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Abstract: In this paper, a new uncertain quantile regression model based on uncertainty theory is proposed. Under the frame-
work of uncertainty theory, the definitions of uncertain quantile and uncertain loss function are given and the related theorems
are proved. Then, parameter estimates, forecast values and confidence intervals are obtained for the uncertain quantile regres-
sion model by using the optimization method of mathematical programming. Finally, two numerical simulations are shown to
illustrate the effectiveness and robustness of the model.
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0 Introduction

Quantile regression is a method to obtain parameter estimates by minimizing the sum of the absolute values of the
weighted residuals. Since 1978, when Koenker and Bassett!!! first introduced the concept of quantile regression, it has at-
tracted the attention of many scholars and has been widely used in various fields, such as data processing, systems engineering
and probability statistics. Eide and Showalter'? used quantile regression to study the effect of education on intergenerational
income, this method is less restrictive on the random disturbance term in the model and reduces the cost of the experiment.
Beirlant and Goegebeur™ modeled in data processing by Pareto index, this model can estimate extreme quantile problems
and effectively analysis the tail weights on the conditional distribution of response variables. Somers and Whittaker™ applied
the quantile regression into retail credit risk assessment practices, solutions at different quartiles can reasonably explain the
different distributions in the financial services industry. Nikolaou™ analyzed the effect of different magnitude shocks on the
real exchange rate based on semi-parametric and non-parametric quantile regression models, which clearly reflect the pattern
of exchange rate changes at extreme quantile. Yu and Moyeed™ introduced the idea of Bayesian quantile regression and
proved the robustness of quantile regression to heteroskedasticity. Tang and Kong!” applied the idea of quantile regression to
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the linear semi-parametric model of functional data. Sun® further introduced the idea of quantile regression into functional
data and established a functional data quantile regression model. He, Yan and Xu! combined the support vector integral
quantile regression method with fuzzy information granulation to construct a quantile regression model based on fuzzy
information granulation and support vector.

To the best of our knowledge, the quantile regression has been proposed usually in the framework of probability theory.
Because the traditional quantile regression methods all assume that we have a large number of precise observations, and
some observations are imprecise within a certain range, e.g. height around 1.8 m, distance from the school building about
500 m, weight of the dog between 10 and 20 kg, etc. So, the results of the regression analysis method under probability
theory will have a large bias, we need to use experts’ estimated imprecise data. Based on the above research background
and problems, Liu"'*~'"! proposed uncertainty theory to fill these gaps and widely applied into various fields such as uncertain

(121 yncertain calculus!"®!, uncertain statistics"'¥ and uncertain differential'’®. At the same time, Liu and his

programming
students put forward the principle of uncertain least squares method, the parameters were also estimated using experimental
data and the sum of squares of distances from uncertain distributions""*. They also introduced point estimates of the unknown
parameters in the uncertain multiple regression model”®. Shortly after, Lio and Liu"”" made interval predictions of the
response uncertain variables to determine the range of values of the estimates. Ye and Liu!'"® derived uncertain least squares
estimates of the unknown parameters, in which the disturbance terms are assumed to have normal uncertainty distributions.
[19]

Liu and Yang'”' applied the least absolute principle into the estimates of the unknown parameters in an uncertain multiple
regression model. To further improve the uncertainty theory, this paper develops an uncertain quantile regression (UQR)
model based on previous studies combining quantile regression model and uncertainty theory. From the data perspective,
using uncertain data can make the estimation results more accurate. From the model perspective, UQR can not only measure
the effect of regression variables at the center of the distribution, but also fit the curves corresponding to different quantiles,
which can analyze the characteristics of the data more comprehensively.

The rest of the paper is organized as follows. Section 1 reviews the basics of uncertainty theory. Section 2 defines
the concepts of uncertain quantile and uncertain loss function. In Section 3, the UQR model is introduced. The uncertain
parameter estimates, residual distributions and confidence intervals of the response variables are also obtained. In Section 4,
numerical simulations are performed to compare the mean square errors of the original data and the uncertain data, and the

robustness of the UQR model is demonstrated. The conclusions are given in Section 5.

