5539 B4 3 ) PR AR (AR (Fh3es0) Vol.39, No.3
202245 H Journal of Xinjiang University(Natural Science Edition in Chinese and English) May, 2022

Characteristic Polynomial of
Linear Hexagonal Spiders®

YAN Juan', HOU Jiangxia*’, HUANG Qiongxiang?
(1. Department of Mathematics, Lishui University, Lishui Zhejiang 323000, China;
2. School of Mathematics and System Sciences, Xinjiang University, Urumgqi Xinjiang 830017, China)

Abstract: In this paper, we give the explicit expressions of characteristic polynomials of linear hexagonal spiders, which are
representation of certain branched catacondensed benzenoid molecules. From our result, the number of perfect matchings of
these graphs are easily obtained. Our new method can also be used to calculate the characteristic polynomial of any graph having
threefold symmetry.
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0 Introduction

Let G be a graph with n vertices, and A(G) be its adjacency matrix. ¢s(1) = |4, —A(G)| is the characteristic polynomial
of G, and the spectrum of G is the n roots of ¢;(1). Even though these are classical algebraic concepts, it is amazing that they
have close relation with the structure of graphs. Especially, the number of some basic subgraph of G is closely linked to the
coefficients of ¢¢(1). This makes it possible to study the structure of graphs by algebraic methods. Obviously, it is extremely
hard to give the spectrum or characteristic polynomial for an arbitrary graph with large n. But there are many results showed
the spectra or characteristic polynomials for some special classes of graphs, see [1-3] for example.

A chemical structure can be conveniently represented by a graph. As an important example, benzenoid hydrocarbons
can be represented by hexagonal systems naturally. The center graph, denoted by G, of a hexagonal system is defined to
classify hexagonal systems. Each vertex of G is placed in the center of a hexagon of G, and two vertices are adjacent if
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the two hexagons are adjacent. A hexagonal system G is called a hexagonal chain if its center graph G is a path, and it
is called a hexagonal spider if G is a tree with exactly one vertex of degree 3 and other vertices of degree 1 or degree 2.
Hexagonal chains are graph representations of unbranched catacondensed benzenoid molecules, while hexagonal spiders are
graph representation of branched catacondensed benzenoid molecules.

Denote by m(G) the number of matchings of G, and i(G) the number of independent sets of G. In chemical terminology,
m(G) and i(G) are called the Hosoya index and Merrifield-Simmons index, respectively. Details of chemical applications of
these two indices can be found in [4].

Chen and Zhao™ computed the Hosoya index and Merrifield-Simmons index of hexagonal chains. Gutman™ proved
that the extremal graph among hexagonal chains of m(G) and i(G) is linear chain L,, and Shiu™' proved that the extremal
graph among hexagonal spiders of m(G) and i(G) is linear hexagonal spider G, shown in Fig 1. These works motivated us to
find the spectral or characteristic polynomials of linear hexagonal spiders.

Figl L,and G,

The spectrum of L, can be found in [2], and Gutman determined it in a new way in [3]. This paper aim to give the
characteristic polynomial of G,,. In very early years, there are several papers introduced some methods which may be used to
calculate the characteristic polynomials of linear hexagonal spiders®’. However, none of them gives the explicit expression.
We develop a method to calculate the characteristic polynomials of linear hexagonal spiders by using the combinatorial
techniques. Namely, the recurrence relation shown in Lemma 1. The proof of our main result involves a new technique. An
iterative result is used to obtain the characteristic polynomial of the adjacency matrix of the resultant graph. A special case
of Lemma 1 has been used to give the spectra of graphs under some operations”!. This method can also be used to calculate
the characteristic polynomial of any graph having threefold symmetry.

Theorem 1 Let G, be the linear hexagonal spider. Then

1
Al -A(G,)| = Z(s —a)(t+b)(2st— sb—2ab +at)?,
where

n—1 o
(2n—i
i

a = =1 )(/l(/l— D+ (=",

2n—i )
b = Z(—l)’( ”l. ’)(A(Ml))"w(—l)",

s=(A-Da-candt=(A+1)b—d.
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In the next section, we will see that when n = 1, s—a = 1>-3 22+3, t+b = ’+3 >3 and 2st—sb—2ab+at = 1°—6 1*+9 123,
it is easy to see from Eisenstein’s Irreducibility Criterion that all of them are irreducible in the rational polynomial ring Q[x].
So the expression given in Theorem 1 is best possible in some sense.

