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0 Introduction

Let M, be the algebra of all nxn complex matrices. A norm ||| - ||| on M, is called unitarily invariant if |||[UAV]|| = |||A]l|
for all A € M, and all unitary matrices U,V € M,,. Let M be the positive part of M. For A € M, let 4,(A),---,4,(A) be the
eigenvalues of A. The singular values of A, denoted by ,(A),--,u,(A) are the eigenvalues of |A| = (A*A)%.

Let A,B € M} with p,q > 0. In his investigation of matrix subadditivity inequalities, Bourin[1] posed the following

conjectures for unitarily invariant norms

lA7* + B"™|| < [I(A” + B")(A? + BT, (1)
and
IA”* + B || < |[(A” + B")* (A" + B')(A” + B")? . )
In order to solve Bourin’s Question, Hayajneh-Kittaneh!? proposed the following stronger question
lA1A2 + B Bo|| <[|(A1 + B1)(A2 + By, 3)
and
14145+ By Ball < (A + B1)F (As + Bo)(Ay +B)) || )

Obviously, replacing A, A,, B; and B, by A?, A%, B” and B, respectively, we can get inequality (1) and (2).
Recently, Lin[3] proved that if A;,, B; e M'(i=1,2,--- , k), such that A;B; = B;A;, then

k k k k
1" ABI<IO A7 B VIO A Bl )
i=1 i=1 i=1 i=1
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A special case (i.e., k = 2) of inequalities (5) confirms a conjecture of Hayajneh and Kittaneh (3).
On the other hand, Liu-Wang-Sun [4] showed that if A;, B; e M (i=1,2,--- ,k), such that A;B; = B;A;, then

k k k k k
1" aBI<IO A B A)F QT BIO Ak (©)
i=1 i=1 i=1 i=1 i=1

The inequality (4) can be derived from (6) by taking k = 2.

In 2016, Han-Shao[5] proved the inequality (5) for p-norm on noncommutative L, spaces associate with a semi-finite
von Neumann algebra. The aim of this paper is to show some logarithmic submajorization and quasi-norm inequalities
on noncommutative symmetric quasi-Banach spaces. By adopting the techniques in [6 — 8], we obtain some logarithmic
submajorization inequalities. As an application, we show that the inequalities (5) and (6) hold on noncommutative symmetric

quasi-Banach spaces with order continuous quasi-norm.

1 Preliminaries

We denote by M a semi-finite von Neumann algebra on the Hilbert space #, with a fixed faithful and normal semi-finite
trace 7, and M, its positive part. Let S,(M) = {x € M, : 7(s(x) < o)} and S(M) be the liner span of S, (M). The elements
of S(M) are said to be supported by projection of finite trace. We will often denote S, (M) and S(M) simply by S, and S,
respectively. A closed densely defined operator x on H is said to be affiliated with M if ux = xu for any unitary u in the
commutant M’ of M.

An operator x affiliated with M is said to be measurable with respect to (M, 7) (or simply measurable) if for any § > 0
there exists e € P such that

e(H)eD(x) and Tt(e*)<0.

We denote by Ly(M,7), or simply Ly(M), the family of all measurable operators.
Definition 1 Let xe€ Ly(M,7) and ¢ > 0. The generalized singular number of x y,(x) is defined by

1,(x) = inf{||xe|| : e is a projection in M with T(e*) <1}.

We denote simply by u(x) the function t — ,(x). If x is positive, then

u(x)= _ inf [ sup <X§,§>]~ )

EeMT(-E)st | gep (), |lél=1

See [7] for basic properties and detailed information on g,(x).
For x € Ly(M) and ¢ > 0, we define A,(x) by

A(x)= exp(f log u,(x)ds), > 0. ®)
0

To insure that A,(x) is well-defined (i.e. co—oo does not occur), we will consider, in the remainder of this paper, only the class
of measurable operators x satisfying: x € M or y,(x) <Ct™*,C,a > 0.

Let x,y be two T—measurable operators. we have

A(xy) < AOAY), ©)
A(x) = A(x7) = Au(1xD), (10)
A(x) = A (x)", @ > 0. (11)

For further details and proofs, we refer the reader to [7,9].
A quasi-Banach lattice E is called a symmetric quasi-Banach space if f € E,g € Ly(0,0) and u(g) < u(f) implies that
g€ E and |igllz < |Ifllz ( see [6,10] for more details). For 0 < r < oo, E® will denote the quasi-Banach spaces defined by

: r "t
E”={x€(0,00):|x"€E} and [lxllzn = lllxl'll;-
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Let E be a symmetric quasi-Banach space on (0,00). We say that E has order continuous quasi-norm || - || if for every net
fi-iel in E such that f; | 0 implies ||fi|| | 0. We define

EM)={xeLiM):u(x)€E} and ||Ixllzom = lI(0)llE.

