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0 Introduction

In the real world, there are many types of interactions between two species. Predator-prey relations are among the most
common and primitive ecological interactions. It is worth noting that the whole field of mathematical ecology began with
the studies of population dynamics subject to the predator-prey interaction, for example, the classical works by Lotka'"l and
Volterra”. Recently, many scholars at home and abroad have studied the population dynamical predator-prey systems!~®
and many good results have been obtained. So far, most of the studies on the population dynamical predator-prey systems
describe the predators and their prey dynamical interactions using the functional response function (ratio dependent function)
to describe the predator’s predation rate and conversion rate®=®!. For example, in [5] the authors considered the following two

species autonomous predator-prey system with Crowley-Martin functional response

() = x(O[1 = x(1) = cy(O(1 +ax(2) + byy(®) + 1 x(B)y()) '],

€]
¥(O) =y(O] = d = ey(®) + fx(O)(1 +a x(0) +by(0) + e, x()y(0) ']

and obtained some sufficient conditions for the permanence, non-permanence, Local and global asymptotic stability of posi-
tive equilibrium of model (1). Where x(#) and y(f) are represent the population density of prey species X and predator species
Y. ey(@)(1+a,x()+b,y(0)+c1x(0)y(6)) ™" and fx(1)(1+a,x(@)+b,y(®)+c,x()y(t))™" are the Crowley-Martin functional response.
In [1] the authors use Crowley-Martin functional response to describe the predator-prey relations.

It is worth noting that the main difference between the Crowley-Martin functional response and Beddington-DeAngelis
functional response is the Crowley-Martin functional response is predator dependent. Research [5] has shown that the
predator-dependent functional responses can provide better description of predator feeding over a range of predator-prey
abundance.

On the other hand,in nature, the habitat environment of the population will change along with the passage of time, and
this leads to changes in the growth characteristics of these populations. Thus, we should introduce non-autonomous case into
model foundation, will have more resemblance to the real ecosystem. Therefore, it is valuable and important to study the

non-autonomous population predator-prey dynamics model.
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Based on the above analysis and reasons, in this paper, we consider the following
c()y() ]
L+a;()x(8) + by (0Oy(1) + e, (Dx(D)y() ™

@)
NP FOx()
J0 =yl =d0 =+ T Oy T ey

By means of the comparison method and Lyapunov function method we will establish some sufficient conditions on the

(1) = x(O)[1 - x(1) -

boundedness, permanence, extinction, the existence and global attractivity of positive periodic solution.

1 Preliminaries

Throughout the paper, for system (2) we consider the following initial conditions

{ (x(60),(0)) = (¢(0),¥(8)) € C([0, +00), R, 3)

e(0)>0, w(0)>0.

The Banach space C of continuous functions mapping the interval [0, +c0) into Rio, where we define Rio ={(x, x>0,y >
O}LR2 = {(x,y)lx> 0,y > O},
For system (2), we always assume that
Hy)  a, (1), bi(t), c1(2), d(t), c(t), f(t) and e(r) are continuous, bounded and strictly positive functions on [0, +00);
H,)  a(1), bi(1), ci(2), d(t), c(t), f(f) and e(r) are w-periodic continuous positive functions.
In this paper, on interval [0, +o00) for any continuous function f(¢) we denote

M _ L _ i
£1=mas 0. = gin f0

In addition, we will use the following definitions and lemmas.

Definition 1% System (2) is said to be permanent if there exist positive constants m, M and T, such that each positive
solution (x(#), y(¢)) of system (2) with any positive initial value ¢, fulfill m; < x(t) < M;, m, <y(t) <M, for all t >T,, Where
T, may depend on ¢.

Definition 2 System (2) is said to be global attractive, if for any two positive solutions (x(z),y(z)) and (u(t),v(¢)) of
system (2), one has

im0 —u(®) =0, Hm(y(1)=v(1) =0.

Lemma 1" Consider the following equation:
u(t) = u(t)(d, — dyu(t)), where d, > 0, we have
(1) If d, >0, then lim,_, ., u(t) =d, /d,;

(2) If d, <0, then lim, .. u() = 0.

10]

Lemma 2! If there exist positive constants m and M for any ® € C’;[-7,0] such that

m < liminf x,(z,0, ®) <limsup x;(¢,0,P) < M, i=1,2,---,n.

=0 00

then the following periodic general functional differential equation

dx
O =F(t,x,)

admits at least one positive w—periodic solution. Where x(¢) € R" and F(z,x,) is a n—dimensional continuous functional,
x(1,0,®) = (x,(£,0,D), x,(¢,0,D),- - -, x,(¢,0,D)) is a solution of the functional differential equation with initial condition x, =
.

