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A Two-Grid Method with Backtracking for the

Incompressible Brinkman-Forchheimer Equations

WANG Xiaojuan, JIA Hongen

(College of Mathematics, Taiyuan University of Technology, Jinzhong Shanzi 030600, China)

Abstract : In this paper, a two-grid method with backtracking for the incompressible Brinkman-Forchheimer
equations is considered. The method needs to resolve a nonlinear equation on coarse mesh, a Stokes problem on
the fine mesh and a linear correction problem on the coarse mesh. The energy error estimate of the format is given,
moreover the effectiveness and stability of the proposed algorithm are validate by numerical tests.
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—vAu+ (u-Vu+alu|2u+Vp=f, TEQW,

V-u=0, TEQW, (1)
u=0, EOQ I,

s QR (n=283) 145 FHi% i I HA Lipschitzi£ £2 1 X, Hi FhoQ, wiRsl i, pelkdl, v > 0&h;
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TR HAT AL ABIPE. STAER, —28°73 2 )] T Brinkman-Forchheimer J7 FEEUH 73 Ar BOWFFE. AN13C
BR[1JBFFT T Brinkman-Forchheimer /7 2 FYCEUE AT SEARASIE; SCRR[2145 TR AfX — ISR & A FROCT %,
UEHT T SR A EME— MO T AT TR 22 AT SCIRB[THE TIR G A BRITIr 2 nd e stk Wl 2% 3Cik[4-7].

SCHR (8Bt T SR A AR LA )RS T o AR 125, 207 TR SETEREL RO SR A — AL 7 R 4 R A B AR
WUE AL, SR TR RIS SRR RN, S5 R0 T AR L AT LU 48 I E AT HR ), E k)2 0 R i HoAth
FRLMETT AR~ SCRR[15] 42 5K % Navier-Stokes 75 74 A9 [5] ] 19 2 R A% 12

ARSCRE SR [ 39 P B A SR AR TR REL (1) 1275065 S I SR AFARZRIE DT R, PR RA% LK fi# Stokes(H]
R, SRIE TR S B EMERCIE. R, 8 i BB S S e SRR AT R SRR k.

1 HFESMESIE

WP ZKIRSobolevas 8], HPyuBCFIREIE R || - ||k, A - |1,p. L2(Q) BINERZS [EE SCH: (p,q) = [, pqdz,Vp,q €
L2().

BX =(HHQ))?, M=L3(Q)={qe L*(Q)] [,q=0}, (-, )FRH (Q) x H (Q WX, H(Q)*ZHL ()1
XA R AE RS (|ullo, < Clluli,Vue X.

SIS RN, | AL = 2RI

CL(”LL,'U):I/(VU,V’U), ( ) (v'an)’c(u;vaw):O‘(|u|T72vaw)7
Au;0,0) = (1 7)0,0) = 5 (- 7)0,0) ~ 3 (0w, )

I HA U I AR -7
c(u;u,v) < allul"ullo [0 flo.r

(S22 I<C( €I+ ) [€=9], VEDeR”
[ = 0P <CUEI P+ I 7F) [ =D, VEIER™ (2)

Hors v = e ILHIEL, CRRIER AL
SR (BRI QAT FUH 2 5 Lipschitz 2% (4, T 1 = et IE XA ar

| d(u,v,w) |<Cluli|v|i|wli,Vu,v,we X;
[d(u,v,w) [ C[lullg™luli|v]i|w]i, Yu,v,we X;
[ d(u,v,w) [ C[[ullolv ]| wll2,Yu,v € X,we H*(Q);
| d(u,v,w) |[<C||ullo]wli||v |2, Vu,w e X,v e H?(Q);
( ) );
( )
( )

u,v

S

u,v,

g

(

(
d Cllullzllvlolwls,Yo,we X, ue H*(Q);
Cluli|| vzl wlo, Vu,w € X,v e H*(Q);

|d u,v, <
<C(lullofv e+ wlillvllo,c0) | w llo, Ve, w € X0 € WH(Q).

g

<
|
| d(u,v,w) |
Hor: Mn =2}, s=e>0(fER/N); Yn =30}, s=1.
IROWFIER: K(u,p) e (X, M) Hi15
a(u,v)+b(v,p) = b(u, q) +c(u;u,v) +d(us u,v) = (f,v),¥(v,q) € (X, M) 3)
T 3) BRI ifR (R A7 A RIE — P, 0L SCHiR [7).