1 Preliminaries

In this section, we introduce some fundamental concepts and theorems based on uncertainty theory, including uncertain
measure, uncertain variable, uncertainty distribution, uncertain expected value and uncertain variance.

Definition 1" Let £ be a o-algebra on a nonempty set I'. A set function M : £ — [0,1] is called an uncertain
measure, if it satisfies the following axioms:

Axiom 1 (Normality Axiom) M{I['} =1 for the universal set I".

Axiom 2 (Duality Axiom) M{A}+ M{A°} =1 for any event A.

Axiom 3 (Subadditivity Axiom) For every countable sequence of events A;, A,, ---, we have
M{UA,-} <) MIAY.
i=1 i=1
Axiom 4 (Product Axiom) Let (I';, £;, M;) be uncertainty spaces for k = 1,2,---. Then the product uncertain measure

M is an uncertain measure satisfying

M[Tad= Amian,
k=1 k=1

where A, are arbitrarily chosen events from £, for k=1,2,---, respectively.
Definition 2!'"” An uncertain variable £ is a measurable function from an uncertainty space (I, £, M) to the set of real

numbers, i.e., for any Borel set B of real numbers, the set

{feBy={yel'|&(y)eB)

is an event.
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Definition 3" The uncertain variables &,,&,,--- ,&, are said to be independent if

m

M{ ﬂ{f, € B;}} = /m\M{ff[ € B},

i=1

for any Borel sets By, B,,---, B,, of real number.

Theorem 1Y Leté&,&,,---,&, be independent uncertain variables with regular uncertainty distributions @,, ®,,-- , ®,,
respectively. If the function f(x,,x,,---,x,) is strictly increasing with respect to x;,x,,---,x, and strictly decreasing with
Xmels Xmazs*** » Xn, then the uncertain variable

é::f(é:la"',fm"fmﬂf”’é‘:n)

is an uncertain variable with inverse uncertainty distribution
(@)= (D7 (@), -, D, (@), D, (1 -a), -, D, (1 -a)).

Definition 4" Let £ be an uncertain variable. Then the expected value of £ is defined as

E[f]sz/\/({fo} dx—f M€ < x} dx,
0 —00

provided that at least one of the two integrals is finite.
For an uncertain variable ¢ with regular uncertainty distribution @(x), its expected value can be obtained by

1
E[¢] = f & (@) da.
0

Theorem 2!'Y Let & and i be independent uncertain variables with finite expected values. Then for any real number a
and b, we have
Ela&é +bn] =aE[€]+bE[n].

Definition 5''" Let & be an uncertain variable with finite expected value e. Then the variance of & is defined by

VIl = E[(é~e)’].

For an uncertain variable & with regular uncertainty distribution @(x) and finite expected value e, its variance can be
obtained by

Vi£] = f I(QD"(a)—e)zda/.
0

2 Uncertain Quantile

The core of the quantile regression model is the quantile in probability theory. In order to build the UQR model, we
define the concepts of uncertain quantile and uncertain loss function as follows.

Definition 6 Let ¢ be an uncertain variable with regular uncertainty distribution @(x). Then for any real number x and
0 <7<, the 7 uncertain quantile of £ is defined as

@7 (1) =inf{x: &(x) > 7).
Definition 7 For a real number 7 € (0, 1), we define an uncertain loss function p.(y) as follows,

Ty, ify>0
Y y (1)

(t—1)y, otherwise

p:(y)=(- I(y<0))y = {

where the indicator function /4, equals 1 for all elements of A and 0 otherwise.
According to the calculation of expectation in uncertainty theory, the expectation of uncertainty loss function in Defini-
tion 7 is proved as follows.
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Theorem 3 Let £ be an uncertain variable with an uncertainty distribution @(x). If the uncertain loss function is p,(y),
then for any real number X and 7 € (0, 1), the expected value of the uncertain loss function is defined by

