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Abstract : In this paper we computed explicit formulas for the edge version of harmonic index and harmonic
polynomial of many well known classes of graph Operations: Cartesian product, Corona product, join, Cartesian
sum and lexicographic product. Some upper and lower bounds for the edge harmonic indices of these operations
of graphs, in terms of related indices, are derived from known bounds on the integral of a product on nonnegative
convex functions.
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H(G,z)= Y, goutd-l
uwvEE(G)
EAZTER A T2 [LH(G 2)dz = H(G), FE[16]17, Nazar55 NRIEEIG ML 45 10 M3 s BE S LA T
JAFEbR R, E SR
H(G)= X 2

Trd;
efEE(L(G))
S, PRI LTI
H(Ga)= Y attir

efEE(L(G))
FATATLIAIES [ H. (G 2)da = H.(G).
R, FERX G SCRE IR AT4h T M A, anis R JLAR . Corona R, BRI | 1) LAT LA - AR S5 1) )7
Ik ey A BRI E AW OB AN O =

1 TEXFI—L£EHER

RS G SEn AT k- E L, B

()H.(G,x) =kn(k—1)x*—>.

(2)H(G) = 155

FHHAMMTFER 2R K, (n NS EER) | C, (n TS HIE) L, (nifIh53) A, (il RWER) K, (n14no 1>
TR SE 4 D) Wi, (n > ARRRRIED) « H, (PREEI) | L, (BRI FILP, (RAETORI) EA33) 1 — e85

a2 RATAU TR

(1) Ho(Kn,z)=n(n—1)(n—2)z*° HH(K,)=""="1,

(2) H.(C,,x) =2na® HH.(C,)=".

(3) H.(II,,,x) =12nz" HH,(II,) =n.

(4) H.(A,,2)=30na" HH.(A,)="22.

(5) Ho(Kpp,x) =mn(m+n—2)z*" =5 HH (K, ,)="".

(6) H.(W,,x) =2na” +n(n—1)a® '+ dna™t* BLH,(W,) ="+ 2ozt 4 n

(7) Ho(H,,x) =4nz® + 40" £ n(n—1)a®+ 4 2na"+ 4 2na't, Ho(H,) =20 4 ooy nocl o g on

(8) H.(Ly,x) = 8x*+162° +2(6n—14)a", Xn > 2. H.(L,,x) =8z"+42°+82°, Hn =2, H (L, ) = L02uts1T,
Mn>2. H(L,,x)=28, Yn=2.

(9) Ho(P,,x) =8z +8z" 4 (36n —8)z° + (48n— 16)2° + (8n—8)x7), H.(P,) = 2% — 13T

ST ARG BAm AN, 1)

DX EE—E >0 Ha € [0,00)Bf H*(G, ) > 0;
2)(0,00) FH(G,z)>0 HH(G,z) 7£[0,00) "4 FAJEHE;
3) H(G,z)/&FE[0,00) LI ™A% M R Y HAUYG XHEEIR, MIFEARRIN; HXHg—42 € [0,1] H0 =
H(G,0)< H(G,z)<H(G,1)=m.

KG, MG, MERILBG, x Gy BIREAV (G x Gy) = V(Gy) x V(Ga), Wk, = u, Hoju € E(G,), 51
Fuuy, € E(Gy) Hoj =y, (us,0) (ug,0) BF, (wi,05) (ug,00) 7Gx Gy HIHL.

HEMMAEIG, FIG, Corona LG, oG, & AT A IS ZIMIE . BLG, BV (G)) M I#EEG, I

~—~ ~

M EE—A A0, I BN DU A TISGE RS, € V(GY).

HEG, + Gy ESCHIG, —MEIRG, — DI, 86, M DTUREERIG, ERR— 5
.

