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Abstract: In this paper, the inequality related to Heinz mean in matrix version is extended to operator version, and some loga-
rithmic submajorisation inequalities related to Heinz means of operator on a semi-finite von Neumann algebra M are presented by

using the technique of generalized singular values. There are mainly A, (f(x)g(y)+ f(y)g(x)) < Ah% ()2 + £ (g(x)> +2(0))),
where 0 < x,y € M, h > 0, f and g are operator concave functions. In addition, other forms of logarithmic submajorisation
inequalities are also generalizalied.
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0 Introduction

A norm [||-||]| on M, is called unitarily invariant if |||[UA V||| = |||Al|| for all A € M, and all unitary matrices U,V € M,,, where
M, is the set of nxn complex matrices. For any A € M,,, we denote by {s;(A)} the sequence of singular values of A. The Ky
Fan k-norms of A, k=1,2,--- ,n, are defined as the sum of its k largest singular values,

k

Al = ) 5,(A).

j=1
Let A, BeM,, then the Fan Dominance Theorem tells us by Theorem IV.2.2 of [1] that |||A]|| <|||B]|| for all unitarily invariant
norms |||+ ||| if and only if [|All@ <|IBllw, k=1,2,--- ,n.

Let A,Be M and p,q > 0. The well-known inequality for the Heinz means (see, p.265 of [1]) says that

[IA? BT+ AYB? |4y < |AP* + B |4y, k= 1,2, , 1. (1)
Recently, a related inequality to the above Heinz mean inequality was mentioned by Bourin in [2] as follows:
[IA? B+ BPA||4y < |AP* + BP*| 4y, k= 1,2, -+ ,m, 2)
where A, Be M} and p,qg > 0. Replacing A and B by AP Bﬁ, respectively, inequality (2) is equivalently rewritten as
IA'B" +B'A" |l <A+ Bllw, k=12, ,n. 3)

In 2013, Hayajneh-Kittaneh in [3] worked out (2) for p = 1,2,3 and g = 1 in the case of the Hilbert-Schmidt norm. Bhattia
in [4] proved (3) in the case of the Hilbert-Schmidt norm under the condition i <t< %. In his investigation of the arithmetic-
geometric mean inequality of matrix version, Hayajneh-Hayajneh-Kittaneh in [5] obtain another weaker, but much more
general than inequality (3),

(A’ +B)?

A'B' + B'A'||yy <2} =12, ,n, 4)

(k)
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where A, Be M and 0 <t < 1. We refer to [6-9] and the references therein for more details on on this topic.
The purpose of this article is committed to generalize the submajorisation inequality (4) to the logarithmic submajori-
sation version by using the technique in [5,10,11]. More exactly, we show that for 0 < x,y € M and f and g are operator

concave functions

AFDZ0) + F()Z)) < AZ(F0? + FOID(G) +8()D), S

where A,(x) =exp ( fo ' log ,us(x)ds), t > 0 (see the definition in Section 2). As an application, we obtain
ALY 4y <A (25 (P +)7)), > 0, (6)
where 0 < x,y € Mand 0 <7< 1, which is a generalization of the inequality (4). Moreover, we get

A((f)+ fF(g(x) +8(1) < Au(2(x+y)), (7
where 0 < x,y € M and f, g are two operator concave functions such that f(x)g(x) = x.

1 Preliminaries

Let M C B(H) be a von Neumann algebra on a separable Hilbert space . A trace T on the von Neumann algebra M
is amap 7: M*" — [0,00] which is additive, positively homogeneous and unitarily invariant, where M* ={xe M:x>0}. A
trace 7: M* — [0, o0] is referred to as

(1) faithful if xe M* and 7(x) =0, then x=0,

(2) semifinite if x € M* with 7(x) > 0, then there exists 0 <y < x such that 0 < 7(y) < oo,

(3) normal if x; T; x in M*, then 0 <7(x;) T, 7(x).

In what follows, we will keep all previous notations throughout the paper, and M will always denote a semifinite von
Neumann algebra acting on a separable Hilbert space H, with a normal faithful semifinite trace . We refer to [12] for von
Neumann algebras.