Then (E(M), || - llzim) s @ noncommutative symmetric quasi-Banach space. If E = L, then (E(M),]| - l|lgg) is the usual

noncommutative L, space (L,(M),]|-]l,). For 0 <r < co, we define
EM)" ={xe Ly(M):|x' € ECM)} and  ||xllpvyn = |||x|r||;M)~
As is shown in [6], if E is a symmetric Banach space, then E” (M) = E(M)®, where
EO(M)={xe Ly(M): u(x)€ ET}.

and ||x]|z a0 = lle(X)||zor . It is well known that E(M)™ is a noncommutative quasi-Banach space. A quasi-Banach lattice E is

said to be a-convex if there exists a constant C > 0 such that for all finite sequences x, € E
oyl oL
&) 7 Il < CElxI1%)e.

Further details may be found in [6, 10].

Definition 2 Let x, y € M. We say that x is logarithmic submajorization by y and write x <,,, y if and only if
A (x) < A(y) forall £ > 0.

If x,y € M, then x is said to be submajorised by y if and only if fol Us(x)ds < fot us(y)ds for all > 0. We write x <<y, or
equivalently, u(x) << u(y).
Definition 3 The block matrix [ oz ] where x, y, z € Ly(M), is positive partial transpose (i.e.,PPT), if [ vz ]
oy Zy

X z .
and [ ] are both positive.
zy

2 Main results

The following lemmas will be used to prove the main results in this section. The first lemma is from Theorem 5.11 of
[11], the second lemma is from Remark 1 of [12].
X
Lemma 1 Let x, y € M be two positive operators. Then the matrix ( ¢ ] € Mb(M) is positive if and only if
0y
z= x%wy% for some contraction w.

Lemma 2 Let x,ye M. If xy is a self-adjoint operator, then

Ay(xy) < A (yx). 12)

X

Lemma 3 LetOSx,yeMandzeM.If[ Z]isPPT,then

oy
. o1
H(Z'7) <iog H(XTYXT) <pog H(XY).

. X
Proof Since (

. . 1 1 . . . 1 1
] is positive, we have z = x2wy2 for some contraction w € M. Likewise, z* = x2vy2 for
0y
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contraction v € M. Combining (12) with (9)-(11) yields

A7) = A,(x%vy%x%wy%)
< A,(vy%x%wy%x%)
< AGTXDARD)
= Ayixtp),
= Axiyx?)
< Adxy).

The following corollary can be obtained from Lemma 3 and we give its proof separately for easy reference.

X

Corollary1 LetO<x,ye Mandze M. If[ ¢ ) is PPT, then, for 0 < p < co, we have

7y
p(Z'2)” << p(xyx? Y << p(xy)’.

Proof Through Lemma 1, Lemma 3.4 of [13] and Theorem 2 of [12], we obtain

! f
fllx(z*z)l’ds = fﬂx(xéVy%x%wy%)Pds
0 0

f
< fus(y%x%vy%x%w)”ds
0
! 1 1
< [ mtatyyas
0
<

f Hs(yx)’ds

0

[
0

Corollary 2 Let E(M) be an a-convex symmetric quasi-Banach space for some 0 < @ < oo and let 1 < p, g, r < co with
1= 117 + é If xe EM)®" N M,y e E(M)@" N M, then

r

* < 3 % <
llz Z”E(M) = IIX~yx ”E(M) = ||XY||E(M)~

Proof According to Theorem 3 of [14](see also [15]), we obtain xy € E”(M). On the other hand, we know from the
fact that E(M) is an a-convex symmetric quasi-Banach space that E” is ra-convex. Then
00 f
eyl = sup f f (1s(xy))“dsdv(t), (13)
veV JOo 0

where V is a family of positive measures on (0, c0) (Page 500 of [16]). It is easy to see that

*

11 1 1 1 1
Xi X'y} _ Xty Xty >0
11 - = Y,
X7y} Vi 0 O 0 0
11
Xi xizin

which implies that { o ] is PPT. Then the result follows from Corollary 1.

X7y} Vi
We can now formulate our main result.
Theorem 1 Let E(M) be an a-convex symmetric quasi-Banach space for some 0 < o < co with order continuous

quasi-norm and let 1 < p,q,r < co with 1 = 1_11 + i If x, e ELM)?",y, € ECM)@" with x;y; = vix;, i=1,2,--- ,n, then

k k k k
11 1 1
Q83 e < I, xE Q30 5 leoan
Jj=1 J=1 J=1 J=1
k k
12 yllwn-
j=1 j=1

A

IA
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Proof It follows from Theorem 3 of [14](see also [15]) that

k k
Oy EEM”.
i=1 i=1

Let0<x; e EM)PNM,0<y, e EIM)PNM,i=1,2,--- k. Then

11 1 1 * 1 1
X x’y? zy2 2 y?