PN EIG, MG, M RILAG 8G,, BUSERAV (G16G,) =V (G)xV (G,), i uu, € E(G,) Bv,v € E(G,),
)n\u(uivvj)(uk7vl) %Gl@GQ Egijl

PTG, MG, BTG, 0G,, V(G) XV (Gs) YENTIUSEMRV (GL10G,) A FRY A (us, v;), (ug, vr),

Wu,uy, € E(Gy) 38w, =uy, Wo,v, € E(G,) BHEAZER.
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A TBLA S — M MERR. G BBEID(G) B LN
IDG)= ¥ A= ¥ (E+i),

wev(G@) " weE(G)

KG mwi 23
ID(G,x):= 5. a%!

ueV (@)

B, FA 2] [ ID(G,x)de =1D(G). FIMZEF L, T [17) sk B A I — LA R A P

frRid QUREG Bn ANTUSFIE SRR, IE4

WHE—4 >0 Ha €[0,00) HIDY(G,z) > 0;

2)7£(0,00) FID(G,z) > 0;
3)GH HALY 5 K P, BT AR ID(G, 2)1E[0, 00) b ™ M5 1Y,
4G HACY 52 BRI RIS 1D (G, ) 7E [0, 00) L&/ &1 Y, I HXM—"12 €[0,1], ik =1D(G,0)
<ID(G,z)<ID(G,1)=n.
2 FEHR

TG A B TSR A T Y E

518 1 ®EG, u,veV(G) Hle=uwv € E(G). B4

(1
(
(
(

d.=d,+d,—2.
513 2 HERG, W

>, du=2|E(G)].

ueV(G)
EE1 HEMNEG, MG, i RILRG, x G, BT 200
He((Gl X GQ),J:) = x%H(Gl,l‘)ID(GQ,Iz) + #H(GQ,J:)ID(G:[,J:Z)

M-EHH %IJFHH1 ﬂ:ﬂnQ %%?G1 %nGz H’J]—ﬁljjﬁ
MR (ui,v;) € V(GL x Ga), Mld s 0,y = duy +doy , WER (ui,01) (g, 01) € B(Gy x Go), WIXS R A1 A Z2 T A

pui v, —24dutdo, =21 2dy, oodu;Fdu; =5
PHLE, .
2 2
Z Z p2dvgtdu;tdu; =5 Z(mz)dvk—l Z "Edui+d“j71$72ZZ%ID(GQ,ZL'Q)H(Gl,iL')
k=lu;u; €E(G1) k=1 u;u; €E(G1)

[FIREHD, XN (wy, v;) (uy,v;) € B(Gy x Go) MZIHIE L H(G,,2)ID(Gy,22).
SIZE30S B fy, -, fi £2[0,1] ERIARGAG™ BREL, T

ﬁﬂﬁ@mzﬁ{lﬁﬁwm
SIEB4) B f, oo, fi J20,1] _BEIE GRS BRI, T
[o Tl fe)de < (11 fafa)do) (T (£(0) + £(1)' %

ITE.EE2 ot p‘ﬁ/\lﬁl(ﬁ %nGQa Tﬁﬂjﬂq %[ITLQ, szl an, Eﬁfﬂ.ﬁ G x Gy E"Jiﬁﬁﬁ*ﬂ?gﬁ{ﬁi/@TﬁE@K%ﬁ

H,(Gy x Ga) > — 2 H(Gy)ID(G) — L H(Go)ID(G).
H,(Gy % G) < 2(muna H(G1)TD(G2))Y/? + 2 (many H(Go) ID(Gh)) 2.
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WERR AR AISHIAL I H (G, 2), ID(Gy,2%), H(Gy,2), ID(Gy, ) JEAEGU™N %k, Bitk, t5 | BE3AI Al

1
1
x)dx/Q—QID(GQ,xz)dm
0 T

'l ) 22
2—H ID

| 251G DG ) >
4 [('1 ! ! ) 4

>— | —dz | H(Gy,z)dz [ 22ID(Gs,2°)de=—-H(G,)ID(G,).
3 ) oxt 0 o 9

[Fl A b,
[425 H(Gy,2)ID(Gy,2%)dx > — 2 H(G2)ID(G,).