Definition 1 Let xe M and 7> 0. The generalized singular number y,(x) is defined by
w,(x) =inf{||xe|| : e is a projection in M with T(e*) < t}.

We will denote simply by A(x) and u(x) the functions # — 4,(x) and 7 — y,(x), respectively.

Next, we will use the following definitions: let x,y € M, then we say that x is submajorized by y, denoted by x <y, if

! !
f,us(x)dssfus(y)ds,t>0.
0 0

A (x) =exp (ft log/,ts(x)ds),t > 0.
0

and only if

If x € M, then we can define

Let x,y € M, then we say that x is logarithmic submajorisation by y, denoted by x <, y, if and only if
A(x) <A (), t>0.

See [10,13] for basic properties and detailed information on p(x) and A(x).

2  Main results

A positive function f on [0, o) is called operator concave if

flax+(1-a)y)zaf(x)+(1-a)f(y),a<c[0,1],

for all x,ye M.
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We start with some lemmas which will be used in our proof.

Lemma 1l Letx,ye M, xand y be self-adjoint operators. Then
(x+y)? <2(x* +y2).

Proof 1t is clear obvious that according to the inequality (x—y)* = (x—y)*(x—y) > 0.
From the fact that f(x) = x'(0 << 1) is operator concave on M we can obtain the following result.
Lemma2 LetO<x,yeMand0<r<1. Then

X4y <2 (x+y).
Lemma3 LetO<x,ye MandletO<t<1. Then
Ay (Xy) < Ay((xy)), h>0.

Proof By Lemma 2.5 of [14], we have fo ! Hs(x'y")Pds < foh Hs((xy))7ds. Then the result follows by using the equation

1 1
! d / ds\? ! ds\?
exp{ f 10g|so(s)|—s}=lim( f |¢<s)|"—s) 10, if ( f |so(s)|"—s) <oo
0 t ] o\, t 0 t
(see [10, p.288]).

Now we are ready to present the main result.

Theorem 1 Let0<x,ye M. If f and g on [0, o0) are operator concave functions, then

An(f(x)g() + f(¥)g(x) < Af (fO)* + F))g(x)* +8(3))), > 0.

Proof Let

Xz(f(X) ) ]’Y:[g(y) 0].
0 0 gx) 0O

According to Lemma 2.5 of [10] and Lemma 3, we obtain

h
f log s (f(2)g(y) + f(y)g(x))®0)ds

0

h
f logu,(XY)ds
0

h
f log pu, (u|X||Y|v")ds
0

A

h
< f log 1, (XIIY]) ds
0

h 1
f log s (XX)(Y"Y))ds
0

fo logu? ((f(x + F0))@0)((g(x) + ()" ®0) ds

h 1
f logu? (I(f(F + FGP) () +g())]©0) ds
0

h 1
f log i ((f(0° + F(3)")(8(x) +8())) ds.
0

Corollary1 LetO<x,ye Mand 0<r<1. Then
(DALY +y'x) < Ay (2172 +32)), 7> 0.
(@) Ay +yx1 ) < A, (282 +3D)E) h > 0.
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Proof (1) From Lemma 2 and Theorem 1 we obtain

Ay (XY +y'X)

IA

Ah% ((x2t+y2t)(x21+y21))
= A +y")
< A2 HY).
(2) If x,y = 0, then 1,(xy) = w,((xy)*) = w,(’x*) = w,(yx). We can draw a conclusion from the definition of A(x) and the

properties of u(x) that
Ap(x) =Ap(0)*,>0,0<xe M. ®)

Hence, by Lemma 2, we get

AT YR A (P 400))
= AH(@ R )
< A (O )
= A 2@ )T E @ )T
< A 2@+ TR +)T)
= A (2060 +9)

= AQH(F2H)Y).

Corollary 2 LetO<x,ye Mand 0<r<1. Then

fhub (x’y' Ty x! ’) dssfh(2[2)ys(x2+y2)5)ds,p>0.
0

Proof Since f(r) =e"”,p >0, is a convex functions, the result is based on Corollary 1 and applying Theorem 2 of [15].

3 Related logarithmic submajorisation inequalities

In this section, we will consider another version of logarithmic submajorisation which related to (4).

