⌊d
3
⌋+1)−δ(l+ s−2).

Claim 1 is thus proved.

Set L′ = L\(M[u0]), S ′ = S\(M[ud]) and R = V(G)\(A∪L′∪S ′). Then |L′|= l−δ−1, |S ′|= s−δ−1 and |R|= n−(δ+1)(⌊ d
3 ⌋−1)−l−s.

Claim 2
Σ
v∈R

d(v)≤ (n− (δ+1)(⌊ d
3 ⌋−1)− l− s)(n− (δ+1)(⌊ d

3 ⌋−1)− s+δ−1).

Since every vertex v ∈R has at most l+δ neighbours in A∪L′∪S ′, we have d(v)≤ n−1−|A∪L′∪S ′|+l+δ= n−(δ+1)(⌊ d
3 ⌋−1)−s+δ−1.

Thus we have
Σ
v∈R

d(v)≤ (n− (δ+1)(⌊ d
3 ⌋−1)− l− s)(n− (δ+1)(⌊ d

3 ⌋−1)− s+δ−1). Claim 2 is thus proved.

Claim 3
Σ

v∈(L′∪S ′)
d(v)≤ (l−δ−1)(l−1)+ (s−δ−1)(s−1)+ (n− (δ+1)(⌊ d

3 ⌋−1)− l− s)(l−δ−1).

Since every vertex in L′ has at most l−1 neighbours in A∪L′, every vertex in S ′ has at most s−1 neighbours in A∪S ′

and there is no vertex in R can join both a vertex in L′ and a vertex in S ′ (by d(L,S ) = d ≥ 3), we have
Σ

v∈(L′∪S ′)

d(v)≤ (l−δ−1)(l−1)+ (s−δ−1)(s−1)+ |[L′,R]|+ |[S ′,R]|

≤ (l−δ−1)(l−1)+ (s−δ−1)(s−1)+ (n− (δ+1)(⌊d
3
⌋−1)− l− s)(l−δ−1).

This completes the proof of Claim 3.

By Claim 1, 2, 3 and the inequality ⌊ d
3 ⌋ ≥ d

3 −1, we obtain
Σ

v∈V(G)

d(v) =
Σ

v∈A
d(v)+

Σ

v∈R
d(v)+

Σ

v∈(L′∪S ′)

d(v)

≤ 2(δ+1)n− (3δ+2)(⌊d
3
⌋+1)−δ(l+ s−2)

+ (n− (δ+1)(⌊d
3
⌋−1)− l− s)(n− (δ+1)(⌊d

3
⌋−1)− s+δ−1)

+ (l−δ−1)(l−1)+ (s−δ−1)(s−1)+ (n− (δ+1)(⌊d
3
⌋−1)− l− s)(l−δ−1)

≤ 2(δ+1)n− (3δ+2)
d
3
−δ(l+ s−2)

+ (n− (δ+1)(
d
3
−2)− l− s)(n− (δ+1)(

d
3
−2)− s+δ−1)

+ (l−δ−1)(l−1)+ (s−δ−1)(s−1)+ (n− (δ+1)(
d
3
−2)− l− s)(l−δ−1)

= [n− 1
3

(d−6)(δ+1)− l− s]2 +2(l+δ)n− 1
3

d(2lδ+2l+δ)

+ l(2δ− l+4)+ s(s−2δ)−2ls−2.

Since m = 1
2

Σ
v∈V(G)

d(v), we obtain

m =
1
2

Σ

v∈V(G)

d(v)≤ 1
2

[n− 1
3

(d−6)(δ+1)− l− s]2 + (l+δ)n− 1
6

d(2lδ+2l+δ)

+
1
2

l(2δ− l+4)+
1
2

s(s−2δ)− ls−1.

Theorem 4 (i) thus holds.
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(ii) Since the proof of Theorem 4 (ii) is similar to Theorem 4 (i), we only give the sketch of the proof here. For

1≤ i≤ ⌊ d
3 ⌋−1, choose any δ neighbours u1

3i,u
2
3i, · · · ,uδ3i of u3i and denote the set {u3i,u1

3i,u
2
3i, · · · ,uδ3i} by M[u3i]. Note that l≥ δ+1.

For the vertex u0, choose any δ vertices u1
0,u

2
0, · · · ,uδ0 of L\{u0} and denote the set {u0,u1

0,u
2
0, · · · ,uδ0} by M[u0]. Since s≤ δ, for

the vertex ud, we choose any δ−s+1 neighbours u1
d, · · · ,uδ−s+1

d of ud in N(ud)\S and denote the set {ud,u1
d, · · · ,uδ−s+1

d }∪(S \{ud})
by M[ud]. Set A :=∪v∈A1 M[v]. Then

|A|= (δ+1)(⌊d
3
⌋+1).