H EIAASE, B FIH (G x Gy) =2 le (Gy x Gy, x)dx 25 T I H5 4, M3 Flayisi4,
[25H(Gy,2)ID(Gs,2?)dx < 2 [1( [(H(Gy,2)dx [;201D(Gy,a?)dx)"? = 2(myny H(G1)ID(G5)) Y2,

2
3

/IQ;H(Gl,x)ID(Gg, )dq;< /ﬂm/ H(Ghz )dx/QxID(GQ, %))t (2H(Gy, 1)ID(G, 1))

ol

:—%(m1n2H(G1)ID(G2)) :

H X SRR U
[425 H(Gy,2)ID(G5,2%)dz < min{2(myn, H(G1)ID(G,) %, — L (m2n2H(G1)ID(Gs))5 }.
[IREHL [12-4 H (G, x)ID(Gy,a5)da < min{ 2 (mony H(G,)ID(Gy) 5, — L (m2n? H(G>)ID(G1)) L}

Fhl_lkbffﬁc SEFRL FH (G x Go) =2 [ H(Gy x Go,x)da AT AZGH 15
T3 n, Mn, DHELEWANEG, FIG, WL, Corona FEFEG, o G, BIHTHMEZTR N

He((Gl OGQ),ﬁE) :x2"272H(G17x)+TL1H(G2,x)+$"2ID(G1,x)ID(G2,x).

iIEHH UEV( )TG1OG2 qu/J—/\Tﬁ 'J—:';E/JFFﬂ‘:ld +ng, EUEV(GQ) E@{f%’%?%mUIEG1OG2 *E@Eﬂqdv‘f‘l-
WRuu; € BE(Gy), IFAG, 0 Gy XL Z 1R

xdui tnatdy;+ne—2-1 _ x?ngflxdui"‘duj —11,—1

iy,

Z p2n2—1pdu;tdu; =1 -1 _ 2.2np—1,-1 z guitdu; =1 x2n272H(G17x).
u;u; €E(G1) u;u; €E(Gy)

ﬂﬂ%vivj S E(Gz), G,0G, POP AR UN RS E AT Ea W)

pvi iy +1-2—1 o dy, 4y, —1

i,

dy, +dy —1 dy, +dy . —1
T v; Tdv; = Z €T v; Tdu; :H(GQ,.’E)
v;v; €E(G2) v;v; €E(G2)

QERIRATI EXF R G, E’Jnl NN 2T, IAFNT1 80, H(Gs,2). WRwv) € B(G,0Gy), Tigiy, €
V(Gy) Flv; € V(Gy), WIXERL 3 I8 A1 250

dy, +no+dy. +1-2—1

x i = g2 g gt Tt

x Vi

iy,
lezxnzxd“ “lghi Tt =22 [D(Gy,2)ID(Gy, ).

i=1j=
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JIr IAN S 2T
Eii‘l QA%W/\@Gl *I]Gm ny ﬂean ﬁ%’]ﬁ]ﬁ 'J—T'\@I my ﬂ:‘nmz ﬁ'}i‘l[]j‘j ﬁ J‘JFE_IQ %”kz ﬁﬁjj‘:’%ﬁ 'J—_T\,
Corona FG, o Gy B IHANFEFRI I LA T A5

4 4
3n2 _ H(G1)+n1H(G2)+ ﬁ[D(Gl)ID(GQ),

2 2m1 1/2 1/2
H(G106G) < 2 (G 4 H(G) (-

WERR T BE3 AT

H.(G,0G,) >

ID(G)ID(Gy)(ny + k1 )2(no +k)?) /2.