2 WEMIE

T, F QI SR 30 70 S AR KN A = f I8l or, Horn = hslH B H > h. AroHLAR T, A A
MIAETT,, PrAiE, FHraa M- A BRI as B (X, M,)). 25181 X, R, T 2 DL Rk

(Ay) XFFV(v,q)€ (H1(Q)2 x H (Q), k> 1, FA1E(Iw, J,q) € X, x M, flifs
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lv=Lyv o< C** [0 lisrs [l —=Lyw i< C0* [0 ks, la=Tagq llo< Cn* [l q [, HeCl G JERHIIE AL
(A) LBBSEAF: FAAE S o R IE B s dife lnj\fj sup Ivbn(mlsw)lo B, Hhn = Hafh.

nvn€

T (3) IR A A FRICHE AR 3K (u,,p,) € X, x M, flifF

(um ) +b(v, pn) b(u,,,q)—I—c(un;umv)—l—d(un;un,v):(f,v), V(v,q) € (XmM) (4)

(] (4) FOAEAENE | P — 1 RS AT, 5 SRk (7).
SIER20-7191 % (u,p), (u,, p,) (n=hBLH )53 BRI (3) FI(4) (I, X5 TV (u,p) € (HE (QONH 1 (Q))"x(L2(2)N
H*(Q) A
ot (s s ol =2y o) < Co (Ll + 1y )
T TE & H P A
HIEL: *(UH,PH) € ( Xy, My), @@?E}Xﬂ“?v(uq) S (XHuMH)ﬁ
a(uy,v) +0(v,pu) —b(un, q) +c(ug;ug,v) +d(up;um,v) = (f,v), (5)
HBR2: 3K (up, pn) € (X, M), TR TV (0, q) € (X, My)H
a(up,v)+b(v,pn) —b(un,q) +c(um;ug,v) +d(ug;ug,v) = (f,v), (6)
HUR3: K(ey,en) € (Xy, My), HHEXTV(v,q) € (Xy, My) A
alem,v)+b(v,eg) —blew,q) +c(ugen,v) +d(ug;eq,v) +d(eq;un,v)

=c(ug;uyg —up,v)+dug —up;ug,v) +d(Ug;ug —up,v), (7)

Hob: v =up+en, p*=pnt+en.
N TR T, B RS [ SOR: Y, = (X, M,) (n=HZkh)RY = (X, M), 2 SGEECH||| (v.q) |||= (v ]2+
lq12)z, HFIAGELEWEMIER AL Y xY - RHAIBy Y xY — Rfli15
AH[(u’p); (U’q)] = a(u,v) —|—b(1),p) _b(ua Q),
Byl(u,p); (v,q)] = a(u,v) +b(v,p) —b(u,q) + c(ug;u,v) + d(ug;u,v) +d(u; ug,v).
D) 79 B XA 2 ) 25 SR 2 AL R 3 ] LA -
Aul(un,pn); (v,9)] = (f,v) — c(up;up,v) — d(up;um,v),

Byllen,en); (v,q)] = c(upg;ug —up,v) +d(ug —up;ug,v) + d(Ue;ug —up,v).