Lemma 3" Let f be a nonnegative function defined on [0,c0), such that f is integrable on [0,c0) and uniformly
continuous on [0, c0). Then lim,_,, f() =0.
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2 Boundedness, permanence, extinction and existence of positive periodic solution

Theorem 1 Assume that (H,) holds, then for any positive solution (x(), y(¢)) of system (2) there exist positive constants
M,, M,, such that
.x(t)SMl, y(t)SMZ

Proof Suppose that (x(¢),y(f)) be a positive solution of system (2) with initial conditions (3). Firstly, it follows from
the first equation of system (2) for 7 > 0 that

x(1) < x()(1 = x(1)),
Consider the following auxiliary equation
() = u()(1 - u(7)),
By Lemma 1, we derive
limu(r)=12M,.

t—+00

By comparison, there exists a T > 0 such that x(#) < M, for t > T,. Next from the first equation of system (2) for ¢ > 0, we

have
M

¥(1) Sy(t)[a—L —ety(0)].

1

M
Similar with the above way, there exists a 7, > 0 such that y(#) < M, for t > T, where M, = -
ate
Theorem 2 Assume that (H,) holds and b’ > c*,R >0, then system (5) is permanent. Where

R= frm -
l+a11”M1 +b[luM2 +C11VIM1M2
Proof Suppose that (x(7),y(f)) be a positive solution of system (2) with initial conditions (3). Firstly, it follows from

av.

the first equation of system (2) for 7 > 0 that
L

(1) > x(D[1 - bC—M —x(1)].

1

Consider the following auxiliary equation
L

(1) = w1~ o ~u(o)]

1

By Lemma 1, we derive
L

tli{nmu(t)zl—;—Méml.
1

By comparison, there exists a T, > 0 such that x(¢) > m, for ¢ > T,. Next from the first equation of system (2)
¥ 2 y(O[R=e"y(1)].

Similar with the above way, there exists a T3 > max{T,, T, T,}, such that y(r) <m, for ¢t > T;, where m, = }M
As a second result of Lemma 1, we have
Corollary 1  Assume that (H,) holds and atd" > f, then predator species ¥ of system (2) is go to extinction.
As a direct result of Lemma 2, from Theorem 2, we have
Corollary 2 Assume that (H,) holds and b > c¢*,R > 0, then system (2) admits at least one positive w—periodic

solution.

3 Global attractiveness of the system

Firstly, for convenience we denote the following functions and notations

__ _c0a@y® o ca®xn e @Ovnyo
MO G oo T Goen T Gocn T T awnen
O fw _f0bix() o fOLOYD o fOa@un
BO= 5060 0" Gwen P07 Gocn M0 T Gwen

A=1-AY-AY-BY-BY, B=e¢"—AY-AY-B-BY,



No.2 Azhar Halik, et al : Dynamics in a Non-Autonomous Predator-Prey System with Crowley-Martin Functional Response 147

where
G(1) = (1 +a,(0)x(t) + by (1)y(t) + ¢ (Dx(1)y (1)), G2 (1) = (1 + a, (Du(t) + by ()v() + ¢, (u(H)v(?)),

M cMa¥ M, cMa¥ M, MM M?

c

A= G A1), Ay = > A1), Az = > As(0), As= > Aq(0),
M beMM beMM chMMZ

B = % 2 B\(1), By= ——— 2 Bo(0), By="—— 2 By(1), By="—L—"2B(0),

G=(1+a'm, +b'm, +cle,m2)2.
Theorem 3 Suppose that the conditions of Theorem 2 hold and A > 0, B> 0, then system (2) is globally attractive.
Proof let (x(z),y(?)) and (u(t),v(t)) be a any two positive solution of system (2), from the permanence of the solutions,
there exist positive constants 7' > 0,m; >0, M; > 0(i=1,2) such that for t > T
my < x(),u(t) < M,, my <y@),v(t) < M,. 5)
Define a Lyapunov function as follows

V(#) = [Inx(5) - Inu(®)] + | Iny(@) — Inv(e)|.

Calculating the upper right derivative of V(#) along system (2), we have

DW= sign(x() )] (o) ~u(t) = (0 310 = G- )

= sign(x(?) = u()[ = (x() = u(®) = A, (DG/(B) = V(D)) + Ao (D(x(1) = (1)) = A3 (N(Y(1) = (1)) + Ay (D) (x(0) — u(D))]
+sign(y(t) —v()[ — e () = v(1) = By()(x(1) —u(1) + B> (D)(y(1) = (1)) = B3(1)(x(1) — u(1)) + Bo()(y(1) = V(t))]
—(1=A;—=As— B, = B3)|x(t) —u(®)| = (e" — Ay — A; = B, — By) |y(1) —v(0)] = —Al|x(t) — u(®)| - Bly(t) = v(t)!.