Theorem 2 Let0<x,ye M. If f and g are two positive operator concave functions such that f(x)g(x) = x, then

An((F() + FO(E(X) + (1)) < Ay (2(x +y)).

Proof According to properties of operator concave function, we have

o+ 0 =2f (52, e+ <25(52).

Then there exist contraction operators u,v € M such that

e+ o) =2uf (52, g+em =2vg (7).

From Lemma 2.5 of [10] we have

I
2z

Ay (f)+FO(g(x) +8()))

IA
>
=
—_—
o
~
}gA
=
+
<
S—
S
0o
—_—
=
| +
<
S—
Nt

IA
>
=
—_—
N
—
N+
< N
~—
N

= AQx+y)).
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Corollary3 Let0O<x,ye Mand0<t<1. Then

A+ Y1) S A2+ ).

Proof By Theorem 4.2 of [10], Lemma 2, Lemma 3 and equation 8 , we have

Ap((xX+ YN 1)

Ap(x VA Y1)
AT (x4 )R (x+3)' )
20 AL (x+y)2" AT (x+y)
2"A(x+y)

= AQ(x+Y)).

I IN A

Proposition1 LetO<x,ye Mand0<¢<1. Then

A+ 4y ) <A (2F 4 yD)3).

Proof From Lemma 1, Lemma 2, equation 8 and Theorem 2.5 of [10] we obtain

A+ 4y )

A (I +)E +y )
()G 4P +y)2)

(& +) "+ +y)

(20 +y) 4+ +))

(20004 Y14y (20 4y )2
(2 '>+y2“ N +y)

@

(

e +y))
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B OE: ASCRH XA SHER AL T 57 BRI U S B 1R T 1 Heinz ¥ fEAR G i log- R PLAL A5,
AR I 9 — LA B A S5 T 3 TR IOTE , TR TITFE598 . An(f(2)9(y) + F(w)g(@)) < AZ ((f(2)*+
F@))(g(@)?+9()?). Hh0<z,ye M, h>0, f il g BZFET MRS [FIEFRATET 3] T —Le 5 Heinz 4 E AR
He X Mlog- IR EAEX.
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0 31 &

ASCHFRATH M, Fmi n x n YR RES. FR M, LA9EE ||| - || E AR, AR HMEER
AeM, MIPHIE U, VeM,, A |[UAV|||=|||A]|. B AcM,H {s;(A)}N A B#5FEH, & X A K Ky Fan k-Ju%k
(k=1,2,---,n) A

k
1Al =D 55(A).
j=1

W A, B €M, W Fan Dominances B (L SCHk[1]H 2 BEIV.2.2) A1 (|| A||| < ||| Bl| BT BRI || Al <
IBll(ry,k=1,2,-- ,n. HIHATH] Heinz SEASF(WICHR [1) Hh26550) A 4 A2

A7 B+ A"B” ||y < [| AP + B[, k= 1,2, . (1)

Hrb: A, BeM[ Hp, ¢>0. #ilt, Bourinfk [2] FHFFTHERE ARG RTINS 45 T — 45 Heinz HEASFR
TEIE A EARSC TS AR
A7 B? + B A%y < | AP+ BY™ |1, k= 1,2, -+, (2)

Hr. A, BeM! Hp, ¢>0. AR, 7 (2) X4 Avte, Brra 0% A fl B, MR (2) AN S
5%
|A'B" "+ B* A" ||y < |A+ Bl (x), k=1,2,--- ,n. (3)

R XA G TIRZ 4 H 1. 2013 4F, Hayajneh-Kittaneh 7E [3] HIE T2 p=1,2,3 H ¢ = 1 B
AREE(2)%F Hilbert-Schmidt A7, S, Bhattia £E3CHR [4] FOMAE T L < ¢ < 2 FEARSER(3)X T
Hilbert-Schmidt {5407, fi, Hayajneh 7 [5] TS AR-TLAF RS B rh, 1538 7 — AN A%
K (3 FI AL

(A%+ B?)2

||AtBlit+BtA17tH(k)§2% ]f:].,Z,"',TL, (4)

*)’
XH A, BeM; H 0<t<1. HEMA XTI FITRILSCHR [6-9).
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ASCH H B9 R SCHR [5,10,11) E BB REACAE R (T 2] log-IRTEAEAERPETE. Al
Ui, ATEIEHI FE58: L 0<z,ye M H f Fl g 2B -FM e %L, N