ApFIByAEY x Y IS HAM T wp |1 M H RSN, WTLAEM w1 <[ up —uli +|u L <CH(Jul+] p])
+u[i=C(u,p). %E—AH*HBH%/E[15}Z

inf AH[(U p)7

—~

v,q)]

sup >v>0, (8)
@0 Yir (e v 1] (o) [T (0. ) [T
B
i f H[(U,p),(ﬂ,q)] _’Y> 0 (9)
@D Yi (upye vy ||| (wp) [[[I] (v,9) ]|

FIAGalerkin# i (Q, R): Y— Yiifi 2 By [(w,t); (v—Q(v,q),q— R(v,q))] =0, Y(w,t) €Yy, (v,q) €Y.
R T F v —Qu, ) LA, 2 (6, 0) € Vil

a(¢,w) +b(w, ) =b(,t) +c(u; ¢, w) +d(u; ¢, w) +d(¢;u,w) = (f,w), V(w,t)eY (10)

P R ar i, BT LA(o, o) FFAEME—. 24 (10)2H2IEN R, WXV S € (L2(Q)", (6, ¢) € (H () NH?(Q))" X
(Ly@nH Q) F ol + 1@ =< C I f o-
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5133w ARE A, W(Q, R A:

Ml (v=Q(v,q),q = R(v, ) [II<Cl[ (v, @) [Il. V(v,q) €Y
(ID [lv=Qv,q) o< CH " |I[ (v, @) [[l, V¥(v,q) €Y,V €[0,1];
(D [|v=Q(v,q) [lo +H |v=Q(v,q) h< CH*([v [l + [ g l1), V(v,q) €Y N ((H*(Q))" x H'(Q)).

WERR (1) FIHH (9) UM By RUZELEPER

1 Balwt): Qe Rwa] 1 Bulwt)(v.g] C
[ (Q(v,q), R(v,q)) |||< p 1 (o, 2) ] P ] (w,t)]]| SV

Y (wt)e Yy Y (wit)e Yy

SRIF A = A SR
(I1) 2 (¢5,0) M (10)2NHYME, X TATLf =v—Q(v,q) € (L* ()" T

Brl(¢7,¢5); (w, )] = (f,w) +c(um; dp,w) — c(us ¢y, w) +d(up —w;dpw) +d(dp; um —u,w).
Ww=v-Q(v,q), t=q—R(v,q), RIGFHEMER, (2)5X, 5131, 5IH2FHRAE B .

[v=Q(v,q) 5= Bul(ds = bu, s —pn); (v—Q(v,q),a— R(v,q))| +{c(u; ¢5,v — Q(v,q))
—c(um; @5, v=Qv,9)} +d(u—um;dp,v—Q(v,q)) +d(ds;u—um,v—Q(v,q))
<C(l(¢s = bus s —m) Il (v=Q(v,q),a— R(v,q)) ||

+allullsei—s + 1 wm [550—a) | 07 losl w—uu lloslv—Q(v,q) llo

+Clu—ug il @5 2| v —=Q(v,q) [0 +C [u—ugn [[ 5 [i]v—Q(v, ) |x

<CH |[v=Q(v,0) o/l (v, @) [Il,  V(¢u.pn) € Ya.

PR _EIRANAE SR (E AN 2R
lv=Q(v.q) [o=<[lv—=Q(v,q) [l v = Q(v.q) [{< CH' =" [[| (v,q) |I]

(IT1) H(v,q) e Y N ((H?(Q))" x H (Q)IF, FIH (I4v, Jyv) € Y Fl(8) A

110~ Qo). T = Rv,a)) <+ sup Pt Bt =)

Y (w,it)e Yy

SR, R =SS AHG A R P AS
|| (v=Q(v,q),q—R(v,q)) |[|< (H%)H(II vllz+1lqll) (11)
FRE A DL EAPBRIFAIH (11) 205
[v=Qv,q) o< CH*(|vlla+gl1)- (12)
&, G AR (12) AR 458
3 BEEIREMIT
I kX, C X, C X, My C M, C M i TR LLBBAAMF. 1] (u,p) 8 (3) W Hu e (HL(Q)N
HM Q)" pe (L(Q)NH*(Q)), WA:

