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Abstract: Total domination number v,(G), is one of the most important domination parameters, which was introduced by
Cockayne et al. in 1980. In recent years, a variant of total domination number have been extensively studied, namely, total outer
connected domination number y,.(G). It is well known that y,(G) <,.(G). In this paper, we show that if 7" has no strong support
vertex, we have that y,.(T) < w —2. In addition, we provide a constructive characterizations of the trees achieving equality in
the bound.
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0 Introduction

Let G = (V,E) be a simple graph without isolated vertices, and let v be a vertex in G. The open neighborhood of v is
N() = {u € V|uv € E} and the closed neighborhood of v is N[v] = N(v) U{v}. The degree of a vertex v is d(v) = [N(v)|. For
two vertices u and v in a connected graph G, the distance d(u,v) between u and v is the length of a shortest (u,v)-path in G.
The maximum distance among all pairs of vertices of G is the diameter of a graph G which is denoted by diam(G). A leaf
of G is a vertex of degree 1, and a support vertex of G is a vertex adjacent to a leaf. A support vertex that is adjacent to at
least two leaves we call a strong support vertex. A subdivided star is a graph obtained from a star on at least two vertices by
subdividing each edge exactly once.

Total domination is one of the most important domination parameters. A total dominating set of a graph G with no
isolated vertex is a set § of vertices of G such that every vertex in V(G) is adjacent to at least one vertex in §. The total
domination number of G, denoted by y,(G), is the minimum cardinality of a total dominating set of G. A total dominating set
of G of cardinality y,(G) is called a y,(G)-set. A survey of total domination in graphs can be found in [1]. In recent years,
some parameters which are closely related to total domination have been extensively studied. In this paper, we mainly study
one of them, namely, total outer connected domination, which is a variant of total domination.

The study of total outer connected domination in graphs was initiated in [2]. A set D is a total outer connected dominating
set of G if D is a total dominating set of G and the subgraph induced by V(G)\ D is connected. The minimum cardinality of
a total outer connected dominating set in G is thetotal outer connected domination number, denoted by 7v,.(G). A total outer
connected dominating set of G of cardinality v,.(G) is called a y,.(G)-set. It is well know that y,(G) < y,.(G).

In this paper, we show that if 7" has no strong support vertex, we have that y,.(T") < @ —2. In addition, we provide a

constructive characterization of the trees achieving equality in the bound.

1 Total domination versus total outer connected domination in trees

Our aim in this section is to investigate the ratio between total domination number and total outer connected domination
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number, and present a constructive characterization of the families of trees achieving the upper bound.
From the definitions of total domination number and total outer connected domination number, we have the following
observations.
Observation 1P Let G be a connected graph that is not a star. Then, there is a y,-set that contains no leaf of G.
Proposition 1Y Let D be a vy,-set of a connected graph G of order n > 3 and minimum degree §(G) = 1. Then D

contains all support vertices of G. If moreover y,.(G) <n—2, then D also contains all leaves of G.

Theorem 1 Let 7 be a nontrivial tree, we have that 1 < % < 00.

In this theorem, both of the lower bound and the upper bound are optimal. Clearly, Z:(—;T)) > 1 and Cyman et al. characterize
the extremal trees in [5].

On the other hand, given any tree T, and construct a sequence of trees To(=T),T,,T>, -, the tree T;,, is obtained from
T; by adding a vertex and joining it to one of the support vertices of 7}, i =0,1,2,---. By Observation 1, the total domination
number of the resulting trees have never changed in this process, but from Proposition 1 and the definition of total outer
connected domination number, the total outer connected domination number is constantly increasing. It means that when the
number n is sufficiently large, the ratio % is close to co. So we will discuss the trees which have no strong support vertex
in this section.

For our purposes, we define a labeling of a tree T as a partition S = (54,5 5,5 ¢) of V(T) (This idea of labeling the
vertices is introduced in [6]). We will refer to the pair (7, 5) as a labeled tree. The label or status of a vertex v, denoted sta(v),
is the letter x€ {A, B,C} such that ve S,.

Let % be the family of labeled trees that:

(i) contains (P,,S () where S, is the labeling that assigns to the two leaves of the path P, status C, and to the two support
vertices status A;

(ii) is closed under the operation &7, that is listed below, which extend the tree 7" to a tree T by attaching a tree to the
vertex ve V(T').

Operation &?,: Let v be a vertex with sta(v) = A. Add a path v,v,v;v,, a vertex u and the edges uv,,uv. Let sta

(vy) =sta(v,) = C, sta(v,) =sta(v;) = A and sta(u) = B (Fig 1).