We will see from Theorem 1 that for linear hexagonal spider G,, 0 is not an eigenvalue of G,. In Hiickel molecular
orbital theory used in chemistry, this means that the chemical compound whose skeleton is represented by G, is stable. Also,
by Theorem 1, we obtain the number of perfect matchings in G, is K(G,) = (n+2)(n*+n+1).

1 Proof of Theorem 1

In this section, we give the proof of Theorem 1. First, we prove Lemma 1, which is the key of our proof.

Lemma 1 If a,,=a,, ,D—a,,, and ay,, = Aay, —a,,_, , for ay = C and a, = AC — I, where C and D are square matrices
with the same order. Then

n—1 2_ ) n—1 .2_._1 ) .
“Z"ZC[ZO(_DI( ”l. ’)(AD>"-’+<—1>"1]—[;(—n’( " l.’ )a"-'-‘D"-I],

and

n ) 2 o 1 ) ‘ n—1 ‘ 2 s )
o :C[Z(_l)l( n il+ )/lnHanl]_[Z(_l)l( nl l)(/lD)nl'f'(_l)nI]

i=0 i=0

forn>1.

Proof We prove this lemma by induction on n. Note that a, = D —ay = C(AD—-1)-D and a; = da, —a, =
C(A’D—-2AI)—(AD—1I). We have that Lemma 1 is true for n=1.
Suppose the Lemma 1 is true for n. We have

Aops2 = 4l D- Aoy

2 ; n-1 )
LD )ay =15 (D7) D+ (=1 D)

~CLE D )ADY 4 P+ (-1 (e )
= CLADy " + R+ (T PADy 1y -
D+ S (- D)+ (DA D 4+ (=1)" D+ (= 1)'nD]
i=1

- C[é(_ l)i(2n—ii+2)(1D)n—i+l + (_ 1)n+11] _ [é(_1)i(2n—[i+l)/1n—iDn—i+l]_

By the same method, we have

Aopiy = C[rg‘:(_1)[(2n;i+3)/1n—i+2Dn—i+l] _ [Zn:(—l)i(znfin)(/lD)”’”l + (_1)“11]'

i=0 i=0
This completes the proof.

Let G, be the linear hexagonal spider shown in Fig 1. To calculate the characteristic polynomial of G,, we first use
the recurrence relation in Lemma 1 to drop the order of determinant |4/ — A(G,)|. In the following, we always assume that

AlL; -1
D =( 13 /113 ] and C = Al — A(Cs), where Cg is the cycle of 6 vertices. We give the following lemma.
-3 3

Lemma 2 Let G, be the spider hexagonal system graph. Then

n—1

. 2 s . n—1 2 _._1 . .
I-AG) = |C[Z(—1>'( " ’)(AD)"'+<—1>"1]—[Z(—1>'( " )A""D'”n (1)
i=0 i=0

/l]} —13 . .
, C=Als—A(C¢) and Cg is the cycle of 6 vertices.

where D =
—-I; AL
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Proof LetX;={a;,b;,c;d,e;, f}fori=1,2,---,2n+1, see Fig 2. We have

AX1,X1) A(X1,X2) AX1,X3) 0 AKX, X2n)
AX2,X1) A(X2,X2) AX2,X3) - A(X2,X2n)
A(X3,X1) A(X3,X2) A(X3,X3) A(X3,X2n)

A(Xon, X1) A(X20,X2) A(Xon, X3) - A(Xon, Xon)
AXon1,X1)  AXon+1,X2)  AX2p41,X3) -+ AX2n41,X20)

where the submatrix A(X;, X,) corresponds the row-X; and column-X,, say
00 0 1 01 0 0
00 1 10 0 0
00 0 0 1 1 0 0
AX, X)) = and A(X;3,X;) =

(X1, X)) 11000 0 (X3,X3) 1 o
01 1 0 0 O 0 1
1 01 0 0 O 0 0

Note that A(X;, X;) = A(Cs), the adjacency matrix of Cs. Now set C = Als—A(Cg) and D = (

that |41 — A(G,)| can be written as

c - 0O 0

I, A, -I, O

0 -I, D -I
[A-A(G,)| =

0 B 0 I, A

0 S || 0 —I,

For this block matrix, switch the first row with the others one by one, we get

I, A, -I, O
0 -I, D -

[AI-A(G,)| =
0 R 0} A

o
o
o

|

N

dan

erH»l

a2n41

A(X1,Xon+1)
A(X2, Xon+1)
A(X3,Xon+1)