M (F@)g()+ FW)a(@) < AZ (£ +F W) (9(@)* +9(1)), ()

Hr, Ay(z)=exp (fot log,us(x)ds) >0
TEX R FRA 1753 T

Ah(xty(l’”ert:c(l’t))gAh( z(2’+y°)2 ) h>0, (6)

XM 0<z,ye M H0<t<1. IPAFXFIRILAXERAZEKX(4). 1L, TATLHEE] T 55— A BB
a*

An((f(@)+ f(W)(g(x) +9()) < An(2(z+y)), (7)
X 0<z,ye M H f,g ZPNETFMRE, H f(2)g(z) ==
]- lﬁ%%ﬂb\
W M C B(H) &7 43 Hilbert 25 [0 H_E— NS85 K SACEL. 12 MY = {z e M2 >0} FATIRE LFE MF
AR T M — [0,00] I M BT, A5 SRRTIN, IEFFIR AR, BRI 7 MT —[0,00] &

(1) B3, s ze M+ H 7(x) =0, W z=0,

(2)2EABRA, W 2 e M Hr(z) >0, WAFLE 0 <y <z 15 0 < 7(y) < oo,

(3) IR, AR 2, 7, afE M, 0 <7(2,) 1, 7(2).

FEARSCRIRA TP A LaRie S, HAERA RSN M IRAFRIRE LAE—7] 43 Hilbert %5 8] H
R EAER RSB BRGE  A2A BRI R S AR B 2 0 O 2 B A T TR L SRR
[12].

EX 1 BreM,t>0 FATEXL LA FE w(x)

pi(z) =inf{||lze| : e BM ERI— ML H 7(et) <t}.

KT BER TR, FEAGRIRE B S T 4H M(z) B p(z) FoREt— X\, (z) Tt — p, ().
TEASCRIRATING RN T 2 X W 2,y € M, UFR o < y(o WAL T ), 4

t t
/us(x)dsé/ ps(y)ds,t > 0.
0 0

A x e M, WA E SO A5 H (W 3Tk [10]
/tlogus(x)ds>,t>0.

~—

VS

Ay(x) =exp

o

W,y € M, WIFR @ <100 y( 2 log-IRIEAET 3),
At(x) < At(y),t > 0.
HZWA K u(r ) 1 A(x) FIFEARAIRS L [10,13).

W f jﬁEXT F [0,00) ERYAES pRER. FRIEREL £ 0 [0,00) ERYSEFMeREL, 27X A 2, ye M, A

flaz+(1=a)y) zaf (x)+(1-a)f(y),ac[0,1].
N TARBIA T T ZLEE, TATT 2T LAy S5 2.



404 B R (HARRIED) (FR3Es0) 20214F

SIE1 ® o, ye M, o My RAET. W
(z+y)? <2(x® +y2).
WERR SR ASERUR T IR S R R A
(z—y)*=(z—y) (z—y) >0.

BT fz)=2t(0<t<1) 42 [0,00) HYETMpREL, PItE | #2007 .
gIFE2 K o<zyeMHO<t<1 N

xt+yt§21—t(x+y)t.
SIFE3 K o<zyeMHO<t<1. N
An(zty") <Ay ((zy)h),h > 0.

TERA REFHSCHER [14) FPAYBIEE 2.5 FTHL[T pg (ty)Pds < [ pe((xy)t)Pds. FANRATAE S F R &8k
(UL 3k [10] HP28817)

exp{/o log |(s) } (/ o(s) S) >0, I (/Otgo(S)IpiS>;<oo.

FH L RT RN25 18 A
EIB1 &K 0<x, ye M. W FH1 g [0,00) LAYHEFMpREL N

Mn(f@)g(w)+ F()g(@) < AZ((F@)*+ F)?)(g(x)? +9(y)?)),h > 0.