A :: I 1 yl = xl yl xl yl Z O’
X}y oy 0 0 0 o0

which implies that A is PPT. Consequently,
11
f'(=1 Xi Zf:l X'y}
ko33 ko
L XY 2in Vi
is also PPT. From Corollary 2, we get

A

11
I, 229 Pl < ICEE XD (2, y(EE, %) 2 s

(14)
I XD Ylleowo -

IA

Let us now assume that x; € E(M)?",y; € ECM)@" and write x;, = x;€(0,1(X), Vin = yi€o (), =1,2,---. Then 0 < x;,,y;, €
M. Hence, Theorem 3 of [14] yields

L1l
Xy = xaYilleaoen

1 1 1 1 11
C(||x12 ()’;2 —y;)HE(M)(zr) + ||(x;2 - x;i,)y[i,”E(M)Q"))

<
! b b4 !
< C(||x,~ ”E(M)(zl’)”yi _y,-,,”E(M)(Zq)‘*‘”x,- _-x,'n”E(M)(ZP)”y,’n”E(M)(z‘l))

1 1 1 1 1 1
Cllxll gy 1y: = Yiulleowweo +1127 = xgllevven 1Vill gy 0)-

According to Lemma 2.6 of [7], we have

(X = X)) = #r(xi€<n,oo)(|xi|)) < /Jt(xi))([o,r(e(,,m)(\x,-\))]~
Then
1
[1x; _xin”E(M)(P) = ||xi€(n,oo)(xi)||E(M>(l’> = |Iu,(xi)"/\([o,r(%,m)u,->>J||,§ .

On the other hand, we can see from Page 271 of [7] that 7(e, «)(x)) = 0 as n — co. Therefore, we obtain
(1% — Xillzw» = O, [[yin = Yillew — 0, 1 — 0.

Letting g(¢) = t%, Theorem 1.1 of [17], Theorem 2.1 of [18] and Lemma 2.5(iv) of [7] now yields

f i | /
f p(x? —x2)ds < f 1,(x; = x;,)Pds, n — oo.
0 0

This implies that
1

11
llx” = x5 llepen < l1x:— Xall n— oo,

2
EM)P)°
Similarly,
1 1 1
||y,-2 —yif,HE(M)(Zq) <lly: _yl'n”é(M)(q)’n — 0.
11 11
Thus [Ix}y7 — x;yilleen — 0 as n— oo, and so

k 1 1 k 1 1
7.1 7.1
I E X Vi — E XiYinllEmyen,n— 0.
i=1

i=1
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Therefore, || Y, xiiyiHE(M)an I, x,-% y,-% Ilzat20, 1 — o0, Consequently,
: % 1 2 < 1.4 2
1O %22 e = 1O %737 Vllzagn,n = oo. (15)
=1 i=1
We can conclude from Theorem 3 of [14] that
k k k k k k
1O % O 3O 1t = O~ Q3 50 Hlseausn
i=1 i=1 i=1 i=1 i=1 i=1
k k k k k k
1 1 1 1
< QIO X O i 1 = xSy k) e
i=1 i=1 i=1 i=1 i=1 i=1
k k k k k k
1 1 1 1
A 2O O % =T O 3O ) e
i=1 i=1 i=1 i=1 i=1 i=1
k k k k k k
1 1 1 1
A DI O 1 = O 3O 1) e
i=1 i=1 i=1 i=1 i=1 i=1
By an argument similar to the one presented above, we obtain
k k k k k k
1 1 1 1
1O 5 Q32 = 2 PO 3O %) Hlewn =0,
i=1 i=1 i=1 i=1 i=1 i=1
as n — oo. It follows that
k k k k k k
1 1 1 1
1O %6 Oy 2t =" O 3O 1) Hlewn =0,
i=1 i=1 i=1 i=1 i=1 i=1
as n— oo. Hence
k k k k k k
1 1 1 1
1O %) O 3O kil = 10 QT30 50 Hlseauso (16)
i=1 i=1 i=1 i=1 i=1 i=1
as n — oo. Combining (14) and (15) with (16), we have
k L k k
1O 5757 e < DO Oyl
i=1 i=1 i=1
This completes the proof.
Lemma4 Let E be a symmetric Banach space and let 0 < x;,i=1,2,--- ,k € E(M). Then
k k
1> 5illzwn <N 20 Teowo 72 1.
i=1 i=1
Proof According to Theorem 5.3 of [19], let f(r)=¢",r>1, we get
f k ¢ k
f (Y xds < f MY x)ds. (17
0 i=1 0 i=1
Combining (17) with (13) gives the lemma.
Proposition1 Let E(M) be a symmetric Banach space with order continuous norm and let 1 < p,g,r < co with * = i+é

Fori=1,2,---,n,if x;€ ECM)?",y, € ECM)“" satisfying that x;y; = y;x;, then

k k
11
[l Z(xiyi)”E(M)(’) < C”(Z X; in )ZHE(M)(”

i=1 J=1

Proof First, it follows from Theorem 3 of [14] that

k k k
Dy e EM©, (Y x)() ) e EM).
i=1 i=1 i=1
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1 1 11 . )
Since x; commutes with y;, also x7 commutes with y;, hence, x;y; and x;7y; are both positive operators. Lemma 4 now gives

k k k
1 1 1 1
24,212 2.,2\2
1> xyilleann =106y e < CICY 2297Vl (18)
i=1 i=1 i=1

Corollary 3 Let 1 <p,q,r<co with 1 = i + %1 Fori=1,2,---,let x;€ L,(M)*,y; € L,(M)* such that x;y; = y;x;. Then

k k k k k k k
[ Z(x,«y»n, < ||<Z Xy, < ||<Z n-ﬁ(Zy»(Z x|, < ||<Z x»(Zy,-)nr.