A(XZmXZVHI)
A(Xon+1,X2n+1)

- o O O O O

S O O O O =

—I

S O O O = O
S O O = O O
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Assume g = C, a, = /lC—I, a, = alD—ao, as = /laz —day, Ay = aZk_lD—ay(_z, gy = /lazk —Ay—15 """ For block matrix (3),
multiply its ith row by a;_, from the left and then add to the last row successively fori=1,---,2n, we obtain

-1, Ay -I, 0 )|

0 Iy D ~—-Ig - -+ 0

IU=AG) = | -+ oo e 4)

0 R -l Ay -

0 cee e 0 0 -1y, D

0 0 0 0 ha,

So |AI - A(G,)| =las,|. By Lemma 1, we complete the proof.

The determinant on the right of equation (1) in Lemma 2 is a determinant of a matrix polynomial with respect to D and

C, both of them have order six. To compute this determinant we need to diagonalize D.

Lemma 3 LetDz[ Al =k ) Then D =TAT™', where
-, Al
1 0 0 1 0 O
01 0 O 1 0
T:L 0 01 O 0 1
V2100 -1 0 o0 [
01 0 0 -1 0
0o 01 0 0 -1
A-1 0 0 0 0 0
0 A-1 0 0 0 0
A 0 0 A-1 0 0 0
0 0 0 A+1 0 0
0 0 0 0 A+1 0
0 0 0 0 0 A+1

andT=T"=T"".
Proof One can easily verify Lemma 3 by hand.

For the preparation work to calculate the characteristic polynomial of G,, we firstly define four polynomials with respect
to A bellow.

(2n—1i .
a = (—1)1( "l. ’)(A(a—1>)“+<—1)" )
:;(I (2n—1i .
b = ;(—1)( ; )(/1(/1+1)) +(=1) (6)
S 2n—i—1\ n—i
c = ;(—1)( i )/1 A-1) 7)
_ < _ lzn_l_l n—i—1 n—i
d = Z(;( 1)( i )/l A+1) 8)

Lemma 4 Let G, be the spider hexagonal system graph shown in Fig 1. Then

1
[AI-A(G)| = 7 (la—=2a—c)Ab+2b—-d)(ad+2cd —2Abc —2ad +22ab—2ab— bc)*.
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Proof By Lemma 2,

n—1

n—1 . 2 o ) ' 2 _._1 - .
-AG = 'C[Z(‘l)l( E Z)(AD)"’+(—1)"1]—[Z(—1>’( " )ﬂ"’lD”’]I.
=0 i=0

Set fi(x) = ZZJ(—I)"(ZTII)/V_"X"_[ +(=1)" and fo(x) = T (—1)"(2"771)/1”_"_])6"_", then we have |11 - A(G,)| = |Cfi(D) - f2(D)|.
By Lemma 3, D=TAT™" and so f;(D) =T f(A)T~' for i=1,2. Thus, |1 - A(G,)| = |CT (AT =T f,(A)T"|. Clearly, f,(A)

and f>(A) are also diagonal matrices, where

SiN) =diag(fi(A-1), fi(A=1), fi(A=1), fi(A+1), fi(A+1), fi(1+1)),
and
SN =diag(f,(1-1), L(A=1), L(A=1), fL(A+ 1), L(A+1), fHL(A+1)).

From the definition of a,b,c and d, we can see that a = fi(1—1), b = fi(1+ 1), c = /L(1—-1) and d = f5(1+ 1). Then let
A, = fi(A) =diag(a,a,a,b,b,b) and A, = f,(A) = diag(c,c,c,d,d,d). We have |Al —A(G,)| = |CTAT™' = TA, T, which is a

matrix of order six. So the result is easily given by Maple.

If we define s =(1—1)a—c, then

s = (A-Da-c
S (2 =1\ i =il n S (2n—i—1\ . P
= > era- e cya-n- Y En T ea-n
=0 t i=0 L
n n+1 < i (27’1 - l) (27’1 - l) n—i n—i+1 n
= A"1-1) +Z(—l)( e JAT(A-1) +(=D)"(n+1)(1-1)
P i i—1
— Z(_l)t(zn _ll+ I)Ani(/l_ 1)n7i+l (9)
i=0
Similarly, if we define = (1+ 1)b—d, then
_ c _ i2n_i+1 n—i n—i+1
1= 1)( l, )/1 (A+1) (10)

i=0

By the definition of s and #, we get Theorem 1 immediately from Lemma 4.