)]+ sign(v(t) ~ )| - e = v(e) + £

IA

LetC = min{A, B}, then we have

D'V (#) < =C(Ix(t) = u(®)] + [y(®) = v(D)]). (6)
Integrating from 7 to ¢ on both sides of (6) produces
V(1) +Cf (Ix(s) = u(s)|+1y(s) —v(s)))ds < V(T). @)
T
then ) VT ) V(T
f (Ix(s) —u(s))ds < % f (Iy()=v(s)Dds < % t2T. ®)

From (5), (7) and (8) we can see that the derivatives x(7), u(¢) and y(¢), v(¢) of x(¢),u(t) and y(r),v(¢) are remain bounded on

[T, +00). Then |x(t) — y(t)| + |u(t) — v(¢)| is uniformly continuous on [7, c0).Thus from Lemma 3, we have
Lim (Jx() = u(@Ol +[y(®) = v()) = 0.

Therefore,
lim (x(£) —u(?)) =0, lim (y(#)—v(r))=0.
t—+o0 t—+o0
From Corollary 2 and Theorem 3, we have the following result.
Corollary 3 Suppose that the conditions of Corollary 2 hold and A > 0, B > 0, then system (2) has a positive w-periodic

solution which is globally attractive.

4 Conclusion

In this paper, a class of non-autonomous predator-prey system with Crowley-Martin functional response is discussed.
Firstly, by means of the comparison method and inequality estimation method, obtained conditions on the boundedness,
permanence, extinction, existence of periodic solution. Secondly, under the condition of permanence and by construction of
the Lyapunov functional we obtained some sufficient conditions on the global attractivity of the systems. The model and the

results obtained in this paper can be seen as the extension and supplement of the previously known works [5].
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SITAE: LR - B vE, A AR - A ARBT . A Crowley-Martin ) BE SN s AR AR E- SRS 5)

TIEAT I FERR M (A RBEIR) (h 3 30), 2021, 38(2): 144-152.

0 51§

FEBLSAE R b PRI REZ A %5 2RO AR, ol - B I OC R & 5 i LA B J 4 9 26 840 B AR
FHZ— AHARE RIS, B0 AR AN i A oLl AT 2 DRI () (%) 4 - B TEAH AR AR 20 0 2 Tt iy, 191
HNLotkalY FllVolterra i TAE. JTAFERE PN AME3 X FE &4 - B30 1 KRG T 1Tz R -3, JfF HEUS
TARZHFEAIR. Tefi i & OB s S BEAE RN, R -2 3 1 Racth s B2 F NI RE
S0 PR BT bR S ) A F AT 3 AT R AR B8 i, SCER[5)BF5E 1 LA BA Crowley-Martin)
RE LI PRE PR AP G- B RS

a(t) =z(t)[1—2(t) —cy(t) (1 +arz(t) + biy(t) + cra(t)y(t)) ],

§(t) =y(t) [—d—ey(t) + fz(t) A +arz(t) +biy(t) +erz(t)y(t) ']
(R | AR AL BTN IE T 20 SR R R R i . Ot a(e) 0 (e) S R R BRI 2
FiHE o Ay 7R ¢ B, TERSGE (1) Fey(t) (1 +arz(t) +byy(t) +erx()y(t) ™ F f(t)(1+ a2 (t) +byy(t) +
1z (t)y(t)) " FR Crowley-Martin M) e S pREL, I AR SCHR 1]t FHIX IS DI RE S REICE Al 3 F
HZ E R E-EHXR. (HEFENZ, Crowley-MartinZ)J 58 5 5 Beddington-DeAngelis DI HE 5 7 it 3= 2 X 531]
JECrowley-Martin W RE SR THi &, STHER[B]48 1, MM T4 £ 28 i D Re Pk SO vl LUSE 47 s 3R — R 51
MEE-EE EErT .