1-t

Note that if we set x; = x',y; =x'~,x, =y',y, =y'™, in Theorem 1, and set n = 2, we get the following inequality.

Corollary 4 Let x,y€ E(M)*. Then
11 1, _ 1 _ _
||(/‘Cé +y2)2||E(M)S”(xt"'y’)z(xl [+yl [)(xr"')’[)é”E(M)S”(xt"‘y[)(xl [+y1 e

3 Logarithmic submajorization inequalities

In this section, we will give some logarithmic submajorization inequalities related to log convex function. In the follow-
ing we need the definition of log convex function. Let f be a non-negative real function [0, co). The function f is called log

convex if

flax+(1-ay) < f0)" f)",

where 0 <a <1 and s, € [0, ).
Proposition 2 Let f be a continuous increasing function on [0, +co] such that f(0) =0 and let t — f(¢') be convex. If
x,ye Ly(M)and p>¢>0, then
FOEYHD << f(GERy 5D,
Moreover, if x,ye M,
pO )T < u(yE 7y )7,
)

Proof Applying corollary 3.1(i) of [20], with replaced S, T, p by y?,x%, Z, respectively, we have

q7
FOEyh D) << fExryh).
That is to say,
f FQu(ly? xy?|a))ds < f FQu Iy x7y17))ds.
0 0

Taking f(f) =1*,a > 0 in the above inequality, we have

I ¢ o 41.\a : I P, pil, :
{;fu.y((lyzx"yZIq)) ds} S{;fﬂs((lyzx”yZI")) dS} : (19)
0 0

Letting a | 0, we get A,((y%qu%)é) < A,((y%x”yg)l%). (see Page 288 of [7]) The proposition was proved.
The following result may be proved in much the same way as matrix.
Lemma 5 Let x,y € M be self-adjoint. Then
lim [|(e? eme )" — || = 0.

m—oo

Theorem 2 Let x,y € M be self-adjoint. Then

! !
f log ps(e)ds < f logs(e? e )ds.
0 0
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Proof According to (19), by replacing x,y, p and g by e*,ey,i and %, respectively, we obtain

! a 4 a
X ox Y, Lox Y
{f /,ts(eZVe"eZV)‘“ds} S{f ,Lt_r(e%e“e?u)”“ds} ,0<u<wv.
0 0

By the Lemma 2.5(1)(v) of [7], we know w,,(T) < u(T = S) +wu,(S) and 1, (S) < u,(S —T) + w,(T). Therefore, p,,(T)* <
w(T—S) +p,(S) and p, (S)* < (S —T)* +p,(T) for 0 <a < 1. Letting s | 0, we obtain

lue(T)* = (S| < IT = S, 2> 0. (20)

It follows from (20) and Lemma 5 that
i3 !
lim ps(e% eV e )ds = f wy(e)ds,
V—00 0

0

1 1 1
1 a 1 ! yox oy “ 1 (" vy “
{—f,ux(e"’”')”ds} ={—limfuy((ezvevezv)v)“ds} S{—fus(eze‘ez)“ds} .
t 0 f voo 0 t 0

Letting a | 0. Then the assertion follows (see Page 288 of [7]).

hence that

Corollary 5 If x,y € M" are invertible, then

fux(logx+logy)dssflogus(y%xy%)ds.
0 0

Proof From Theorem 2, we deduce

s 3
f log u,(e'°8*°8)ds < f log (e P gloer )ds.
0 0

Therefore, this corollary is proved by Lemma 2.5(v) of [7].

Lemma 6 Let f be a convex continuous non-negative increasing function on (0, c0) and x,y € M*. Then
flax+A-a)y) <<af(x)+{1-a)f().
Proof If x>0, we can get f({x&,&)) < (f(x)&,&), where £ € H.

J(a{x£,6) + (1 -a)(y¢,6)) < af((x€,6)) + (1 - a) f((¥€.£))
a(f(x)€,6) + (1 =a)(f(y)€,8) = (af(x) + (1 =) f(1))E,£).

f(ax+(1-a)yé.6)

IA

Since x,y € M*, by (7), we obtain
fu(ax+(1-a)y)) <p(af(x)+(1-a) f()).
Therefore,

fﬂs(f(GX+(1—a)y))dSSf#s(af(X)Jr(l—a)f(y))dS-
0 0

Theorem 3 Let log f be a convex continuous non-negative increasing function on (0, o). If x,y € M* are invertible,

then
flax+(1—a)y) < f(0)" fFO)".