Il (w—w,p—p*) IS C(R* + H* "' + H**172),
2= O(H B || (u—u".p—p") ||| < OB

HH: v =y, +ey,p* =pn+eu, CHEEL Hn=20F, s =e>0({LE/N); Hn=31T, s=1.
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WERR H G, BB IR S TR S, IR AT AL :

An(u—un,p—pn); (v,Q)] = c(um;um,v) = c(u;u,0) + d(um; um, v) — d(u; u,v)
=c(ug;ug,v)—c(u;u,v) +d(ug —u;ug —u,v) +d(u;ug —u,v) +d(ug —u;u,v). (13)

1 (13) 20 KA 7 S

An[(Inu—un, Jup—pn); (v,9)] = Au[(Iyu—u, Jup—p); (v, )]+ c(up;um, v) — c(u;u,v)
+d(ug —uyug —u,v) +d(uug —u,v) + d(ug —u;u,v). (14)

WRIE=MAERX, (A), (2, (8)3, (14)38, AEH, 5 15| #2fE

1 =ty p— ) NI =Tt p— Top) 11+ 1] (It =t Tnp— )
1 Apl(Iyu—up, J v
<CH(Jullo + 1 p )+ L sup  AulTeu=tn Jop—pu); (0 )]
Yo, Mol
1 Agzl(Lbu—u.J,p—p); 1
SChk—f—* sup H[( rU— Uy, JpP p)a(U7Q)] + = sup
oS M. o TN

c(ug;ug,v)—c(u;u,v)

+1 sup dug —u;ug —u,v) +d(u;ug —u,v) +d(ug —u;u,v)
Y (va)E Y I (v, @) ||
SO +C|lu—uu [lo (|t llo6r—2) + [ war lloocr—2))" ">+ C|[usr —ullo™* | um —u [} + [ ug —uljo| ulr)
Sc(hk+Hk+1 +H2k+1fs)' (15)
FIH (3) X H(6) X7

By [(u—un,p—pn); (v,0)] = c(up;um,v) — c(u;u,v) + d(up;um,v) — d(u; u,v)
+e(ugyu—up,v) +d(ug;u—upn,v) +d(u—up;ug,v), Y(v,q) €Y. (16)
A, H3), (1)XF(Q, R)IE LT
Bul(en,en); (v,9)] = Bul(en.en); (Q(v,q), R(v,q))] = c(um;ug — un, Q(v,q))
+d(upsug —up, Q(v,q)) +d(uy —upsum,Q(v,q)), V(v,q) €Y. (17)
(17 A 2 (16)58, Hu* =up +eq,p* =pp +epft:
Byl(u—u*,p—p*); (v,q)] = —c(ug;uy — un, Q(v,q) —v) — c(up;ug — un,v) + c(ug; ug,v) — c(u;u,v)+
c(ug;u—up,v) —dug —up;ug, Q(v,q) —v) —d(ug;ug —up, Q(v,q) —v) —d(u—Ug;u—ug,v).
PR = AR, (4,)F1(9)2 15 :
I (uw—u"p—=p*) ||<I| (w—Tnu,p— TJup) 1| + || (Tnu—u", Jup—p*) |||

BH[(Ihu u*, Jyp—p*); (v, Q)]

<Ch* +
Y (v.0)€ Yn [ (v,q) ]

ic
Byllu—u*,p—p*); (v,9)] = c(ug;um —u,v—Q(v,q)) + c(up;u—1up,v—Q(v,q))
Jr{c(uH;u,v)fc(u;u,v)}fd(uH—u;uh—u,va(v,q))fd(u;uqu,va(v,q))
F2d(u—ug;u—ug,v—Q(v,q)) —d(u;up, —u,v—Q(v,q)) —d(u—ug;u—ug,v)
—d(up —u;ug —u,v—Q(v,q)) —d(u—ug;u,v—Qv,q)) +d(u—up;u,v—Q(v,q))