B(3) 1

Ep,(f—fc):(‘r—l)f ((D’l(a)—fc) da'+‘rf (@’l(a)—fc) do )
0 D(%)

Proof According to formula (1) in Definition 7,

Elp-(y)] = E[p-(£ - %)] 3)

Denote the uncertain measure as M which reflects the personal confidence degree of an uncertain event that may happen,
an uncertain variable as & and its uncertainty distribution as @(x). Then it follows from the definition of expected value!'”
and subadditivity of uncertain measure!'”! that

0

E[Pf(s‘f—f)]=me{pT(f—fC)Zx} dx—f Mp(€- %) <x} dx
0 —o00
:fo M{[T(f—fc)Zx]U[(T—l)({-‘—fc)ﬁx]}dx
Sme{T(.f—fc)2x}+M{(T—1)(§—fc)Sx} dx 4)
0

:fO”(l_gb(;m)m(ﬁm))dx

T[Im(x—fc) d@(x)]+(r— 1)[[2 (x—2%) d(D(x)]

Note that £ is uncertain variable and
&-x )

is increasing with respect to £ The inverse distribution of the uncertain variable & is @ '(@). According to the operation law
of the uncertain variable!'”’, and the inverse uncertainty distribution of uncertain variable (5) is
(@)%,
therefore,
D(%) 1
(- 1)f (7(a)-2) doz+‘rf (¢7'(a)- ) da.
0 B(3)
Since Equation (4) can be showed as
1

Ep ((-%)=(1— l)f‘M) (@*l(a)—)?) dcy+Tf (q’rl(a)—fc) da,
0 @

(%)
for any 7€ (0, 1).
According to uncertainty theory, the uncertain quantile can be defined as Theorem 4.
Theorem 4 Let ¢ be an uncertain variable with uncertainty distribution @(x). Then for any real number X, we have

DR =1.

Proof According to the uncertain loss function p,(y), 7 € (0, 1), Formula (2) and Theorem 3, we find the minimum value

of the objective function:
1

Ep,(f—fc):(T—l)fm)(qs-'(a)—x) da+‘rf (27'(a)- ) da.
0 D

(2)
Taking the derivative of X in the Equation (2), we get

0] 1
0=(T—1)f (—1)da+7’f (-1)da
0 D(X)

= (= 1)(=a) 79 +7(=a) Iy,
=—PR)(T- D)+ (DPR)- DT
= @(ﬁ') -T,
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which can be calculated as
d(x)=T.

Since @(x) is a regular uncertainty distribution, it has a unique solution, @(%) = 7. Therefore, the minimum estimated
expectation of the real number X is the uncertain quantile.

3 UQR Model

In this section, UQR model is presented, parameters are estimated for different quantiles, and the residual distributions,

forecast values, confidence intervals for the corresponding quantiles are given.

3.1 Statistical Inference of UQR

The uncertain least absolute deviation estimator was derived by Liu and Yang"®'. According to the definition of uncertain
quantile, the uncertain quantile is 0.5 in Reference [19], while other quartiles are not explained. However, Liu and Yang only
analyzed the change pattern of the data in the center, other data are not analyzed. To make up for this deficiency, we define a
unary uncertain quantile regression model as follows.