By a similar argument as Claim 1, 2, 3, we have the following claims.

Claim 1′
Σ
v∈A

d(v)≤ 2(δ+1)n− (3δ+2)(⌊ d
3 ⌋+1)−δ(l+ s−2).

Set L′ = L\ (M[u0]) and R = V(G)\ (A∪L′). Then |L′|= l−δ−1 and |R|= n− (δ+1)⌊ d
3 ⌋− l.

Claim 2′
Σ
v∈R

d(v)≤ (n− (δ+1)⌊ d
3 ⌋− l)(n− (δ+1)⌊ d

3 ⌋+δ−1).

Since every vertex v ∈R has at most l+δ neighbours in A∪L′, we have d(v)≤ n−1−|A∪L′|+ l+δ= n−(δ+1)⌊ d
3 ⌋+δ−1.

Thus we have
Σ
v∈R

d(v)≤ (n− (δ+1)⌊ d
3 ⌋− l)(n− (δ+1)⌊ d

3 ⌋+δ−1).

Claim 3′
Σ

v∈L′
d(v)≤ (l−δ−1)(l−1)+ (l−δ−1)(n− (δ+1)⌊ d

3 ⌋− l).

Since every vertex in L′ has at most l−1 neighbours in A∪L′ and has at most |R| neighbours in R, we have
Σ

v∈L′
d(v)≤ (l−δ−1)(l−1)+ (l−δ−1)|R|= (l−δ−1)(l−1)+ (l−δ−1)(n− (δ+1)⌊d

3
⌋− l).

By Claim 1′, 2′, 3′ and the inequality ⌊ d
3 ⌋ ≥ d

3 −1, we obtain

Σ

v∈V(G)

d(v) =
Σ

v∈A
d(v)+

Σ

v∈R
d(v)+

Σ

v∈L′
d(v)≤ 2(δ+1)n− (3δ+2)(⌊d

3
⌋+1)−δ(l+ s−2)

+ (n− (δ+1)⌊d
3
⌋− l)(n− (δ+1)⌊d

3
⌋+δ−1)+ (l−δ−1)(l−1)+ (l−δ−1)(n− (δ+1)⌊d

3
⌋− l)

≤ 2(δ+1)n− (3δ+2)
d
3
−δ(l+ s−2)+ (n− (δ+1)(

d
3
−1)− l)(n− (δ+1)(

d
3
−1)+δ−1)

+ (l−δ−1)(l−1)+ (l−δ−1)(n− (δ+1)(
d
3
−1)− l)

= [n− 1
3

(d−3)(δ+1)− l]2 +2(l+δ)n− 1
3

d(2lδ+2l+δ)+ l(2− l)− sδ+δ−1.

By m = 1
2

Σ
v∈V(G)

d(v), we obtain

m =
1
2

Σ

v∈V(G)

d(v)≤ 1
2

[n− 1
3

(d−3)(δ+1)− l]2 + (l+δ)n− 1
6

d(2lδ+2l+δ)+
1
2

l(2− l)− 1
2

sδ+
1
2
δ− 1

2
.

Theorem 4 (ii) thus holds.

(iii) As the proof of Theorem 4 (ii), we only give the sketch of the proof here. For 1≤ i≤ ⌊ d
3 ⌋−1, choose any δ neighbors

u1
3i,u

2
3i, · · · ,uδ3i of u3i and denote the set {u3i,u1

3i,u
2
3i, · · · ,uδ3i} by M[u3i]. Note that l, s ≤ δ. For the vertex u0, choose any δ− l+1

neighbours u1
0, · · · ,uδ−l+1

0 of u0 in N(u0) \ L and denote the set {u0,u1
0, · · · ,uδ−l+1

0 } ∪ (L \ {u0}) by M[u0]. For the vertex ud, we

choose any δ− s+1 neighbours u1
d, · · · ,uδ−s+1

d of ud in N(ud)\S and denote the set {ud,u1
d, · · · ,uδ−s+1

d }∪ (S \ {ud}) by M[ud]. Set

A :=∪v∈A1 M[v]. Then

|A|= (δ+1)(⌊d
3
⌋+1).

By a similar argument as Claim 1 and 2, we have the following claims.

Claim 1′′
Σ
v∈A

d(v)≤ 2(δ+1)n− (3δ+2)(⌊ d
3 ⌋+1)−δ(l+ s−2).

Set R = V(G)\A. Then |R|= n− (δ+1)(⌊ d
3 ⌋+1).