11
:ZSJ‘
j=1
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SR, R (2)X, iR A ER, 5131, 51325 [ B3Rk 1S, (i =1, -+, 11):

| Sy < allum (|6 50—l u—=uu [losll v —Q(v,q) o< CH* ||| (v, q) |||,

| Sz |< el 115 56—y |l = tn [lo.sll v = Q(v,q) lo< CHZR* || (v, ) ][I,

|Ss|§C/ lu—w [ (ul™ + un [72) [ullv[SCllu—um o
Q

(Nl wll666r—a) + e 16.60—5) 1 llo6ll v llo.e < CH* ||| (v,q) |,

| S4|<Cun—uli|ug —ul|v—Q(v,q) (< C(W*+ H* Y H" ||| (v,q) |I],
|85 1< Cllu—un [lollullol v—Q(v,q) L < CH™* ||| (v,q) ],

|86 |< Cllu—ug o [u—uu {7 v=Qv,q) LS CH* || (v,) |ll,

| S7 1< C lun—uli|uli|v=Q(v,q) (< C(R" +H" ") || (v, q) |,

|Ss |<Cllu—up 5 *| u—un [{"v—Q(v,q) L<CH* == || (v,9) ||,
|So |<C Jun—uli|ug —uli|v—Q(v,q) L < C(W"H"+H* ) [|[ (v,9) ],
| Sio | C [[u—up [ollulls|v—Q(v,q) L < CH* [|[ (v, 9) |,

| Su IS C Jun—uli|uli|v—Q(v,q) (< C(R* +H" ) || (v, q) |I]- (19)
s, B (19) AU (18) 2RI 2.

4 BUEHEH
FERX R A TEE S0, B — A2 G T RS 0 A e S0 S S B Y. 38 A 2 FH O s B Sl ik
B RRETE. 594, FRATE: L Bchr A PR TS 1k M = U AS T I CPUR R, Fr A 1 3R TA B2 F A BR Tk
{4 FreeFem++ 161 SZHE.
4.1 WEEmLE
IR (1) FAPHS Hff ) i
uy =102%(z—1)*y(y—1)(2y — 1),
uy =10z (z—1)y*(y— 1), (20)
p=10(2z—1)*(2y—1),
Horp RO A (1) 5.
B =1[0,1] x [0,1], h =1/49,1/64,1/81,1/100,1/121, K P, — PUtHt, H = hi, Blr =3, a = 1, v=0.1; %
HP.b— PG, H=h2, Blr =4,0=10, v=1. FEZER7 9 W FE1~5E6.

x 1 FIRAP-PTRRERRITEZMESR

Tab 1 The numerical results of the standard finite element method using P> — P; element

h H €y HLQ L&@zﬁl/l\ H (1 ”Hl Hﬂlﬁﬁlm H €p HL2 qﬁﬁilg)/l\
% 2.096 02x107° 0.001 227 89 0.000 322 614

(%4 9.408 76x107° 2.999 24 0.000 720 093 1.998 3 0.000 189 111 1.999 99
8% 4.644 86x107° 2.996 53 0.000 449 661 1.998 96 0.000 118 061 2
< 2.475 13x107° 2.987 21 0.000 295 065 1.999 32 7.745 97x107° 2.000 01

= 1.408 2x107° 2.958 66 0.000 201 551 1.999 54 5.290 6x107° 2
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z 2 HAP-PTHREMEENEES