Definition 8 Given imprecisely observed data y;, x; (i = 1,2,---,n) characterized as independent uncertain variables

with regular uncertainty distributions @;, ¥; (i = 1,2,---,n). These data satisfy the unary linear regression model, i.e.,
yi=Bo+xB+¢&, i=1,2,---,n.
When 7 is uncertain quantile, the unary linear regression model is expressed as
Yi=Bortxfirt&r, 1=1,2,--,n,7€(0,1) (6)

where fy,, 1. are unknown parameters, &;, are disturbance terms.
Definition 9 If the data satisfy the linear regression model (6) in which 7 is uncertain quantile, then uncertain quantile

regression estimators S;_, 81, of By, Bi. respectively are the optimal solutions of the following minimization problem:

min E, T i~ Por T APl 7
ﬂOTVB]T,TE(O,l); ,O(Iy 180 xﬁl |) ()

further,

min E((1- By — X + E(T1y— B — x. ’
ﬁmﬁme(o,w( Z (@A=D)1yi=Bor = X1 Z (T 1Yi=Bor xﬁlrl))
Yi<xiPr+for YizBor+xific

where i=1,2,---,n, 7€(0,1).

To analyze the parameter estimation problem, the parameter estimation of the UQR model can be turned to a simple
optimization solution problem.

Theorem 5 If the data satisfy the linear regression model (6) in which 7 is uncertain quantile, then uncertain quantile
regression estimators 3;_, 8}, of B., Bi. respectively are the optimal solutions of the following minimization problem:

mi
BorBir.7t€(0,1)

in Z Ep (| yi—Bor — x:51- D,
i=1

further,

Lmin ()T E(-0ly-Bu-xBiD+ Y EGly—Bo=xpi))
Yi<xifre+Bor yizBor +xiBir

which can be calculated as

v 1
min, (Y, =0 [ 10 @2 @B ldar Y, 7 [ 107@ - ¥ @B ).
ForBre-e@) Yi<Bor +xif1r 0 yizPor+xific Y

where

-1 _ 77 (1-a), Bi: =0,
SUi ((Y,BIT)_{ Y’;l(a’), ﬁ17<0,
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and
Bor=(b1i—Birbai) >0
U, ={ a1;=Birazi=b1i+p1:b1i’ Bir20,

a1i=Bia2i—Por
——i il <0
a1i~Brrazi+b1i-Birbai’ Bir ’

fori=1,.2,--,n,7€(0,1).
Proof According to Definition 9, then UQR estimators 3;_, 5;. of By, Bi. respectively are the optimal solutions of the
following minimization problem:
min (3 E(=-D|yi-Bu-xBiD+ D EG@Iyi—Bo—xBiD) ®

BorBir.t0,1)
o Yi<xifir+Bor YizBor+xiB1r

Noting imprecise observations y;, x; (i = 1,2,---,n) have uncertainty distributions @;, ¥; (i = 1,2,---,n), so the inverse

uncertainty distributions of y;, x; (i=1,2,---,n) are @;l(a), Yfi’l(a) (i=1,2,---,n). The uncertain variables

Yi—Por = XiPis )

increase with the increase of y;, increase with the increase of x; when B,; < 0; and increase with the decrease of x; when
B1:>0,i=12,--,n, 7€ (0,1). According to the operation law of uncertain variables!'”, the inverse uncertainty distributions
of uncertain variables (9) are

17 (@) = D; (@) = Bor — ¥ (@.Bio)Birs
where
Y'(l-a), P20,

-1 _
Byi (a',ﬂlr) - { Yj;l(a’), BIT < O,

fori=1,2,---,n, 7€(0,1). Therefore, we take @;'(@)—Bo.— ¥; (@, B1:)Bi- =0, fori=1,2,---,n, T €(0,1). Suppose D;(a), ¥()
are linear uncertainty distributions, ®;(@) have inverse uncertainty distributions @;'(@) = (1 - @)ay; + aby;, ¥i(a) have inverse

uncertainty distributions %' (@) = (1 — @)ay; + aby;, when ;. <0,

¥ (@)= V(@) = (1 -~ @)ay +aby,

and
;' (@)~ ¥ (@, Bio)Bie =Pors
then
(1-a)ay;+aby;—[(1 —a)ay + aby)Bi: = Por,
so that

o= ay;— P10z — Bor
a]i_ﬁlra2i+bli_ﬁlrb2i’
fori=1,2,---,n,7€(0,1). When 8,, >0, ¥ (1 —a,Bi;) = ¥ (1 — @) = aay + (1 — )by,