Claim 2′′
Σ
v∈R

d(v)≤ (n− (δ+1)(⌊ d
3 ⌋+1))(n− (δ+1)(⌊ d

3 ⌋+1)−2δ).

Since every vertex v ∈ R has at most 2δ+1 neighbours in A, we have d(v)≤ n−1−|A|+2δ+1 = n− (δ+1)(⌊ d
3 ⌋+1)−2δ.

Thus we have
Σ
v∈R

d(v)≤ (n− (δ+1)(⌊ d
3 ⌋+1))(n− (δ+1)(⌊ d

3 ⌋+1)−2δ).
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Combining Claim 1′′, 2′′ with the inequality ⌊ d
3 ⌋ ≥ d

3 −1, we obtain

Σ

v∈V(G)

d(v) =
Σ

v∈A
d(v)+

Σ

v∈R
d(v)≤ 2(δ+1)n− (3δ+2)(⌊d

3
⌋+1)−δ(l+ s−2)

+ (n− (δ+1)(⌊d
3
⌋+1))(n− (δ+1)(⌊d

3
⌋+1)−2δ)≤ 2(δ+1)n− (3δ+2)

d
3
−δ(l+ s−2)

+ (n− (δ+1)
d
3

)(n− (δ+1)
d
3
−2δ) = [n− 1

3
d(δ+1)]2 +2(2δ+1)(n− 1

6
d(δ+2))−δ(l+ s−2)

By m = 1
2

Σ
v∈V(G)

d(v), we obtain

m =
1
2

Σ

v∈V(G)

d(v)≤ 1
2

[n− 1
3

d(δ+1)]2 + (2δ+1)(n− 1
6

d(δ+2))− 1
2
δ(l+ s−2).

This completes the proof of Theorem 4 (iii). And Theorem 4 thus holds.

The upper bound in Theorem 4 (iii) for l = s = 1 is exact the bound in Theorem 2. Note that D(G;1,1) = D(G). Thus the

results of Theorem 4 implies Theorem 2.

In the following, we will construct some graphs to show that the upper bounds in Theorem 4 are asymptotically tight

with given minimum degree. We only construct examples for Theorem 4(i). The examples for Theorem 4 (ii) and (iii) can be

similarly constructed.

Let d ≥ 3 be an integer with d ≡ 0 (mod 3). Let n, δ, l and s be integers such that δ≥ 2, δ+1≤ s≤ l and d ≤ n+1− (l+ s).

We construct a graph G as follows. The vertex set V(G) is V0∪V1∪· · ·Vd, where

|Vi|=

■||||||||||||■||||||||||||■

l, i = 0,

n− 1
3 (d−3)(δ+1)− l− s−1, i = 1,

δ−1, i≡ 0 ( mod 3 ) and 0< i< d,

1, i≡ 1 or 2 ( mod 3 ),

s, i = d.

For any two distinct vertices u,v ∈ V(G), say u ∈ Vi and v ∈ V j, u and v are adjacent in G if and only if |i− j| ≤ 1. We see that

|V(G)|= n, δ(G) = δ, D(G; l, s) = d and

m(G)>
(
n− 1

3 (d−3)(δ+1)− s−1
2

)
.

Thus the upper bound in Theorem 4(i) is asymptotically tight with fixed minimum degree.
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0 引 言

本文中没有定义的图论术语和符号, 请参考文献[1], 在这篇文章中主要研究的是有限简单图. 设 G 是一

个顶点集为 V (G),边集为 E(G)的图, 图 G的阶 n = |V (G)|为其顶点的数目, m = |V (G)|为其边的数目. 对

于 V (G)中的每一个点 v ∈ V (G), NG(v)表示与点 v 相邻的所有的顶点的集合, 用 NG(v)表示 v 的邻点集, 并

且dG(v)= |NG(v)|称为图G中点 v的度数. 用 δ(G)表示图G的最小度.对于两个不交的点子集 V1和 V2, [V1,V2]G
表示图G中所有边的集合, 连接了点集 V1 和 V2 中的点. 取任意数 x , 其中 ⌈x⌉表示 x取上整数, 即为不小于 x

的最小整数, ⌊x⌋表示 x取下整数, 即为不超过 x的最大整数.

任意两个点 u和 v之间的距离 dG(u,v)定义为图 G中从点 u到 v的最短路的长度. 对于连通图 G,定义其

直径 D(G)为 max{dG(u,v) : u,v ∈ V (G)},如果图 G不连通, 则 D(G) =∞.设 V1 ⊆ V (G)和V2 ⊆ V (G) 是 V (G)

的两个非空点子集, 用 d(V1,V2)表示 u ∈ V1 和 v ∈ V2 之间的最短距离 dG(u,v). 为减少歧义, 本文用 N(v), d(v),

[V1,V2], d(u,v)和 d(V1,V2)表示 NG(v), dG(v), [V1,V2]G, dG(u,v)和 dG(V1,V2).