Proof It follows from Lemma 2, Corollary 5 and Lemma 6 that

f py(log flax+(1—apy)ds = f log f(u,(ax+ (1 —)y)ds < f p(@log () + (1 - a)logf(y)ds
0 0 0

f p(log £(x)" +log f(v)'™)ds < f log 1, [f(y) = f(x)*(y) =" 1ds
0 0

IA

f loga, (F(X)" F(y)!")ds.
0



5 38 455 4 1] FER AR (AR AR (FPaes0) Vol.38, No.4
2021 4£7 H Journal of Xinjiang University(Natural Science Edition in Chinese and English) Jul., 2021

BXREFH—LLog- ik A~ZEKXFn
S FRBSE A FER

=, &
(BRIR: Hey 5 RGURREE B, BT B3 A5F 830046)

O AR AR FSE T 5 Hayajneh-Kittaneh fAARAHE AU T AL, B B(M) 2IEscixt
Fi#tl Banach %1, o; € BOM)®" 1y, € BAM) @ (8 2. =y, i= 1,2, A TEW T (S5, 222 )2

<ISh )2 (e 9 (S 202 sy < NS 20 (S 9l - HF 1 <p,gr<oo H L=
AP FRATTIR LA H T — 285 log- IR ALAA S A AR A5

KA log-IMLAATE ; von Neumann 04K ; JEACHXTHRIY Banach 23]

DOI : 10.13568/j.cnki.651094.651316. 2020.06.06.0002

PESES: 01771 XEHRIREE: A XEHS: 2096-7675(2021)04-0407-018

IR Lz, Fl. AXREFH—LL Log- IR FEAX RS FRAZEEAFZ[J]. IR (ARBRERR) (3 30),
2021, 38(4): 407-424.

5

r

E
+1 A

Q|-

1
p

0 51 &

BE ML, S AR noxn B AL S AEREAR A FR ML, L RIEEL (||| M EEAEIEEL, WRSHTRE A e M, AT
JEFE U, V eM,, A [[JUAV||| = |||A]|. ic M} & M, BIEEB. 3T TFAER Ae M, FATH M (A), - A\ (4) Fon AR
FFIEMH, & L A AT SHE R |A] = (A% A)2 IRFE LR HES L RO TR IR BB, 108 11 (A), -, pn (A).

W A, BEM}, p, ¢>0. Bourin 7£ [1] H' A T fFRHFERER T IPEASE LA ST i B TR Hh an R A~

TR
| AP+ BPH| < || (A + BP)(A7+ B, (1)

4750 B < (A7 B (AT B4 B @)
A T fi#H Bourin [[A)f81, Hayajneh-Kittaneh 7E [2] HH4EH T UNF HE5% A955 4 .

A1 A+ By By || < |[(Ar+ By) (A2 + By, (3)

| A Ay + By By|| < |[(Ay +B1) 2 (A2 + Bo)(Ay + B,) 2. (4)

HAL L, S AP, A9, Be Fl BV Ay, Ay, By il By, FATAT LIS RIARSES (1), (2).

ol
[NE

™~
-
™~
™

IS ABI<IC A B )

« Y5 %5 B HA: 2020-06-06

BEWE: RINTFFAETREHRHEAA T H (2018Q012); FHAEL /K 361X [ SRR 342 (2018D01C073); [ [ SR B2 5t
4:(11761067).

EHBEN: L5(1995-), &, WA, WEIZ RAHTAIITFST , E-mail: wy95227@126.com.
T BIVEE: EA, B, L, RIEdR, NSz R rivifss, E-mail yanchengggg@163.com.



416 B R (HARRIED) (FR3Es0) 20214F

EANAENXFRIIEHET T Hayajneh-Kittaneh FUFERE (3). 55—, & A, B, e M} (i =1,2,--- k), lif§ A, B, =
B;A;. LivZEfE [4] FIEH T FiRARLER

||_ZAB||<|| ZAB RIS I A (B A (©

AR I 4] T Hayajneh-Kittaneh (554 (4).

20164F, HanF7E [5) HHIEM] 7547 B von Neumann FUBCH S fAESSHE L, %81 ERY p3SBORS L (5). A
SCH F IR —2¢ log- UM AL AI— AT AR SSHAT B Banach 55 ] HDISEAN AR 2. RISk [6-8] 1
7%, FAGE) T 28 log- RIAAR SR, MERBLH, Tl HEW TR (5) Al (6) 76 AT FFE LA Ky A
AT FRUL Banach 23 [8]J& A7 HY.

]_ /E%%HL\
FTATH M FRIR—A-RT 7089 Hilbert 25 [0] H _E A EAT IEREAT FRABSZAYE 7 B2 ABR von Neumann 1G4,
I M, FIREIERS. 2 S, (M) ={ze M, :7(s(z) <o)} H S(M) & S, (M) LA E. SIM) hETTHiN
T ARRSCHER). AT BRI, BE S (M) I S(M) FalFEieh S, M S. BRH L — e EFERET
M UEXT M FIZE T M FAE—PC u A v =zu. TBET M BB F o BT 7 ]I (SFR AT,
WERXHER 6 > 0 #RAFTE e € P (115
e(M) € D(w), r(e*) <6,

I8 Lo(M) AR T2 ARk B A # F 025 ).
EX1 HreLyM,r) Ht>0 %X o W) S p(z) N

wi(z) =inf{||zel| :e € M, T(e*) < t}.
TEATAEREEL T, BATE p(z) FoReREL — p(2). & o ZIEAT T, W)

sup  (26,8) . (7)

t ) EeM,7(1-E)<t | ¢cE(H),||¢)=1

KT pe () WOFEAE T, S WSCHR [7].
XT x e Lo(M), t>0. FfTE X

A(z)= exp(/t log ps(x)ds), ¢ > 0. (8)
N T HAER A () BIE A EESC (B 0o — oo AR BR), TEASCHITRIAR AR 23, N PHE 25 180 R I i n] 58