Jy—J7 T, 7 A SR A AN AR S b IR s BEE IR AR AT A A AR A, X P EOX BER Y A KR
AARA. BT DA ST R Bl ) 2 BRI 2 AR FUARR, 10K 5 HOE M AE S R AL Bk, #FgREE AR
FIRE -2 8 12 BRI A, A SCES & DA ERIITSE TARFIBEAY (1), BF5E T T AV EA Crowley-Martin V) E
B R PR AT - R S

(1)

_ c()y(t) ]
L+a, (6)z(t) + b (£)y(t) + e (O z(t)y(t)

o f()x(t)
§(t) =y(O)[ = d) ey + e B T e D)

i(t)=z(t)[1—2(t)

« Wi HER: 2020-02-24
EEWH: FxKHAREHA (11662020 ; 11861063).
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LR 7 R LB R AT Lyapunov REUTADIE REE (2) BOA FE | FpAME L K4 | IR A1F
ffiu&é\%%é'l ESIVIEZE W)

1 Fi&HEiR
TEAR SO, (B 255 (2) 6 T T T 06 2

(@(6),y(0)) = (¢(0),1(0)) € C([0,+00), RZ,), )
©(0) >0, ¥(0)>0.

T SE PR AL Banach s [1] CH4 X 7] [0, +00) BT I R? ), e R2 | = {(2,y)|x >0,y > 0}, R2 = {(2,y)|z >0,y > 0}. XI
& (2) BAGIAT FHE BRI

(FL) ay(t), bi(t), ci(t), d(t), c(t), f(t) Rl e(t) DX [0,+00) FAT S, HELEMY IE R

(Ha)  ai(t), bi(t), ex(t), d(t), e(t), f(t) Al e(t) w-JIIE AL REL.

N T RGRTTE, ST ETEXE] [0,+00) FEZELER AL f£(2), FATH T ML

M L .
= t = t).
fU=max f(t), f*= min f(t)

A, FRATER B A0 —28 g SOF5 [3.
EX1E FLAFRRGE (2) BFFAN, WRFFEIERFEE m, M,(i = 1,2) 1 T fI5 RS (2) W IEMH
(z(t),y(t)) M TALMILEERIIG RN @ WL my <a(t) <My, mo <y(t) < My, Ve >T+, Hrp T+ {5 T &.
TEX20 FRARSE (2) 2RI, WR RS (2) MATENPIE (x(t),y(t) I (u(t),v(t)) e
lim (z(t)—u(t))=0, lim (y(t)—ov(¢))=0.

t—+oo t——+o0

FIEB100l BN Ay R

Horp dy >0, FATA T YL S
(IR d, >0, A4 lim u(t) =
(2)andR d, <0, P4 tlim u(t) =
315B00 PP LETERH m A M SAERHERT® € Cn (7, 0], #547
m<11m1nfx (t,0,®) <limsupwz;(t,0,P) <M, i=1,2,---,n,

t—oo

W 1 — R A2 R o3 7 7 .
Z‘

F(t,x,),
dt
—EAFAESE A w WYIE IR, b o (t) € R T F(t,2,) J& n GEESESIHNZ R, 2(t,0,®) = (21(t,0,®),2,(t,0,P), -,
x,(t,0,P)).
SI3M B f JEE XA [0,00) LH—PAERRREEIRLE [0,00) EAIER, FFHAE [0,00) L—ELE, W
dm J() =

2 BHRM. FAM. K ER AR TEESE
EHL  EBH, O, WIAEER B, > 0(i =1,2), TR G (2) T — IR ((6), y(1)) WL T T A5

x(t) <My, y(t)<M,.

R B (x(t),y(t) RRGE(2)W R ANF (O RUE—IEME. H5E, 4t > 0 BT RFEQR)H— Ik U
Gl
o(t) <z(t)(1—=(t),
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L& T T A B AR

o1 B AT LU 3
lim u(t)=1% M,.

t——+o00
-

AR T AR Y HUAR R, A7 AE— D HALT, > 0, A5 24t > T Wfe(t) <M, F—2, 2t >0 BFRGE(2) 5

JRT LA )
0 <y [ L ey,

1

5 By, Xty (t) FAE—AHET, > 0, (1452t > T, By(t) < M,. HM, = aJ:ZL~
EIB2  H, ST HDY > R>0, MRS (2) 2 Am). Hrh

frmy M
1+Q{VIM1+bMM2+C MlMQ

SERD B (a(t), y(1) RRG QWA LR IO EAR. B2E, %t > 0 i RG QA RET
e :

KR T R 7 )
(t) =u(t) 1~ gor —u(t)]
SEIELNRnpYREE ;
(SN
A =g =

Jefss
B

ARG 7 R U R, AP — DR, > 0, 7250 > Ty Wa(t) >my. T—24, 2t >0 B RSE(2)
JriEna] LG E|
9(t) = y(t) [R—eMy(t)].