Balbuena等人在文献[2]中推广了直径, 介绍了图 G的条件直径, 给定条件 P 使得 V (G)中至少有一对非空

点子集 (V1,V2)满足给定的条件 P,条件直径DP(G)定义为max{dG(V1,V2) : ∅ ≠=V1,V2⊆V (G), 其中(V1,V2) 满足

条件P}. 由于条件直径是测量具有给定条件的顶点子集之间的最大距离,因此它们可以用于某些需要控制特定

网络群集之间的通信延迟.

设 l和 s是两个整数且满足 1≤ s≤ l.考虑 P 满足下面条件: (Vl,Vs)⊆V (G)×V (G)满足 P 当且仅当 |Vl|= l

和 |Vs|= s.在这种情况下, 文献[3]中用 D(G; l,s)来表示条件直径 DP(G),即

D(G; l,s)= max{dG(Vl,Vs) : Vl,Vs⊆V (G), |Vl|= l, |Vs|= s}.

注意到D(G;1,1)恰好为图的直径D(G),并且当 D(G; l,s)= 0时当且仅当 l+s> |V (G)|.同时当 l+s≤ |V (G)|时
有 D(G; l,s)≤ |V (G)|+1−(l+s).

给定点数,最大度和直径条件下图的边数下界是由Erd"os和Rényi在文献[4]以及Erd"os, Rényi和Sós在文献[5]中

给出的. 给定点数,最小度和直径条件下图的边数下界由Bollobás在文献[6]中给出的. 由于图G添加一条边其条

件直径D(G; l,s)不会增加, 因此很自然的就会问给定点数和条件直径下图的边数上界. 当 l = s=1时, Ore在文

献[7]中得到下面的结果.

定理 1[7] 设 G是一个点数为 n,边数为m和直径为 d的连通图. 则
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m≤ 1
2
(n−d−1)(n−d+4)+d

同时这个界是最优的.

如果给定最小度, Mukwembi在文献[8]中得到下面的结果.

定理 2[8] 设 G是一个点数为 n,边数为m,直径为 d和最小度为 δ(G)= δ≥ 2的连通图. 则

m≤ 1
2
[n− 1

3
d(δ+1)]2 +(2δ+1)(n− 1

6
d(δ+2))

同时对于给定的 δ这个界是渐进紧的.

在文献[9]中, Ali等人给出对任意无三角形图限制其点数，直径和边连通度的边数的界. Balbuena等人在[3]中

给出给定点数和条件直径的图的边数上界, 这个结果推广了定理1.

定理 3[3] 令 l和 s为整数且 1≤ s≤ l.设图 G是一个点数为 n,边数为 m,条件直径为 D(G; l,s) = d的连通

图. 则

m≤

■
||■
||■

1
2
n(n−1), if d =1;

1
2
n(n−1)− ls, if d =2;

1
2
(n−s−d+2)(n−s−d+1)+ 1

2
s(s−1)+n− l−1, if d≥ 3.

并且这些界是最优的.

根据以上结果本文给出了给定点数，最小度和条件直径下图的边数上界, 本文推广了文献[8]的结果.

1 主要结果

在本节中, 假设 n, l, s和 d是四个给定的整数, 使得 1≤ s≤ l和 1≤ d≤n+1−(l+s).

设图G的点数为 n,边数为m，条件直径为D(G; l,s)= d.由条件直径的定义可知,存在两个子集L,S⊆V (G)

其中 |L|= l且 |S|= s,使得 d(L,S)= d.当 d =1时m≤ 1
2
n(n−1),其中等式成立当且仅当G同构于完全图Kn.当

d = 2时 n≥ l+s+1, G的条件直径 d(L,S) = 2,即存在两条边 wu和 wv，其中 u∈L, v ∈S和 w∈V (G)\(L∪S),

并且在 L和 S之间没有边, 即没有一条边的一个点在 L中, 另一个点在 S中, 因此m≤ 1
2
n(n−1)− ls,其中等式

成立当且仅当 G同构于完全图Kn删除基数为 l和 s的两个不相交的点子集之间的所有边. 因此下面讨论 d≥ 3

的情况.

定理 4 设 n, l, s和 d 为整数, 且 1≤ s≤ l和 1≤ d≤ n+1− (l+s).假设 G为点数为 n,边数为m,最小度为

δ≥ 2的连通图, 其条件直径为 D(G; l,s)= d≥ 3.