@;l(a) - &Uiil(a’ﬁlr)ﬁlr :ﬂ()'m
then
aay;+ (1 —a)by; — [aay + (1 —@)by1B1: = Bors

so that
o= Bor — (b1;—B1:b2)
a1;—Bi:tz — by +B1:by; ’

fori=1,2,---,n,7€(0,1). According to Theorem 3, Formula (8) can be calculated as follows

Bor Bir.te0,1)
o Yi<Bor+xiB1r YizBor +XiB1r

Ui 1
min (> (1-7) f | (@) ~Boe— ¥ (@ Bio)Brc | dat Y T f | B, (@)~ Bor— ¥ (@ Bi)Brc | dar),
0 Ui

where
711 -a), >0,
v p=] o TP
Y’i (a,)’ ﬁl‘r<05
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and
Bor=(b1i=Birb2i) >0
U‘Z{ a1;=B1ca2i=b1;+B1:b1;° ﬁlr— ’
! a1i=Bia2i—Por
— A <
a1i~Brrazi+b1i-Birbai’ Bir <0,

fori=1,2,--,n, 7€(0,1).
3.2 Stability Testing

Normally, the establishment of the statistic models should include stability testing. However, the data are imprecise in
some cases, and it is difficult to test imprecise data in probility theory. So we give Definition 10 to introduce the specific
method of UQR model testing using imprecise data.

Definition 10 If the data satisfy the linear regression model (6) in which 7 is uncertain quantile, the residuals of 7
uncertain quantile regression are expressed as

éiT:yi_(ﬂST+xiﬁT-r)7 i:17"'»n5T€(071)'

Bs.» B are UQR estimators of By, B, respectively. Furthermore, with the assumption that E[&;.] = e,, V[&;,] = o2, uncertain
mean square errors of g;, are mse., (i=1,---,n), 7€ (0,1). We can estimate expected values, variances, mean square errors of

7 uncertain quantile regression as &,, 62, mse., respectively.

1/‘[
AT:_ EA[T?
e n; [Ei]
1"[
A2:_ EAi‘r_A‘rz’
&’ nZ (3 —2.)]
1"
= EAi‘rz’
mse n; [(&in)]

where i=1,2,---,n, 7€(0,1).

For convenience of calculation, the following formula is given based on uncertainty theory and the concept of Definition
10.

Theorem 6 If the data satisfy the linear regression model (6) in which 7 is uncertain quantile, then the expected values

é., variances ¢ and uncertain mean square errors mse. of &;, can be respectively calculated as follows

1 [
é’zﬁzf (@7 (@)= By + ¥/ (. B )y ) der (10)
i=1 YO0
1 [
=~ &7 (@)= By + (@B} )Bl —2))d 1
oy n;fo(,(a/) B;, + ¥ (@.B.)B,. —&,)) da an
mser= 2 f (@@= (B + 7 (@ 51)f1)) da (12)
where
. _J) ¥'d-a), Bi20,
y/i (a’ﬁlr)—{ g’i_l(a)’ ﬂ11<0’

fori=12,--,n,7€(0,1) and §;_, B, are UQR estimators of S, B, respectively.
Proof According to Definition 10, the residuals of 7 UQR are expressed as

&ir = yi = By + XiB10),

fori=1,--,n, 7 € (0,1) and the valuation of Sy, 8., are S3;_, 5., respectively. According to the operation law of uncertain

variables!'?, inverse uncertainty distributions F'(x) of & are

F.l =& (@)= By — ¥ (@)
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where i=1,---,n, 7€(0,1). Then we have

E[&;,]= fo 1 F (@)da (13)
E[(¢r—e.)]= f I(F,;‘(a>—e,>2da (14)
!
El8)= f (@7 (@)= B, + ¥ @B 0B, da (1)
where
A e,

fori=1,---,n, 7€(0,1). Theorem 6 can be directly obtained from formulas (13)~(15).