A B A A G
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\ u V, V, v,
v, ©

Fig 1 The operation &,

Let (T,S) € 7 be alabeled tree for some labeling S. Then there is a sequence of labeled trees (P4, S ), (1,8 1), , (Ti_1,
Si-1), (Ti,S ) such that (T, S ;) = (T,S). The labeled tree (T;,S;) can be obtained from (T,_;,S;_;) by the operation &?,.

In what follows, we present a few preliminary results.

Observation 2 Let 7 be a tree of order at least 4 and S be a labeling of T such that (7,S) € %. Then, T has the
following properties:

(a) A vertex is labeled A if and only if it is a support vertex;

(b) A vertex is labeled C if and only if it is a leaf;

(c) SpUS ¢ is aindependent set of 7, and |S 4| =|S¢|, |S 5| = %;

(d) The set S 4 is the unique y,-set of T’;

(e) Take any xe S 3US ¢, and the set V(T)\ {x}is ay,.-setof T.

From Observation 2 (c), 2 (d) and 2 (e), the following corollary can be derived immediately.
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Corollary 1 Let 7 be a nontrivial tree and S be a labeling of T such that (7,S) € % . Then, v,.(T) = @ -2.

Theorem 2 Let T be a nontrivial tree which has no strong support vertex, we have that y,.(T) < @ —2, with equality
if and only if (T,S) € % for some labeling S.

Proof We proceed by induction on the order n of T (As mentioned above, we only need to consider the trees which
have no strong support vertex). The result is immediate for n < 4. Let n > 5 and assume that for every tree 7" satisfying
|T’| <|T|, we have y,.(T") < @ —2, with equality if and only if (77,S") € % for some labeling S"’.

The result holds when diam(7") < 3. Moreover, if y,.(T) = @ —2, then (T,S) = (P4,S;) € % . Hence, we may assume
that diam(7T) > 4. Let P=v,v,---v, be a longest path in T such that d(v;) as large as possible. We know that d(v,) =2. Let D
be a y,-set of T containing no leaf, then v,,v; € D. If (N(v;)\{v.)ND #0, thenlet 7’ =T —{v,,v,} and R be a y,.-set of T’. We
have that ,.(T")+2 2 ¥,.(T) and y,(T) = 1 2 y,(T"). It means that ¥,.(T) < y,(T") +2 < 240 2 42 = 2D < D5 D) _p,
So we consider the case that (N(v3)\ {(v,}))ND =0.

Claim1 d(v;)=2.

Assume that d(v;) > 2, then d(v;) = 3 and v; is a support vertex of 7. Suppose that d(v,) > 2, and u, is a neighbor
of v, outside P. Then, the component of T — u,v, containing u,, say T, is either a path of length 3, u,u,u;, or a path of
length 4, uu,u,u; (Each of the other cases is either similar to the case we have argument or contradicting to the assumption
that (N(v3) \ {v2}) N D = 0). In either case, let T’ be the component of T —v,u, containing v4. Then, y,.(T")+4 > v, (T) and
Y(T)=2 > y,(T"). It means that y,(T) <y, (T")+4 < 240 2 4 4 < LD 9 < MBW0 4 5 D) ),

Hence, d(v,) = 2. And then, let 7" and 7" be the component of T —v,vs containing vs and vy, respectively. Then,
YVie(THY+5 27, (T)and y,(T)-2 > y,(T"). It means that y,.(T) <y,(T")+5 < %M—Z+5 < %T/)+3 < w%» = @—2. Suppose
next that y,.(T) = @ —2. Then we have equality throughout the above inequality chain. In particular, y,.(T") = % —2and
Y(T")+5 =7,(T). By induction, (7’,S’) € % for some labeling S’. If vs has status B or C in §’, then by Observation 2(e),
R =V(T")\{vs} is a y,.-set of T’, and moreover, R" U (V(T")\ {v,}) is a total outer connected dominating set of 7. That is,
Y:e(T")+4 >7v,.(T), a contradiction. Thus, vs has status A in §’. Let S be obtained from S’ by labeling v, and the leaf-neighbor
of v; with label C, v, and v; with label A, and v, with label B. Then, (7,S) can be obtained from (7”,S’) by operation &,.
Thus, (T,S)e % .

By Claim 1, we have that d(v;) = 2. If d(v4) > 3, let u be a neighbor of v, outside P. Due to (N(v;)\{»,)ND =0
and the choice of P, the component of T — uv, containing u is a path P;, where u is one of the leaves of this path. Let
T =T —{v(,vo,v3} when d(v4) >3, and T’ =T — {v,,v,,v3,v4} when d(v,) = 2. Similar to the above argument, we always have
that y,(T) < 252 - 2.
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