FrarxeM 8 p(x) <COt==,C,a>0.
Woa,y & r— AT AR

Ay(zy) < Au(2)Ai(y), 9)
Ar(w) = Ay(27) = Ao (|2]), (10)
A(x®)=Ay(2)*,a>0. (11)

ARSI 2 DL SR [7,9].

il Banach pR%izs[E] E FRAXTFRIL Banach 25 [E], WERXT T f e E, g € Lo(0,00), u(g) <ul(f), BlTH g E
M |glle < || flle CEZ AR L SCHR [6,10] ).

T 0<r<oo, BT FKrnx#l Banach Z5[H]

1
BT ={z€(0,00):|z|" € B}, 2]l ey = ll2]"[[5-
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B E & (0,00) LHYXFRIL Banach Z5[6]. FATHE B RA FELTEEL (|- ||, WERX B LR fie T2
fi LOBIR A || fill L0 X

EM)={x e Ly(M): u(x) € E}, [zl pa = ()] -

W (E(M), [l sa) RIEACHXTFRIYU Banach 25 (0], #5 E =L, W (E(M), ||| sy ) /2TdE5SH L, 23] (L,(M), ||]],,)-
$FF0<r< oo, ATEXL

E(M)" ={z e Loy(M):|z|" € E(M)}, |12l gy = |||$|T||}§(M)-
# E XA Banach 25 (8], W] EC(M) = E(M)™, Hp
EO(M)={z € Ly(M): p(x) € EM}.

el senr = () s EL M) TR Banach 21l WL [6]).

B >0, #l Banach Z5[8] E FRHK o~ 1Y, WIARAEAER KL C > 0 X T A A RFS 2, c EH

1(Slza]*) % | < OBl )=

B Z2AH SRS LSRR [6,10].

EX 2 &, ye M. AT 2 log-IRILALT 3 I M 2 <1, v 2 HALY

A(2) <A(y), t>0.

#owy € M, AT o P T v B EHACYX FAEE ¢ > 0, fotus(a:)ds < fotus(y)ds. fAjich z << vy,
Wpu(x) << pu(y).

TN 3 B, ye Lo(M)y,z € Lo(M). FREETHME ( ‘ ) J& PPT, Q4 ( v ) A ( vz ) s

) A z oy

JEIERY.
2 FELHg

A TAE B RATTZ F A (B R iR 51 B350 B SCHR [11) H e 511 FISCRk [12] FR g 1
153,

511 Ba,yeM, Hzemm( ”

oy
I3 2 Ka,ye M, & oy eBEHRETF, W

Ay(zy) < Ay(yz). (12)

T
Z*

z

) € Mu(M) IER Y BACH AR AT w 73 2 =23 wy?.

T

Z*

5|3 3 ﬁogx,yeM,zeM.%< z)%PPT,mU
Y

.U(Z*Z) <log ,u(x%yg:%) <log u(xy)

z

R N ( > SEIER), WUAFAERAE T w e M, i3 2 = vrwys. [FHL AR T v e M fiFS
y

2*=gioyr. G54 (12) A1 (9) ~ (11) Al

xT
Z*

A (2%2)

IN N

|
=
e
=
[NE
8
[NE
o
~—

IN
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NREIBHES AT L S H 3 B R, Oy 1 R ERA 14 1 T B RIUER].

v JPPT, MXMERE 0<p< oo, AT

Hit1 ®o0<z,yeM,zeM. £ )
z Yy

(2" 2)? << p(r2yr?)? << p(zy)?.

IERR WIS IER 1, SCHR [13] HAY 51 3.4 FISCHR [12] HAYERE 2, FoATAT LAFE3

t t
/ ps(272)Pds = / pe(wP vy ot wy? )Pds
0 0

IA

t
/ us(y%x%vy%x%w)pds
0

IA

t
[ ettwiatyyras
0
t
< / ps (yw)Pds
Ot
= /Hs(l’y)pd&
0
it 2 Ho<a<oo H BM) & a-"WFRIU Banach Z5[H]. # 2 € EIM)® N M,y e E(M)@" M, N
I2* 2|l s < 122922 | o < 2yl e,

Hif: 1<pgr<co Hi=141
UERR R SCRR[14) P A 3 (2 [15)) W AR B 2oy € V(M) B BE(M) Z2—1 a-li X BRI Banach Z3[H]A]
A, EO 2 ra-Mi). W

oo t
(T [p— / / (e ()" dsdlv (t), (13)
veV Jo 0

Hr: V32 (0,00) BR—ZIEMBE (2 3CHR [16] HAY 550 00) 35l 5

3} bR\ g
i Ty _ Ty oy iy >0,
2y, Y 0 O 0 O
1
2 2

mt( R )EPPT B SEVE T L A 1 £55).
fE yz Yi

IAEFA RUE A SO 3224518
FE1 % 0<a<oo HEWM) & a3 FRI Banach 25 [0] LA PSSR, 25 2, € EM)® Ty, €
E(M)(q)+ /fi/f% TiYi = Yils, 2:1727 1, }rllJ