(i)如果 l,s≥ δ+1,则m≤ 1
2
[n− 1

3
(d−6)(δ+1)−l−s]2+(l+δ)n− 1

6
d(2lδ+2l+δ)+ 1

2
l(2δ−l+4)+ 1

2
s(s−2δ)−ls−1；

(ii)如果 l≥ δ+1且 s≤ δ,则m≤ 1
2
[n− 1

3
(d−3)(δ+1)−l]2+(l+δ)n− 1

6
d(2lδ+2l+δ)+ 1

2
l(2−l)− 1

2
sδ+ 1

2
δ− 1

2
；

(iii)如果 l,s≤ δ,则m≤ 1
2
[n− 1

3
d(δ+1)]2 +(2δ+1)(n− 1

6
d(δ+2))− 1

2
(l+s−2)δ.

证明 设 L和 S 是 V (G)的两个子集, 且 |L|= l和 |S|= s使得 d(L,S) = d.设 P := u0u1u2 · · ·ud 为连接 L和

S之间的最短路, 其中 u0 ∈L和 ud ∈S.设集合 A1⊆V (P ),其中

A1 := {u3i|i=0,1, · · · ,⌊d
3
⌋−1}∪{ud}.

(i) 设 l,s ≥ δ + 1. 对于 1 ≤ i ≤ ⌊ d
3
⌋ − 1, 选择 u3i 的任意 δ 个邻点 u1

3i,u
2
3i, · · · ,uδ

3i, 用 M [u3i] 表示集合

{u3i,u
1
3i,u

2
3i, · · · ,uδ

3i}.注意到 l,s≥ δ+1,对点 u0,选择L\{u0}中 u0的任意 δ个邻点 u1
0,u

2
0, · · · ,uδ

0,用M [u0]表示集合

{u0,u
1
0,u

2
0, · · · ,uδ

0}.对点 ud,选择 S\{ud}中 ud的任意 δ个邻点 u1
d,u

2
d, · · · ,uδ

d,用M [ud]表示集合 {ud,u
1
d,u

2
d, · · · ,uδ

d}.
令 A :=∪v∈A1M [v].则

|A|=(δ+1)(⌊d
3
⌋+1).

断言 1
Σ
v∈A

d(v)≤ 2(δ+1)n−(3δ+2)(⌊ d
3
⌋+1)−δ(l+s−2).

将A1划分为A2和A3,具体划分如下: 如果 3≤ d−6⌊ d
6
⌋≤ 5则A2 := {u6i|i=0, · · · ,⌊ d

6
⌋} ;如果 0≤ d−6⌊ d

6
⌋≤ 2

则 A2 := {u6i|i = 0, · · · ,⌊ d
6
⌋−1}∪{ud}.集合 A3 = A1 \A2.为方便起见用 {x1, · · · ,x|A2|}和 {y1, · · · ,y|A3|}来分别表

示 A2和 A3中的点. 同时当 1≤ i≤ |A2|时M [xi] = {xi,x
1
i , · · · ,xδ

i},当 1≤ j≤ |A3|时M [yj ] = {yj ,y
1
j , · · · ,yδ

j}.
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对任意的 u,v ∈A1有 d(u,v)≥ 3.故

n≥ (d(x1)+1)+ · · ·+(d(x|A2|)+1)+(d(y1)+1)+ · · ·+(d(y|A3|)+1) (1)

如果 3≤ d−6⌊ d
6
⌋≤ 5,则 A2 = {u6i|i=0, · · · ,⌊ d

6
⌋}.因为对任意的 xi,xj ∈A2有 d(xi,xj)≥ 6,则

n≥ (d(xj
1)+1)+(d(xj

2)+1)+ · · ·+(d(xj
|A2|)+1)+ |A3|+(|S|−1) (2)

其中 j =1,2, · · · , δ.对任意的 yi,yj ∈A3有 d(yi,yj)≥ 6,则

n≥ (d(yj
1)+1)+(d(yj

2)+1)+ · · ·+(d(yj
|A3|)+1)+ |A2|+(|L|−1) (3)

其中 j =1,2, · · · , δ.
对式(1)和 (2)求和得

(δ+1)n≥
Σ

v∈(∪x∈A2M [x])

d(v)+(δ+1)|A2|+(2δ+1)|A3|+δ(s−1) (4)

对式(1)和 (3)求和得

(δ+1)n≥
Σ

v∈(∪y∈A3M [y])

d(v)+(δ+1)|A3|+(2δ+1)|A2|+δ(l−1) (5)

由式(4)和 (5)式可得

Σ
v∈A

d(v)=
Σ

v∈(∪x∈A2M [x])

d(v)+
Σ

v∈(∪y∈A3M [y])

d(v)

≤ 2(δ+1)n−(δ+1)(|A2|+ |A3|)−(2δ+1)(|A2|+ |A3|)−δ(l+s−2)

≤ 2(δ+1)n−(3δ+2)(⌊d
3
⌋+1)−δ(l+s−2).