2 Further Discussions

Since each of a, b, s and ¢ in Theorem 1 is a polynomial in A, they can be written in standard form. For (5), (6), (9) and
(10), expanding (1—1)"" and (1+1)"~" by Newton’s binomial theorem gives the coeflicients of A*. Define (";) =0ifm<0, we

obtain the polynomials

2n ”‘[%1 R .
20— -
a = Z[Z(_I)Hk( ni l)(z(nn_i)l—k)]/lk (b

k=0 i=n—k

w151 . .
_ i 2n—i n—i i
b = Z[Z( 1)( ; )(Z(n—i)—k)]/l (12)

k=0 i=n—k

onet n-L%] . .
et [2n—i+1 n—i+1
DI ( i )(2(n—i)—k+l)]/lk (13

k=0 i=n—k

and

- X Hg]_liZn—i+1 n—i+1 2 14)
- Z[Z( AU CYP ) | (

k=0 i=n-k
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So the coefficient of A* in s—a is

ni) 2n—i+1\( n—i+l "o 2n=i\[ n—i
_1)\itk+1 — —1)*
Z( 1) ( i )(Z(I’l—i)—k+1) Z( 1) ( i )(Z(H—i)_k)’

i=n—k i=n—k

and the coefficient of A* in 7+ b is

U i1\ n—itl LB on—i n—i
YRy RSP D I () N

i=n—k i=n—k

We can see from above that the coefficient of A* in s —a is equal to the coefficient of A* in ¢+ b when k is odd and
they are opposite when k is even. So if A; is a root of s —a then —4; is a root of ¢+ b, i.e., the roots of s —a and the roots
of t+ b are symmetric about the origin. Meanwhile, from (11)~(14) we can see that a,(a) = —a,(b), a;(s) = a;(¢) when k is
odd and a,(a) = ay(b), ai(s) = —a,(t) when k is even, where a,(f) is the coefficient of A* in f. So the coeflicient of A* in
(2st—sb—2ab+at) is zero when k is odd. It means that the roots of (2st—sb—2ab+at) are symmetric about the origin either.

From (11)~(14) we can see that the coeflicient of A° in ¢, (1) is equal to —(n+2)*(n*+n+1)>. Thus, we have the following
result.

Corollary 1 Let G, be the linear hexagonal spider G,. Then 0 is not the eigenvalue of G,.

From Theorem 1, we can get the number of perfect matchings of linear hexagonal spider. In fact, a perfect matching
(1-factor) is a Kekulé structure of a benzenoid hydrocarbon system. Kekulé structures are used in resonance theory and ab
initio valence bond theory. The number of Kekulé structures is denoted by K. So, we denote by K(G), the number of perfect

matchings in graph G. The remarkable Dewar-Longuet-Higgins formula states that detA(G) = (—1)"%" K(G)*!""). So we have

the following corollary.

Corollary 2 Let G, be the linear hexagonal spider G,. Then the number of perfect matchings in G, is K(G,) =
n+2)m*+n+1).

V(Gn)l

Proof By Dewar-Longuet-Higgins formula, detA(G) = (—-1)VO(—(n+2)?(n* +n+1)*) = (=1) 2 K(G)*. The result
follows from the fact that |V(G,)| = 12n+6.

Theorem 1 gives an explicit expression for the characteristic polynomial of linear hexagonal spider G,. Using this
theorem, one can easily calculate the characteristic polynomial of G, by computer for each given n. For examples, we give
the expressions of ¢, (1) for n=1,2,3,4 with the help of Maple.

b6, = (P-3243)(F+32-3)(1 -6 +92 -3,
P, (D) = (A=2)(A+2)(1' =20 =342+32+2)(A*+22 =32 -32+2)
A-1*@A+1) (/18 —102°+312*=3322 +7)2,
g, (D) = (V+50+308°-162'-162+152+121-5)
(A7=52+32+162' =162 =152 +121+5)
(1 =162"2+982" ~295 1% +465.0° =373 ' + 132.4° - 13)2,
6,(D) = (A=2)A+2)(A*+47 221928 - 21" +292° - 14 21+3)
AB=40 2241928 -2 =293 + 142+ 3)(A-1D)*(A+1)°
(2'°=202"+16012 -661 20 +15182* —1931 1°+ 1259 4" - 340 1% + 21)*.
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