ELEE’\J%‘&E?@M, ﬁjﬂ—:g/l\ﬁiﬁjﬂs > maX{T07T1,T2}7 1524 > Ts Hﬂ‘y(t) > M. /H\:qjmz = e%-

M5B ER A28, AT LIS 2R T iR,

L1 BIRH S I Halds > M, MRS (2) P H R Ry K4

5122, Af A3 R AR,

#it2 BOHLEALIFHDY > ¢ R> 0, WIARSE(2) RFAFARIF HEDH — A 1Ew— 5 IIf#.

3 ARGHERK5IME

B, 8 T IrERATE

A(t)= c(t) ’A2(t)zw A3(t):M A4(t):w

G1(t)Gs(t) G, ()G (1)’ G1(t)Gy(t) ’ GL(H)Gy(t)
o f@®) _ f@)bi(t)x(t) ~ f@®)ba(t)y(t) [ (t)ult)z(t)
BO=zmen 2V G oo PV cnen PV T anen

A=1—AY_AY_BM_BY  B=eb—AY_AM_BY _BM,

Hrp
Gi(t) = (1+ay(t)z(t) + by (t)y(t) + 1 (D) ()y(t)), Ga(t) = (1+a1(t)u(t)+bl(t)v(t)+01(t)u(t)v(t)),
CA{ C]Maff M2 B CMa/i\/I M1 B ]\{ M22
Ar=—2>A(t), Ay = e > As(t), Az= e > As(t), A4— G > A4,
B ﬂ B fAIb:]lVIMl B f]\/fbi\{M2 f]\/[ IM12
B, = e > By(t), By= e > By(t), Bs= G > By(t), By= G > By(t),
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G=(1+atm, —|—b1Lm2+cle1m2)2.

T3 BB F2M AL, HA>0,B>0, WARS(2)RE2HEGH).
HERR B (2(t),y(t) F(u(t), v(t) RFRLE(2) FATEMAIEM. HRGEQ)WFFANE, FFEFET > 0,m, >
0, M, >0(i=1,2) it

my <x(t),u(t) <My, mq<y(t),v(t) < M,. (5)
XF—J¢ > Thisr. & X Liapunov PR
V(t)=|Inz(t) —Inu(t)|+|Iny(t) —Inv(t)|.

W 2R88(2) HRV () W B 153

= sign(z(t) —u(t)) [ (@(t) —u(t)) — A () (y(t) —v(t)) + Ax (8) (2 (t) — u(t))
—As () (y(8) —v(t)) + Au(t) (w(t) —u(®))] +sign(y(t) —v(t)) [ —e(t) (y(t) v (1))
=By (1) (x(t) —u(t)) + Ba(t) (y(t) —v(t)) = Bs(t) (x(t) —u(t)) + Ba(t) (y(t) — v(t))]

IN

(1= As— Ay — By — By)|z(t) —u(t)| — (% — Ay, — Ay — By — By)|y(t) —v(t))|

= —Alz(t)—u(t)| - Bly(t) —v(t)|.

4 C =min{4, B}, W13%|

DAV(t) < ~C (ja(t) —u(t)| +ly(t) — (). (6)
TEXMET, ] LR (6), FRAT1SE
VO +C [ (la(s) ~ul9)|+ y(s) ~ () ds V(D). (7)
Wi
[ ee-ueas<EE [y -onas< T e ®)

B (5), (7) FI(8) FATATLIAE Bz (2), u(t) Fly(t),v(t) A FELd (1), a(t) Flyt),o(t) FEXMET, +oo) L REAFH. M
MM ](t) — y(t)] + [u(t) —v(t) [FEXIB)[ T, 00) L R—BGESEH), 53 A 1455

Jim (2(8) —u(®)]+|y(t) —o(®)]) =0.

Jﬂfn
lim (z(t)—u(t))=0, lim (y(t)—ov(t))=0.

t——+o0 t——+o0

rfEIS 2 B3, AT T mav4sie.
B3 IRIHEIS 2/ ST, HA >0, B>0, WAL (2)A — 4R 5 | HY 1Fw— & 1.
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4 % i

ACHFE T HA Crowley-Martin I e W BREL AR BiG i B- 2 ARS8l - i, & e AR LT
TRV AR ) LU SR BRAS MR A e | R AE L K 4a k| E RIS AR, R R E R AR SR
A TEE 24 1Y Lyapunov BREFS 21 T i 4 ]y 5 |1 ARSCHR IR RS RS FNAS B O 518 HE) T STk [5] 19 45
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