如果 0≤ d−6⌊ d
6
⌋≤ 2,则 A2 = {u6i|i=0, · · · ,⌊ d

6
⌋−1}∪{vd}.对任意的 xi,xj ∈A2有 d(xi,xj)≥ 6, 则

n≥ (d(xj
1)+1)+(d(xj

2)+1)+ · · ·+(d(xj
|A2|)+1)+ |A3| (6)

其中 j =1,2, · · · , δ.对任意的 yi,yj ∈A3有 d(yi,yj)≥ 6,则

n≥ (d(yj
1)+1)+(d(yj

2)+1)+ · · ·+(d(yj
|A3|)+1)+ |A2|+(|L|+ |S|−2) (7)

其中 j =1,2, · · · , δ.
对式(1)和 (6)求和得

(δ+1)n≥
Σ

v∈(∪x∈A2M [x])

d(v)+(δ+1)|A2|+(2δ+1)|A3| (8)

对式 (1)和 (7)求和得

(δ+1)n≥
Σ

v∈(∪y∈A3M [y])

dG(v)+(δ+1)|A3|+(2δ+1)|A2|+δ(l+s−2) (9)

同样地, 由式 (8)和 (9)可得

Σ
v∈A

d(v)=
Σ

v∈(∪x∈A2M [x])

d(v)+
Σ

v∈(∪y∈A3M [y])

d(v)

≤ 2(δ+1)n−(3δ+2)(⌊d
3
⌋+1)−δ(l+s−2).
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断言 1已证.

设 L′ = L \ (M [u0]), S′ = S \ (M [ud]) 和 R = V (G) \ (A ∪L′ ∪ S′). 则 |L′| = l− δ − 1, |S′| = s− δ − 1 和

|R|=n−(δ+1)(⌊ d
3
⌋−1)− l−s.

断言 2
Σ
v∈R

d(v)≤ (n−(δ+1)(⌊ d
3
⌋−1)− l−s)(n−(δ+1)(⌊ d

3
⌋−1)−s+δ−1).

因为任意的点 v ∈R在A∪L′∪S′中至多有 l+δ个邻点,则 d(v)≤n−1−|A∪L′∪S′|+l+δ =n−(δ+1)(⌊ d
3
⌋−1)−s+δ−1.

故
Σ
v∈R

d(v)≤ (n−(δ+1)(⌊ d
3
⌋−1)− l−s)(n−(δ+1)(⌊ d

3
⌋−1)−s+δ−1). 断言 2已证.

断言 3
Σ

v∈(L′∪S′)
d(v)≤ (l−δ−1)(l−1)+(s−δ−1)(s−1)+(n−(δ+1)(⌊ d

3
⌋−1)− l−s)(l−δ−1).

因为 L′中的每一个点都在 A∪L′中至多有 l−1个邻点, S′中的每一个点都在 A∪S′中至多有 s−1个邻点,

且由于 d(L,S)= d≥ 3,则 R中不存在一个点的邻点既在 L′中也在 S′中, 故

Σ
v∈(L′∪S′)

d(v)≤ (l−δ−1)(l−1)+(s−δ−1)(s−1)+ |[L′,R]|+ |[S′,R]|

≤ (l−δ−1)(l−1)+(s−δ−1)(s−1)+(n−(δ+1)(⌊d
3
⌋−1)− l−s)(l−δ−1).

断言 3已证.

由断言 1, 2, 3和不等式 ⌊ d
3
⌋≥ d

3
−1,有

Σ
v∈V (G)

d(v)=
Σ
v∈A

d(v)+
Σ
v∈R

d(v)+
Σ

v∈(L′∪S′)

d(v)

≤ 2(δ+1)n−(3δ+2)(⌊d
3
⌋+1)−δ(l+s−2)

+(n−(δ+1)(⌊d
3
⌋−1)− l−s)(n−(δ+1)(⌊d

3
⌋−1)−s+δ−1)

+(l−δ−1)(l−1)+(s−δ−1)(s−1)+(n−(δ+1)(⌊d
3
⌋−1)− l−s)(l−δ−1)

≤ 2(δ+1)n−(3δ+2)
d

3
−δ(l+s−2)

+(n−(δ+1)(
d

3
−2)− l−s)(n−(δ+1)(

d

3
−2)−s+δ−1)

+(l−δ−1)(l−1)+(s−δ−1)(s−1)+(n−(δ+1)(
d

3
−2)− l−s)(l−δ−1)

= [n− 1
3
(d−6)(δ+1)− l−s]2 +2(l+δ)n− 1

3
d(2lδ+2l+δ)+ l(2δ− l+4)+s(s−2δ)−2ls−2.