Tab 2 The numerical results of the two-grid method using P> — P element

H h Il ew |l L2 WSy Il €w || 21 e Uiy lep |l 2 WSy
= = 0.000 902 121 0.014 876 7 0.003 952 03
% 6—14 0.000 502 97 3.009 01 0.010 126 4 1.981 14 0.002 680 27 2
% 8—11 0.000 360 033 3.005 92 0.008 119 67 1.985 66 0.002 145 7 2
% ﬁ 0.000 231 779 3.004 1 0.006 066 28 1.988 66 0.001 600 41 1.999 99
% ﬁ 0.000 157 897 3.002 67 0.004 703 02 1.991 19 0.001 239 35 2.000 05
% 3 HAP— PR ENCPURE (4L s)
Tab 3 The comparison of the CPU times (unit: s) for two methods using P> — P; element
h T FRIC i [LENTLSFS REEY L]
= 15.17 5.193 65.78%
= 26.578 8.02 69.82%
= 43.089 12.274 71.51%
1.% 66.003 18.517 71.95%
ﬁ 99.699 27.386 72.53%
F* 4 FAPL-PTTHRERRTEZNHESR
Tab 4 The numerical results of the standard finite element method using Pib— P; element
h Il ew llz2 e Uy Il €w llz2 sk llep Il ey
% 0.003 015 12 0.053 784 6 0.001 067 66
é 0.001 762 99 2.009 39 0.041 100 3 1.007 15 0.000 704 583 1.556 28
Sil 0.001 098 65 2.007 61 0.032 433 9 1.005 29 0.000 489 834 1.543 27
ﬁ 0.000 719 877 2.006 25 0.026 249 1.004 06 0.000 354 506 1.534 45
35 0.000 491 197 2.005 22 0.021 680 1 1.003 21 0.000 264 918 1.528 19
x5 FAPbL-PTHAEMGENBEER
Tab 5 The numerical results of the two-grid method using P1b— P; element
H h e llz2 WS Il €w |z ey llep |l WSl
1 = 0.148 778 0.405 104 0.025 845 5
é é 0.114 938 1.932 6 0.350 619 1.081 72 0.021 111 2 1.515 25
% s% 0.091 103 8 1.973 06 0.308 606 1.083 64 0.017 029 5 1.824 17
% ﬁ 0.073 910 3 1.985 06 0.275 787 1.067 16 0.014 455 1.555 68
& ﬁ 0.061 086 1 1.999 45 0.249 16 1.065 3 0.012 185 1 1.792 32

% 6 FAPb— P ITHIAR SRR CPURY 8 (1L: s)
Tab 6 The comparison of the CPU times (unit: s) for two methods using P1b— P; element

h P PROC % eI T I [E]
5 8.329 2.753 66.95%
= 15.017 4.6 69.37%
3 23.543 7.277 69.09%
i 36.397 11.119 69.45%
o7 52.783 16.72 68.32%

-
[V
—

1, F2f: STHIP,— PTREITA IS e 05 A BIE AT 14 . F5%1: R PLb— PG HE
ST LA BSIIE (A, T FE 7 ST HERRIE BT 5. A, PO O S SRR, (EL P T A o L b
BT T 60% A ROCPURK I, #3136, 71 [ I 0 1 00420
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4.2 FHREEER

FEXIQ = [0, 1] x [0, 1] EHFATIHE, 7EBA HAA T B OL T, TahIE i in7e W AL i o iy i B 5K
. FEOQ_ LRI EE 1k m) 3o 2R, D) 4 i BRI TR AN LA . RAP, — Ptlith = 1/25 %
ANFE Y, o, v HCETFIR T CPURT ], W7, SRIG B = 3,00 = 10,v = 1Flr = 4,00 = 10, = 0.15> HHR P FH 7
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Tab 7 The comparison of the CPU times (unit: s) for two methods

PRUEA FRIT )5 v I AR
a=10,r=3,v=1 3.489 3.081
a=10,r=4,v=1 3.527 3.118
a=10,r=4,vr=0.1 5.742 4.956
a=10,r=4,r=0.01 16.159 14.49
a=>50,r=3,vr=1 5.329 4.279
a=100,r=3,r=1 6.276 5.476
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Fig 1 The streams (left) and pressure contours (right) of the standard finite element method
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Fig 2 The streams (left) and pressure contours (right) of the two-grid method
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Fig 3 The streams (left) and pressure contours (right) of the standard finite element method
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Fig 4 The streams (left) and pressure contours (right) of the two-grid method
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