1 22 1 1 4 1 1 4 1
/ 20" H(G,z)dx > = / x®"22dy / 2H(Gy,x)dx > = / ™ dz / 2H(Gy,z)dx = = H(G,).
. 3/, . 3/, . 32n, 1

B, FA145)
f 2n, H(Gy,x)dz >n,y fé2H(G27x)d;v:n1H(G2)

JEH
[422"2ID(Gy,2)ID(Gy,x)dz >3 [ 22"2dx [ ID(G,x)dz [,ID(Gs,z)dz = —=1D(G,)ID(G,).
FHIX SRS, EHE3 ﬂ:‘ﬂH(GloGz 2f0 (G10Gy,z)dz Zith A 5|34 ﬂzﬂnnﬁ_ 5
[o22272 72 H (G, 2)da < 2( [(a®"22dw [(2H(Gy,x)dz)Y?(2H (G1,1))/2 = 2 (2295 H(G))) Y2,
[52nH(Go,x)da < 22 ( [ 2H (G, 2)da)(2H (G5, 1)) =ny H(Gs)
H A3 e 15t
[422"ID(Gy,2)ID(Gy,x)da < 22( [y da [ ID(Gy,x)dz [,ID(Ga,x)dx)'/?
((ID(G1,1)+ID(G1,0))(ID(G2,1) + ID(G5,0)))** = (25 ID(G1)ID(Gy) (ny + by ) (n2 + k) ?) /2.
A SRR, EH3 FIH (G 0Gy) =2 [ H(Gy0Gy,z)dz A1 [
TS5 LHEPNEG, MGy, ny Fing 735U, EEIG, +Go B Z I

H(G1+Gy)=2*2"2H(Gy,x)+ 2> 2H(Gq,z) + 2™ 2 ID(G,,z)ID(G,, ).

WERR w e V(G)) /2 d, +nEG, + Gy FITE, v € V(Gy) BEd, +n fEG, + Gy TS,
ﬂﬂ%uluj GE(Gl), %B/ G+ G, Xﬁﬂ“ﬁ‘];ﬂl}%}%ﬂ%ﬁf}j

:L.dui tnotdy;tno—2-1 _ I2n272xdui tdu;—1

iy,

Z .,L,Qng—Qxdui"'du,j -1 _ p2r2—2 Z .,L.dui+du,j -1 _ xQng—QH(Gl’x).
u;u; €E(G1) u;u; €E(G1)

Wivv; € E(Gy), IBAG, + Gy RN AR Z AN

i Tty 1 =2=1 _ o0y 2 dy; tdy;—1

P BA T AT LAAG 2]

Z xQnrzxdvﬁdvj -1_ p2n1—2 Z xd'ui+dvj -1_ x2”1*2H(G2,x).
viv; €E(G2) v;v; €EE(G2)

WP uv; € B(Gy +Gy), u; € V(Gy) Flv; € VI(Gy), IBAXTR A ML A

xdui +n2tdy;+n1—2-1 _ In1+n2—1zdui—1+dvj *1'

P HATT455,
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i %x"“‘m 1pdu; =1 gpdv; =1 — pritnz—1 Zazd“ -1 Emd”f =gm T2 D(G,z)ID(Gs,x).
= viaa
EH6 WG, MGy RS 3 An, Fng IIFANEL my Flmy 2050 WAL, by Mk, 43510 BT,
G, + Gy WIITRAIFE BRI 2
(1) H (G, + Gy, x )_3( —H(G, )+3(2n7 (Go)+ 5 ID(G)ID(G).
(2) He(G1+G2,2) < 5( 2m, H(G))V2+ 3 (522 H(G,)) V2 + ID(G1)ID(G2) (11 +k1)* (na+k2)?) V7.

2ng—1 2n1—1

IERR FATEE T BYUER A 2

(n +ng

T H(GY) <[22 72 H(Gy,w)da < 2 (22 H(GH))V2.
[FAE, FATATAS
5(2n1 1) G2 < f 2z~ QH(G% ) <§(23:L21H(G ))1/2'

S BL k]

1 1 1 1
/a:”1+”2’1ID(G1,x)ID(GQ,x)dx2% / 2x”1+”2’1dx/1D(G1,x)dx/ID(GQ,J:)dx
0 0 0 0
1

N1 +no

=4

ID(G)ID(G).

5| B4 Fildr 4

[32am 472 D(Gy,2)ID(Go,x)da < 22( [z 2~ e [(ID(Gy,x)dx [,ID(Gy,x)dx)"/?