因为m = 1
2

Σ
v∈V (G)

d(v),则

m =
1
2

Σ
v∈V (G)

d(v)≤ 1
2
[n− 1

3
(d−6)(δ+1)− l−s]2 +(l+δ)n− 1

6
d(2lδ+2l+δ)+

1
2
l(2δ− l+4)+

1
2
s(s−2δ)− ls−1.

定理 4 (i)成立.

(ii)设 l≥ δ+1.因为这部分证明与定理 4 (i)证明过程类似,所以相同的部分就不在赘述. 对于 1≤ i≤⌊ d
3
⌋−1,

选择 u3i 的任意 δ 个邻点 u1
3i,u

2
3i, · · · ,uδ

3i， 用M [u3i]表示集合 {u3i,u
1
3i,u

2
3i, · · · ,uδ

3i}.注意到 l ≥ δ +1.对任意的

点 u0,选择 L\{u0}中 u0 的任意的 δ 个邻点 u1
0,u

2
0, · · · ,uδ

0,用M [u0]表示集合 {u0,u
1
0,u

2
0, · · · ,uδ

0}.因为 s ≤ δ,则

对于点 ud,在 N(ud)\S中选择 ud的任意 δ−s+1个邻点, 用M [ud]表示集合 {ud,u
1
d, · · · ,uδ−s+1

d }∪(S \{ud}).设
A :=∪v∈A1M [v].则

|A|=(δ+1)(⌊d
3
⌋+1).

与断言 1, 2, 3类似, 得到下面的结果.

断言 4
Σ
v∈A

d(v)≤ 2(δ+1)n−(3δ+2)(⌊ d
3
⌋+1)−δ(l+s−2).
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设 L′ =L\(M [u0])和 R =V (G)\(A∪L′)，则 |L′|= l−δ−1和 |R|=n−(δ+1)⌊ d
3
⌋− l.

断言 5
Σ
v∈R

d(v)≤ (n−(δ+1)⌊ d
3
⌋− l)(n−(δ+1)⌊ d

3
⌋+δ−1).

因为对点 v ∈R在 A∪L′中至多有 l+δ个邻点, 则 d(v)≤ n−1−|A∪L′|+ l+δ = n− (δ+1)⌊ d
3
⌋+δ−1.因此Σ

v∈R

d(v)≤ (n−(δ+1)⌊ d
3
⌋− l)(n−(δ+1)⌊ d

3
⌋+δ−1).

断言 6
Σ

v∈L′
d(v)≤ (l−δ−1)(l−1)+(l−δ−1)(n−(δ+1)⌊ d

3
⌋− l).

因为 L′中的每一个点都在 A∪L′中至多有 l−1个邻点, 且在 R中至多有 |R|个邻点, 则

Σ
v∈L′

d(v)≤ (l−δ−1)(l−1)+(l−δ−1)|R|=(l−δ−1)(l−1)+(l−δ−1)(n−(δ+1)⌊d
3
⌋− l).

由断言 4, 5, 6和不等式 ⌊ d
3
⌋≥ d

3
−1,有

Σ
v∈V (G)

d(v)=
Σ
v∈A

d(v)+
Σ
v∈R

d(v)+
Σ
v∈L′

d(v)

≤ 2(δ+1)n−(3δ+2)(⌊d
3
⌋+1)−δ(l+s−2)

+(n−(δ+1)⌊d
3
⌋− l)(n−(δ+1)⌊d

3
⌋+δ−1)

+(l−δ−1)(l−1)+(l−δ−1)(n−(δ+1)⌊d
3
⌋− l)

≤ 2(δ+1)n−(3δ+2)
d

3
−δ(l+s−2)

+(n−(δ+1)(
d

3
−1)− l)(n−(δ+1)(

d

3
−1)+δ−1)

+(l−δ−1)(l−1)+(l−δ−1)(n−(δ+1)(
d

3
−1)− l)

= [n− 1
3
(d−3)(δ+1)− l]2 +2(l+δ)n− 1

3
d(2lδ+2l+δ)+ l(2− l)−sδ+δ−1.

由m = 1
2

Σ
v∈V (G)

d(v),有

m =
1
2

Σ
v∈V (G)

d(v)≤ 1
2
[n− 1

3
(d−3)(δ+1)− l]2 +(l+δ)n− 1

6
d(2lδ+2l+δ)+

1
2
l(2− l)− 1

2
sδ+

1
2
δ− 1

2
.