In the following paragraphs, Definition 11 and Definition 12 give the calculations of the forecast values and confidence
intervals.

Definition 11 Given a new uncertain variable ¥ with a regular uncertainty distribution % in 7 uncertain quantile

regression model (6), the forecast values j, are predicted to be
. =EQ@.)=E@;, +x6;,)+eé,, t1€(0,1).

Definition 12 Suppose in 7 uncertain quantile regression, &, are normal uncertain variables, N'(é,,5), 7€ (0,1). Using
the linear regression model (6), the uncertainty distributions of §, are @,, and the inverse uncertainty distributions @;'(a) of

9. are given as follows
@ ()=, + 7 (@B, +0] (@),

where
o . 7'(1-a), B.>0,
Yj ](a’ﬁlr): ar—1 ﬁi
YY), B, <0,
and
o . V3 a
O (@)=é,+6,—1In s
T 1-a

for 7€ (0,1). ®;'() are the inverse uncertainty distributions of the normal uncertain variables N'(¢,,6), T € (0, 1). Therefore,

[10

according to the subadditivity of uncertain measures!'”, we have

Mpe =B < yr S e+ B} 2 Pl + 1) — Pt =),
where 7 € (0,1). Thus, the prediction intervals of X corresponding to y, are
(e =Bes pte +B: ],
and B3, are the minimum values of Formula (16):
Do (pte +B:) = Po(pte =) 2 & (16)
where 7€ (0,1).
4 Numerical Simulation and Case Analysis

In this section, two experiments based on Model (6) are performed. Furthermore, we estimate the unknown parameters,
expected values, variances, mean square errors, forecast values and confidence intervals for the UQR model. We have a linear

uncertain variable £(a, b) with the distribution

0, x<a,
D(x)=4 x—a/b—a, a<x<b,
1, x>b,

where a and b are real numbers, and satisfying a<b.
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4.1 Numerical Example
We describe the imprecise data expressed in interval forms as linear uncertain variables (Table 1).

Table 1 Imprecisely observed data

i Vi Xi i Vi Xi

1 £(83,90) L(5,6) 9 £(233,280) £(20,21)
2 £(32,40) £(0,1) 10 £(198,248) L(17,18)
3 £L(41,60) £(2,3) 11 £(298,369) £(27,28)
4 £(98,125) L(7,8) 12 £(264,330) £(23,24)
5 £(60,80) L3,4) 13 £(253,318) £(22,23)
6 £(140,157) L(11,12) 14 £(298,396) £(28,29)
7 £(182,219) L(15,16) 15 L(117,145) £(9,10)
8 £(150,191) £(12,13)

By Theorem 3, if the data satisfy the linear regression model (6), the unknown parameters S3;_, 8], respectively are the

optimal solutions to the following minimization problem:

Ui 1
i (3 -0 [T @ v wpop o 3 [0 @ 0 w08 N da)

Yi<Por+xiBir YizBor +XiBir
where
—1 Y/1'71(1_0,)9 ﬁlrzo,
T‘ (asﬁl‘r) =
' P (a) B.<0
i ) 1r s
and
Bor=(b1i=Birbri)
U= { “ll‘ﬂl?‘/‘gli_blr‘;ﬂhbli > Birz 0,
a1i—P1r42i—Por
—_— e T <
a1;=Birazi+b1i~Picbai’ Bi- <0,

fori=1,---,n, 7€(0,1).
Through the formulations above, we can obtain estimates of the UQR in Table 2 when 7 is equal to 0.1, 0.25, 0.5, 0.75

and 0.9, respectively.

Table 2 Estimated coefficients of each quantile

T 0.1 0.25 0.5 0.75 0.9
Bo 29.03 29.30 2722 10.14 10.16
Bi 10.41 10.47 11.17 12.64 12.64

According to Theorem 6, the estimated expected values and variances of &,, 7=0.1,0.25,0.5,0.75,0.9, respectively are
shown in Table 3.