(ID(G1,1) +ID(G,,0)(ID(Ga, 1) + ID(G5,0))*/* = (- ID(G1)ID(G5) (ny + k1) (g + k2)2) /3,

X BN SE, SEH5 FIH (G +Gs) =2 [ H(G1+Ga,x)de WREIR%ER L FA.

EIRT EG, MG, WIS R0, Fin,, H-RILMG, © G, MiiAmMEZm= A

H, (G, Gy,x) =222 5H(G,,2"2)ID?*(Gy,x™) + 2™ T2 25 H(Gy, 2™ ) ID* (G, 2™2)

+am T2 H (G, am2)H(Gy,x™).

MERR 2R (uy,v)) € V(G 8Gy), IBAd,., ) = Nady, +n1d,y, . SR (ws,0;) (ug, v)) € BE(GL®Ga), uiuy € E(Gy)

W v € B(G,), IPA; ﬂﬁ%lﬁfﬁfﬂﬁzlﬁﬁﬁ

nadu;+nidvj+ngdug+nidvy —5 — xn1+n2—5($n2)dui+duk—1 (l’nl )dvj+d'ul—1

T

— $2n1+n2—5(xn2)dui-&-duk—l(l_nl )dvj—1<xn1 )dvl—l-

n2
Z Z xn1+n275(xn2)dui+duk71(xnl)dvthdvlfl

Jl=1u;up €E(G1)

ng n2
x2n1+n2 5Z(xn1)dvj71 Z(Inl)dvl71 Z (xng)duiﬁ»dukfl
j=1 =1 ujup€E(Gy)

="t H (G, 2")ID* (G, a™).
[ 0,0 € B(Go) XTI Z IRy
T2 =S {(Gy,x™ ) ID?* (G, x™2)

PN, FRATA
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§ § n1+n2 5 ng)duﬁ»dukfl(l,nl)dvjfd'ulfl

ujur €E(G1)vjv €E(G2)

:xn1+n2—5 Z (xng)dui-&-duk—l Z (xnl)dvj+dvl—1

ujup €E(Gy) v;v €E(G2)

=™t H(Gy,2™?)H (Gyyx™).

R, ANSERRT

EIE8 Tising Mny, 735lEKIG, MG, WTUR, Hm, Fim, 70502 KG, G, K. BHRILANG oG, By
PARFE bR

(1) H.(G,®Gq,2) >

(2) H.(G,®Gaq,7) <

MERR phg] B3

=

" H(G JID*(Ga) + =2 12 H(G2) ID*(Gh) — 12 H(Gh) H(Ga)).

2 n 1n2
4m

H(G)ID*(Ga)) P = 5 (5 H(Ga) LD*(Gh))° — (3328 H (G H(Ga))

3\ ning

5
—ng

5 (e

1

! ; 16 [ !
/ 27"t S (G, 2™2) I D? Gy 2™ )da > = / r3dx / 20" H(Gy,2™?)dw / 2" ID(Gy, 2™ )dx
0 0 0

0

2
0 5 Min,

S -16 1 )
2™ D(Gy, 2™ )dae = —— ——H(G1)ID*(Gy).

H
Jo2am 25 H (Gy, e ) ID2(Gy, a2 )da 2 =40

H(G5)ID*(Gy). Hi, BATATLAAS ]

1 1
/296"””2’5H(G1,x 2)H(Gq,z" / ’de/ 22" H(G,,z" )dx/x”l’lH(G%x"?)dw
0 0
-2

= —H(G1)H(G>).

N1No

FH5 | HE4 Flr i3 fi4 15

1 1
[ 2w B (G DA Ga ) < [ 20 H (G ) D G
0 0

2 1 1 1 1
SZ(/ QJ:"Q’IH(GI,J:"Z)dm/x"lfllD(Gg,m"I)dx/x’3dx/a:”l’IID(Gg,xnl)da:)l/S.(leng)Q/S
0 0

0 0
—ny 4m?