定理 4 (ii)成立.

(iii)设 l,s≤ δ.因为这部分证明与定理 4 (ii)的证明过程类似,所以相同的部分就不在赘述. 对 1≤ i≤⌊ d
3
⌋−1,

选择 u3i的任意 δ个邻点 u1
3i,u

2
3i, · · · ,uδ

3i，并且用M [u3i]表示集合 {u3i,u
1
3i,u

2
3i, · · · ,uδ

3i}. 注意到 l,s≤ δ.对于点 u0,

在N(u0)\L 中选择 u0的任意 δ−l+1个邻点 u1
0, · · · ,uδ−l+1

0 , 用M [u0]表示集合 {u0,u
1
0, · · · ,uδ−l+1

0 }∪(L\{u0}). 对于
点 ud,在N(ud)\S中选择 ud的任意 δ−s+1个邻点 u1

d, · · · ,uδ−s+1
d ,用M [ud]表示集合 {ud,u

1
d, · · · ,uδ−s+1

d }∪(S\{ud}).
设 A :=∪v∈A1M [v].则

|A|=(δ+1)(⌊d
3
⌋+1).

与断言 1, 2类似, 得到下面的结果.

断言7
Σ
v∈A

d(v)≤ 2(δ+1)n−(3δ+2)(⌊ d
3
⌋+1)−δ(l+s−2).

设 R =V (G)\A，则 |R|=n−(δ+1)(⌊ d
3
⌋+1).

断言8
Σ
v∈R

d(v)≤ (n−(δ+1)(⌊ d
3
⌋+1))(n−(δ+1)(⌊ d

3
⌋+1)−2δ).

因为任意点 v ∈R在 A中至多有 2δ+1个邻点, 则 d(v)≤n−1−|A|+2δ+1 = n−(δ+1)(⌊ d
3
⌋+1)−2δ. 因此Σ

v∈R

d(v)≤ (n−(δ+1)(⌊ d
3
⌋+1))(n−(δ+1)(⌊ d

3
⌋+1)−2δ).

由断言 7, 8与不等式 ⌊ d
3
⌋≥ d

3
−1,有
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Σ
v∈V (G)

d(v)=
Σ
v∈A

d(v)+
Σ
v∈R

d(v)

≤ 2(δ+1)n−(3δ+2)(⌊ d
3
⌋+1)−δ(l+s−2)+(n−(δ+1)(⌊ d

3
⌋+1))(n−(δ+1)(⌊ d

3
⌋+1)−2δ)

≤ 2(δ+1)n−(3δ+2) d
3
−δ(l+s−2)+(n−(δ+1) d

3
)(n−(δ+1) d

3
−2δ)

= [n− 1
3
d(δ+1)]2 +2(2δ+1)(n− 1

6
d(δ+2))−δ(l+s−2)

由m = 1
2

Σ
v∈V (G)

d(v),有

m =
1
2

Σ
v∈V (G)

d(v)≤ 1
2
[n− 1

3
d(δ+1)]2 +(2δ+1)(n− 1

6
d(δ+2))− 1

2
δ(l+s−2).

这就证明了定理 4 (iii).定理 4证毕.

注意到D(G;1,1)= D(G),定理 4与定理 2相同.即当 l = s=1时,定理 4 (iii)的上界恰好等于定理 2的上界.

下面证明在给定点数, 最小度和条件直径下构造图证明定理 4的上界是渐进紧的. 这里只讨论定理 4 (i)的

情形, (ii) 和 (iii)的情况与 (i)的类似, 就不在重复说明.

设 d≥ 3为整数, 且 d≡ 0 (mod 3).令 n, δ, l和 s为整数, 使得 δ≥ 2, δ+1≤ s≤ l和 d≤n+1−(l+s).构造点

集划分为 V (G)=V0∪V1∪·· ·Vd的图 G如下:

|Vi|=

■
|||||||■
|||||||■

l, i =0,

n− 1
3
(d−3)(δ+1)− l−s−1, i=1,

δ−1, i≡ 0 (mod 3), 0 <i < d,

1, i≡ 1或 2(mod 3),

s, i= d.

对任意两个不同的点 u,v ∈ V (G),设 u ∈ Vi 和 v ∈ Vj ,如果在图 G中 u和 v 有边当且仅当 |i− j| ≤ 1, 则

|V (G)|=n, δ(G)= δ, D(G; l,s)= d 和

m(G) >

(
n− 1

3
(d−3)(δ+1)−s−1

2

)
.

即对给定的最小度定理 4 (i)的上界是渐进紧的.
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