Table 3 Estimated expected values and variances

T 0.1 0.25 0.5 0.75 0.9
e: 9.43 8.37 0.75 -2.65 -2.67
o? 201.72 193.75 137.46 270.46 270.46

From Table 4, it can be seen that mean square errors with imprecise observations are as follows.

Table 4 Mean square errors under imprecise observations

T 0.1 0.25 0.5 0.75 0.9
mse;. 290.66 263.82 138.03 277.48 277.57

The mean square error in the UQR model can reflect the fit of different quartiles, and the whole pattern of the data can
be judged based on it. As shown in Table 4, by calculating the mse, values at different quartiles, with the exception of the
quantile with 7 = 0.5, all other mse, are about 300, from 0.1 to 0.5, the values of the quantiles increase and mse, decrease.
From 0.5 to 0.9, mse, increase with the increase of quantiles. In other words, the data are mostly concentrated around the

7=0.5 quantile regression line.
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Next, a new imprecise observation ¥ = £(30,31) is given. From Table 5, the forecast values of the uncertain variables
and the prediction intervals at the confidence level @ = 95% are predicted.
From the values of the coefficients for each quantile in Table 2, the corresponding lines are drawn as follows (Fig 1).

Table 5 Forecast values and confidence intervals

T u conf
0.10 355.98 [327.29,384.67]
0.25 356.92 [328.81,385.03]
0.50 368.51 [344.83,392.19]
0.75 392.96 [359.74,426.18]
0.90 392.96 [359.74,426.18]

0 5 10 15 20 25 30
Fig 1 UQR diagram of imprecise data at five quantiles
4.2 The Case Analysis

The following case is taken from Reference [19]. Suppose an industrial engineer, employed by a company responsible
for bottled soft drinks, is analyzing the working performance of a vending machine. A man randomly visits 25 retail stores
equipped with vending machines to observe the delivery time (in minutes) and the quantity delivered (in cases) for each store
in turn.

Due to the data recording mechanism, imprecision of the data is inevitable, so it is more reasonable to describe imprecise
data as uncertain variables. In Table 6, data Y; and X; are from the original data in Reference [19],i=1,2,---,n, respectively.
The lower limit of each uncertain data y; is the corresponding Y; subtracted from itself by 20%, and the upper limit is Y; itself,
i=1,2,---,n, respectively. The lower limit of each uncertain data x; is the corresponding X; itself, and the upper limit is the

corresponding X; of itself plus 1, i=1,2,---,n, respectively.

Table 6 Data of delivery time and delivery volumes

i Y; Vi Xi X i Y; Vi Xi X;

1 16.18 £(12.944,16.18) 7 L(7,8) 14 19.75 £(15.800,19.75) 6 £(6,7)
2 11.50 £(9.200,11.50) 3 L3,4) 15 24.00 £(19.200,24.00) 9 £(9,10)
3 12.03 £(9.624,12.03) 3 £L(3,4) 16 29.00 £(23.200,29.00) 10 £(10,11)
4 14.88 £(11.904,14.88) 4 £(4,5) 17 15.35 £(12.280,15.35) £(6,7)
5 1375 £(11.000,13.75) 6 £6,7) 18 1900  £(15200,19.00) 7 £(7,8)
6 18.11 £(14.488,18.11) 7 L(7,8) 19 9.50 £(7.600,9.50) £L(3,4)
7 8.00 £(6.400,8.00) 2 L£(2,3) 20 35.10 £(28.080,35.10) 17 L(17,18)
8 17.83 £(14.264,17.83) 7 L(7,8) 21 17.90 £(14.320,17.90) 10 £(10,11)
9 79.24 £(63.392,79.24) 30 £(30,31) 22 52.32 £(41.856,52.32) 26 £(26,27)
10 2150  £(17.200,21.50) 5 £65,6) 23 1875  £(15.000,1875) 9  £(9,10)
11 40.33 £(32.264,40.33) 16 £(16,17) 24 19.83 £(15.864,19.83) 8 £(8,9)
12 21.00 £(16.800,21.00) 10 £(10,11) 25 10.75 £(8.600,10.75) 4 L4,5)
13 13.50 £(10.800, 13.50) 4 £L4,5) - - - - -
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We choose a unary linear regression model
Yi=Por + X+ &r, i=1,2,--,n,7€(0,1)