3 (o HG)ID(G)

[
S22 2 H (G, ™ ) ID? (G, 272 )da < =22 (452 H (G) ID(G1) .
LAk, I3 FiiEs

1

1
/21:"1+"275H(G1,I”Q)H(GQ,xnl)dz:/9:732:17"271H(Gl,x"2)2x”171H(G2,x"l)d:c
0

0
_ 1 1
§?2(/ 2x"2’1H(G1,x"2)dx/ 20" T H (G, 2™ )dx) 2 (2H (G1,1)2H (G, 1)) /2
0 0

7;1 MMy 172
= 5 (T H (G H(G)

A SRR, EHT MH(G ©G,) =2 [ H(G, ®Gs,x)de AR LA
EH9 Tiging Fln, 75NEG, FIG, TS, TG, 0 G, MM Z 5

H, (G, ®Gqy,x)=2*273ID(G,,2?"2)H(Gs,x) + "2 3 H(G,,2™)ID?*(Gs, x).
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iEBH &(U“’l}j) S V(Gl @Gg), }n\Ud(u”vJ) = n2dui +d’U]" ﬂu%(ul,'l)g)(unvk) S E(G1 ®G2)7 %B/A\X‘—J‘mé@ﬁa%ﬂg
WAy

naduj+dvj—2+nadu;+dvp—2—1 _ 1,277.273(1,277,2)(11%71 dv~+dvk71'

x x 7
A U,
ni ni
§ § m2n2—3(x2n2)dui—lxdvj-!—dvk—l — x2n2—3 E (xQng)dui—l E mdvj-kdvk—l
i=1 vjv, €E(G2) i=1 viv €E(G2)

=2 ID(G,,2°")H (G, x).
ﬂﬂ%(ui,vj)(uhvl) c E(Gl @GQ), U Uy € E(Gl), Bﬁﬁxxd’@%iﬂiJ%%ﬂgIﬁﬁﬂﬂ

andui +dy; —2+4nadyy +dy —2-1 _ an—S(xng )dui-kduk—lxdvj—lxdvl—l

W2, R Z2 I

no ng n?
§ E ‘,L,n273(l,n2)dui+duk71xdv]~71xdv171 — xn273 § (xn2)dui+duk71 E zdvjfl E d'Ul -1
j=1 =1

ujup €E(Gh) j,1=1 ujug €E(G1)
=2 H(G,,2")ID*(Gy, ).
A A T IUAR TR A5 ) TA fy 2et
FI10 Tifin, fin, HEEIG, FIG, BITARL my Rim, 5580 I Fk, Rk, 5 BHEEEE s,
TGy 0 G, MRS FRE 2
H.(G1©Gy) > 32 ID(Gy)H(G,) — 22 H(G1)ID*(Gy).
H.(G10Gy) < 2(M22[D(Gy)H(G))"? — L (L H(Gy)ID*(Ga) (na + ka) ).
UERE H5|3E3

1 4 1 1 1
/2332”2_31D(G1,x2”2)H(G2,x)dx2g/x2"2_1ID(G1,m2"2)dx/ 2H(G,x)dx/x_2dx
0 0

0 0
— )
:771D(01)H(G2):3TID(G1)H(G2)-
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0 0 0 0
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1 _9 1 1
/2x2”2’31D(G1,x2"2)H(G2,x)d:c§?(/xQ”""lID(GI,xQ"z)dx/ 2H(Gy,x)dx)"/?
0 0 0

nimo

(ID(G1,1)2H(GQ,1))1/2:%2( ID(G,)H(Gy))Y?.

o

1 1
/ 202 H(Gy,2"2) I D?(Gy,x)dx < / 22°"2 7 H(G1,2")ID*(Gy,w)a ™ dw
0

0

_ 1 1 1
STQ(/2x2”2*1H(G1,xnz)dx/ID(GQ,a;)dx/ID(GQ,x)dx)l/?’zH(Gl,1)(1D(G2,1)
0 0 0

—1(4m
2 No

K SEARAES, SEHL9 FIH (G0 Ga) =2 [ H(Gy O Gy, a)dz MRS LR AL

+1ID(G,,0))*)** = %H(Gl)IDQ(GQ)(nQ+k2)4)1/3.
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