8

Sl
[NE

1

1

Z:ﬁ s < Zx %Zyz Z ) L manyo

=1

”(Z%)(Z Yi) ||E(M)<r>’

N

IN

Hrr: 1<pgr<oo H1=141
ERR i SCHR [14] THAOEFE 3 T

(Z%)(Zyi) eE(M)™.
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o<z, e EM)P M, 0<y, € EM)DNM,i=1,2,-- k, NI
A= fl N T Y _ i Y ry Y >0,
x2y? Ys 0 0 0 0
Kt A J& PPT. #i& o
< Shw b aiy? )
S xtyr Y
i PPT. W HHES 2 15
I 2202 ) e < I )2 (v (O, ) 2 sy (14)
<

[ (Zf:l x’b)(Zf:l Yi) ||E(M)(T) .

BAERADIIEI —ITIE, B 2 € EM)®T,y, € EM)D™ B i, = 2ie10,0 (2), Yin = Yi€iom (), n =1,2,++.

I 0 <2, yin € M. N SCHR [14] BEEE 3 AT A

343 )
|27 y; xmyinHE(M)@r)

IA

11 1 1 11
Cllz? (y? _yfn)HE(M)(?T) + (27 _xz?n)yz?n”E(M)(ZT))

IN

FIrLL, BEHISCHR [7) 51 HE 2.6 RIS

116 (%5 = Tin) = e (Ts€(n,00) (|23])) < 10(T2) X 10,7 (e 00 L)1

(54

1
[l *meE(M)(p) = ||5Ez'€(n,oo)(xz‘)HE(M)<P> = Hﬂt(xi)pX[o,r(e(n,ocﬂzi))]||§-

3 —J7 T, HSCHR [7] H 271 BURTHT 7(en.00) () — 0, n— oo, HILELTTAHI

||$m_$iHE(P> —0, ||yin_yi||E(‘1) — 0, n— oo.

A g(t)=tz, G54 3CHk [17) rP A3 1.1, SCER(18] FP @3 2.1 A SCHR(7) FP 0T BE 2.5(iv) AT HEH

t N N t
/ ps(x? —22,)?Pds < / s (2 — 2 )P ds.
0 0

i
1 1 1
||xi2 - xi2n||E(M)(2p) < ||x7« _minH;(M)(p) 10— 00.
ESVEIECS

1 1 1
ly? —yﬁLHE(M)@q) <ly: —yin|\;(M)<q)»n—> 0.
11 11

}J\ﬁﬁ ||xi2 yi2 _xi2nyi%n||E(M)(27') — 0, n— o0, F)?L‘J\

k k

11 11
| fo Y — inznyianE(M)(M T — 0.
i=1 i=1

11 11
K, I Zf:l xiQnyi%’LHE(M)(z") | Zle zly; ||E‘(M)<2T)’n_> oo, T

k k
11 11
1O L saanm = 1242l i — oo.

i=1 i=1

1 1 1 1 1 1
Cllz? | anyen |y? =y leneo + 127 =22 soaen Yl sy es)
M) M) M) (M)

1 1 1 1 1 1
O(HxiHE(M)(m ly? _y7,'2n||E(M)(2‘1) +x? _xz'zn”E(M)(?m ||yz’H§(M)(q))-

(15)
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Sk [14] 05 3 T4
||<Zixm>%<ziym><ixm>%—<ixi>%<iyi><ixi>%E(M)m

< c{|<_§k;xm>%<iyin><szm>%<_Zklj:cm Zyz Z LT
+H(Zk:wm Zyz Z Zin)b - ’k x»%(iyi)( ) loao

1 i=1 1

+| Zw 5 Zyz Z in)? — (Z%‘)%(Zyi)(szi)%HE(M)ﬁ')}

EPRIEES k k k
1 win)* O wen) (3 win)* - an Ji( Z?f me T
n— oo. HET = = =1 P
Z Zy Z %—(Zk:x,-)é(zk:yi)(zk:xi);”E(Mm_}0,
n— oo, I - - pur R

n—oo. 454 (14), (15) F(16) A
Zz yl ”E(M)“) <II( Z Zyz ey -

513 4 &% E XK Banach 55[0]. £0<2;,i=1,2,--- ,k€ E(M),

H ZJCH\E(M) < H(Z%)THE(M)J’ > 1.
1=1 i=1

WERR A () =t",r > 1. W HSCER [19] T e B 5.3 T

A us(izk;xi)ds < usé;xmds. (1)

R, 51 BEaT LA (17) AT (13) HA%EE5.
W1 % E(M) BAFIESEEIRHR Banach 2508]. % 2, € BOM)® "y, e EM)@Y i=1,2,--- \n i
it T;Y; = Yily, il

k k
1 1

HE (xiyz')HE(M)WSCH(E mz2yi2)2||E(M)(“")7

P

Hr, 1<p,q,1"<ooﬂ_1 iJré
WERR G, HOSCHR [14] RO EE 3 AT
k
Z(xlyZ)EE (r) Z Zyl )€ E(M (”).