to fit the uncertain observations in Table 6. According to Theorem 5, UQR estimators ;. , 5;. of By, Bi. respectively are the
optimal solutions of the following formula minimization problem:

min, (Y, (-0 [ 10 @-pu- v @B lder Y, 7 [ 10 @)= 7 @ fr)fic da).
0

BorBir,7e(0.1)

Yi<Bor+xiBir YizBor+xiB1r vi
where
-1 Wlfl(l_a)’ Bir >0,
SrIi (a’ﬁlr) =
-1
yli (a)’ ﬁlr < Oa
Bor=(b1i=Birbai)

__Bor=(b1i=Bicbai) S

v = "ll_ﬁh%z;—bh;ﬁhb“ > IBIT >0,
— 4iTP1ri—Por
ali=Pirai+bi=Picbai’ Bi- <0,

fori=1,---,n, 7€(0,1).
Through the formulations above, we can obtain estimates of the UQR in Table 7, when 7 is equal to 0.1, 0.25, 0.5,
0.75, 0.9, respectively. According to Theorem 6, the estimated expected values and variances of ., 7=0.3,0.4,0.5,0.6,0.7,

respectively are shown in Table 8.

Table 7 Estimated coefficients of each quantile Table 8 Estimated expected values and variances

T 0.3 0.4 0.5 0.6 0.7 T 0.3 0.4 0.5 0.6 0.7
Bo 1.04 1.51 3.21 0.06 -0.30 e; 1.46 0.99 0.54 -0.30 0.06
Bi 1.90 1.90 1.77 2.20 2.20 o2 1456 1456 1614 1693 1693

Next, a new imprecise observation ¥ = £(31,32) is given. From Table 9, the forecast values of the uncertain variables
and the confidence intervals with the confidence level @ =95% are predicted.

Table 9 Forecast values and confidence intervals

T u conf
0.3 62.47 [54.76,70.18]
0.4 62.47 [54.76,70.18]
0.5 59.45 [51.34,67.56]
0.6 69.05 [60.74,77.36]
0.7 69.05 [60.74,77.36]

By Table 7, the corresponding lines are drawn as follows (Fig 2).
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Fig 2 UQR diagram of imprecise data in different quantiles

The mean square errors are mse,, in Reference [19], and the mean square errors of UQR are mse;,. The results are as

follows in Table 10.
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Table 10 Mean square errors

T 0.3 0.4 0.5 0.6 0.7
mse;. 16.69 15.35 16.43 17.03 16.93
msey. 25.27 24.67 23.81 17.89 19.49

In the UQR model, the mean square error is an important evaluation index. By comparing the mean square errors in
Table 10, they show that the mean square errors of UQR are smaller than the mean square errors of the traditional quantile

regression model in different quantiles. In other words, UQR estimation is more suitable.

5 Conclusion

This paper proposes a new uncertain quantile regression (UQR) model to compensate the uncertain least absolute de-
viations for uncertain multivariate regression model in Reference [19]. In terms of model applications, the UQR model can
reasonably describe the variation of the response variables and predictor variables at each quantile. And potential different
solutions have very useful interpretative significance in different quantiles. In terms of data, uncertain data can be applied to
the UQR model. This new model combines leverages uncertainty theory and quantile regression to provide a more compre-
hensive explanation of the problem. So the UQR model is more reasonable and reliable.
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