WERR %

R SCHER [10) A5 1EE 2.5 FI5 B 3 AT LIFS3

/0 log i ((f(x)g(y)+ f(y)g(x)) ®0)ds

log . (XY)ds

log i (u| X |[Y [v")ds

IN

log s (| X]|Y]) ds

logu? (XX*)(Y*Y))ds

|
Nhhﬁhc\c\

log 112 ((f(2)*+ f()2) ©0) (g(2)*+g(y)?) & 0) ds
log 12 ([(f(2)”+ f (1)) (9(x)? + g()?)] 0) ds

log 112 ((f(2)+ f(4)*) (g(2)* +(y)?)) ds.

i1 Ko<z,yeMHO<t<1. M
(1) Ap(z'y* +ytat) <AL (V2 +9%)"),h > 0.
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(2) Ap(zty'~tyta' ) <A, (27 (2 +y2)%> ,h>0.
WERA (1) BFHSIHE 2 i #E 1l

Aj (@ 4+ ™) (@ +y™))
= Au(@* +y*)
S Ah (21_t($2 +y2)t)

Ah(xtyt+ytxt)

IN

(2) & 2,y >0, W i, (2y) = pe((2y)*) = e (y*a*) = e (yz). FEEE A(z) T p(x) B2 SCRMERTRT DA
Ap(z®)=Ap(2)*,a>0,0<z € M. (8)

R, RS [ B2 R] 45

-

Ah(ztylft +ytz17t) <

—~

(x2t+y2t)(x2(1—t)+y2(17t)))
(x2t+y2t)%(x2(1—t)+y2(1—t))(m2t+y2t)%)

(I2t+y2t)%2t(gj2+y2)17t($2t+y2t)%)

I
-

1—t

2t(x2+y2)%($2t+y2t)14($2+y2) = )

|
=

Sk T TNk Tk Tk S
N TN NN

1—t

2t(x2+y2)%21—t(x2+y2)t(x2+y2)T)

IN
=

I
=

2(2*+y%))
= A,(27 (a:2—|—y2)%) .

#it2 Ko<z,yeMHO<t<1. M
h h
/us(wtyk%ytmlft)pdsé/ (2%us(x2+y2)%)ds,p>0-
0 0

R D f(t) = e, p> 0 Je— Il eR R, BT LURITHES 1 AISCHR [15) O B 2 RIVA] 73 20 3R A TR 2R 4518,

3 SLlog-RILERHIAFER
AEIE— i, FRATH 5 (DR 5 —FIER 1Y log- AR 3L
E2 B O<z,ye M. AL g RFIAGE AL [0,00) LHIEETMBRELH. f(2)g(x) =2, W

A ((F (@) + (W) (9(x) +9(y))) < An(2(z+y)).

WERR AR T MR AR ROTE ST, A

PIAAENER T v, 0 € M TR
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FIH [10] FPEYS I BE 2.5 TS

A ((F (@) + F () (9(x) +9(y)))

I
=
>
[\~
~
S
8
vo| +
<
N———
[\)
S
7N
8
vo| +
N
N———
*
N————

IA
-
=

IN
=
>
A/S\A
<

#it3 Eo<zyeMHO<t<1. N

UERR

Rl

An((2"+y")(@ " +y' ) S M (2(z+y)).-

eI B2, 5B 3, S5 (8) FMISCHR [10] ThAYERE 4.2 AT

Ap((@' +y") (@ 4y )

A (' +y" ) An (@ +y' ")
A2 (@ +y) )AL 2N (2 +y) )
20-9MAL (2 4y)2" A (+y)
2" Ay (z+y)

= M(2(z+y)).

IA

IN

)
)

Wo<zyeMHO<t<1. M

An((@'+y") (@ +y' )
< A, (2%(a:2+y2)%) .

WERA 5B 1, 51 2, A5EaC(8) R SCHk [10] HHAYEHE 2.5 AIA

INCIN I IA I

B2 3R

] BHATIA R. Matrix analysis[M]

[
2
3

2013, 54(3): 033504.

An (@ +y") (@ +y')
(I + ) ' 5"
(2 +y") (@' +y' ) et )} )

-

-~ >

T TN T TN SN =
/N
[\~
—~
8
[N}
~
[
|
o+
N
<
[
[
|
o~
=
-
[N
—~
8
o+
<
o+
~—
M
—
8
[
[
|
o+
=
<
[
=
|
N/
~
Nl=
~——

-
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