AN x, 5y, WIACH, FJTU\x lﬁyl ]z, Hit, zv %ﬂx %ﬁ%ﬂf%?. o 3 4 Bl

1

k
11 11
| inyiHE(M)(T) =l Z(SCE U2 ey CIQ 27 y2 ) s - (18)
i=1 i=1 i=1
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I3 Wl<pgr<ooH!=
1,2,k

+ % i& x; € Lp(M)+7yi S Lq(M)+,i = 1,2,"' 7k %ﬁ/@ T;Y; = yle,z =

1
p

— ZI ||'r‘
H(Zzi)é(_zyi)(_}jxiﬁnr

5
8
=
A

IN

IN

FEEM LR 2, =2t gy =2t Lz, =yt gy =yt n=2, F FiRASER.
#it 4 Ha,ycEM)T. N

A

1 1 1 — _ 1
@2 +y2) e < I@ +y)2 @+ )@ +y) 2 e
1" +y) (@ + 4 ) -

IN

3 Log-RMUAZER
TERX 7, FATRS 28 log-IRILAEAER. B fJ2 [0,00) FIAETSEREL BREL £ BFRA log-Iaiy, 4
S

flaz+(1—a)y) < f(2)* fly)" =,
Hrb: 0<a<1, s,te[0,00).
L2 W f SR [0,400] RIE £(0)=0 MELSIEREH t — f(et) BN, 4 2,y € L{ (M), p>q>0, M
Fllytay?)a) << f((yEary®)r).

FERHb, 4 2y € M, T

Q=

<1og iy EaPy?)5.
WERR fESCHIR [20) AOHEIE 3.13) FPar il y2 oo, 2 AU S, T,p W45

p(ydaty?)

Fwiamy?)s) << f(yEary¥).
R,
[ et iass [ fulutanyt s
1E ERAZERXI (1) =t*,a>0, W LIEH]

{3 wetttanity } < {3 [ ety } (19)
A,

A a |0, FLES TR MBI A, (v 29y %))
TR | FIE I SR 7 AR .
I 5 Ka,yeMIEAFERETF. N

IN

((y52Py3)7) (W3CHR [7] H 288 H1).

lim ||(ezm em edm )™ — Y| =0.
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FE2 WaryeMEHAFEET. N
t t .
/10g/is(€z+y)d5§/ log (€% e”e?)ds.
0 0

WERR il e ev, 2 A1 L AR AER (19) THEY 2,y,p Bl g FITS

a

g{/tus(wywi 2y)“’lds} , 0<u<w.
I FHSCHR [7] PS5 1B 2.5(1) (v) FIAS freys(T) < s (T—8)+122(S) T p45(S) < s (S=T) 44 (T). X F 0<a <1,
A pr4s(T)* < o (T = 8)* + e (8)* M g4 () < (S =T)* + (1) . % s 10, AR

e (1) = e (S)*| < 1T = S|, ¢ > 0. (20)

i (20) FIG1 3L 5 ] HERTH

t

t
0

v—0o0o Jq

5,

1

1 [ @ 1 ' v . g
*/mwm% - JM/M@WW@Wﬁ
t 0 tU—*OO 0
1
) .

B a | 0 AJHIZSTE BT (L SCHE [7] H 288 TT).
W5 #a,ye Mt R, W

t t
/us(logfc+logy)ds§/ log 1. (y? zy? )ds.
0 0

W RER 2, AT t
/ log i, (e'°5=1o8¥)ds

t
logy logy
g/ logu,(e 2 €°5%e 2 )ds.
0

PR HISCHR [7) FRA0T 3R 2.5(v) BIATAS 330175 B 44
I3 6 % f 4 (0,00) FAY—ArhE gk fs e pg ;&Hx ye M. N

flaz+(1-a)y) <= af(z)+(1-a)f(y).
R 7 0> 0, W f((2€,€)) < (f(2)€,6), e gen.

flaz+(1=-a)ys,6)) flaf@€, ) + (1 —a)(yg,£))

< af((26,6) + (1 -a) f({4€,6))
< a(f(@)6,6)+(1-a)(f(y)E,E)
= ((af(2)+ (A=) f(y))$,E)-
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HR 2,y e M+, W (7) 7[5

f(ps(az+(1-a)y))

< ps(af(@)+(1—a) f(y)).

PRI,

/0 e (0 + (1 —a)y))ds
< [ mlaf(@+1-a)iw)s
EHE 3 W logf J (0,00) LI ANHESAE SR REL 5 o,y € M+ REATAG, T
Flaw+ (1 - a)y) <uog f(@) Fy) .

WERR  &55 513 2, g 5 Fig|# 6 n1E

/Ot,us(logf(ax—i-(l—a)y))ds = /Ot log f(ps(ax+(1—a)y))ds
< /Otus(alogf(w))Jr(1—a)10gf(y)ds
- 1. (log ()" +log f(5)!~*)ds
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