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Abstract:  The issue of fixed-time synchronization of delayed quaternion-valued neural networks (DQ-VNNs) with fractional-
order under quantized control is solved. Firstly, quaternion-valued error system is separated into four real-valued subsystems,
then a neoteric quantized controller is designed to reach the fixed-time synchronization goal, which can effectively reduce the
transmission pressure of network. Moreover, several fixed-time synchronization criteria are derived for fractional-order DQ-
VNN, and corresponding estimates of the settling time are also yielded for fixed-time synchronization. Finally, the feasibility of
theoretical results is ascertained by numerical examples.
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0 Introduction

For recent decades, the dynamic analysis of neural networks (NNs) has drawn much attention among quantities of
researchers! =2, Quaternion-valued NNs (Q-VNNGs) have a particular advantage in efficiently dealing with multi-dimensional
data compared with the traditional real-valued NNs (R-VNNs) and complex-valued NNs (C-VNNs). Taking color images
as an example, the color images are made up of three primary colors in a certain proportion, where three channels i, j and t

of the Q-VNN5s can respectively transmit three essential colors red, green and blue. Since the switching speed of amplifiers
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is finite, time delays are widespread in NNs and may result in poor performances of the considered NNs®!. Therefore, it is
essential to study the dynamic behaviors of NNs with time delays. Fractional-order (FO) calculus is the extension of classical
integer-order (I0) calculus, its history can ascend to 1695. In contrast with IO derivative, one of the characteristic advantages
of FO derivative is its infinite memory capability. In view of this, it’s meaningful to establish fractional-order DQ-VNNs by
incorporating FO derivative into DQ-VNNSs!,

Synchronization, as a typical collective behavior, has aroused keen interest of numerous scholars on account of its crucial
application prospect in many fields, including but not limited to weighted heterogeneous networks® and impulsive systems'®!.
Compared with infinite-time synchronization, it is significant to investigate synchronization achieved in finite time due to the
limited lifetime of humans and facilities. However, the settling time of finite-time synchronization (FITS) is determined by
the initial conditions of considered system. In realistic applications, it’s difficult or impractical to get the initial conditions in
advance. In order to make up for this defect of FITS, fixed-time synchronization (FIXTS) was invented by Polyakov!™.

In light of the limited communication bandwidth in NN, it is an efficient way to make full use of communication
channels by quantizing signals before transmissions. Motivated by the aforementioned analysis, this paper focuses on the
FIXTS of fractional-order DQ-VNNs by quantized control. The FIXTS criteria are gained by means of fractional calculus as
well as the designed novel quantized controller, and the settling time of FIXTS is estimated.

Notations: Let R” and Q" be the set of n-dimensional real-valued vectors and n-dimensional quaternion-valued vectors.
R and Q denote the set of real numbers as well as quaternion numbers, respectively. R* represents the set of non-negative real

numbers. For any p, = p?+pli+ pli+ p*t, where e e N ={1,2,--- ,n}, p%, p’, p!, p¥ €R, 1, | and t satisfy Hamilton rules, that

a

isij=—ji=t jt=—tj=i, i=—it=jand 2= =P =-1.
1 Preliminaries and model description

Definition 1® The Riemann-Liouville fractional integral with & > 0 for function A(?) is defined as

1 '3
Eh() = —— | (-5 h(s)ds,
e = g | s
where I'(+) is the Gamma function.
Definition 2/  Caputo fractional derivative with 0 <& < 1 for function h(z) is defined by

1 (s
T(l-e) J, (t-sy

“D'h(r) =

Lemma 1°'  For Caputo fractional derivation with 0 < & < 1, one has
wli W Drh(t) = h(t) = h(t).
Lemma 2" If h(f) €R is a continuously differentiable function, then

cDih(D| < sign(h(n)), D).

Lemma 3" Let 9, >0 for k€ N, then

Oy < Y.
k=1

where

Fractional-order DQ-VNNSs is considered as following
0w DiPal)

Po(S)

—Cpalt=T)) + ﬁz aushs(ps(D) + ﬁz bushs(ps(t—12)) + 1, (1)
Bu(5)

6]
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where x e N, s € [tp—T,5], 0 <e < 1. p,(t) € Q, c, € R are, respectively, state and self-regulating parameters of the ath
neuron. The positive constants 7, and 7, denote the leakage and discrete delays, respectively. ¥ =max{7|,7,}. us, bop € Q
represent respectively the connection weight as well as connection weight of the delayed item. h;(ps(1)), hp(ps(t—T2)): Q = Q
denote respectively activation functions of the Sth neuron at 7 and #—17,. 1,(¢) is the external input.

Regard fractional-order DQ-VNNSs (1) as derive system, then the revelent response system is described as

e, (t—T1) +§1 auphy(wy(D) + é bughs(@p(t = 12)) + L,(1) + 1, (1)

Yals)

(@)

W,($)

{ ¢ Dfw,(f)

where s € [1)— 7T, 1], u,(f) is the controller to be designed for achieving FIXTS.
Assumption 1 For wy(t) = wi(?) + wi(0)i+ wj(Di + wi (F € Q, where B € N, wi(t), wy(0), wj(t), wi (1) € R, the
quaternion-valued activation function /;(w;(?)) can be represented as

hy(wp(t)) = hg(wg() +hg(wp(n)i+hy(wy(0)i+hg (wg (D)L
Let e,(¢) = w,(t) — p,(t), combining (1) with (2) can derive error system described as follows:
;ODfe(,(t) = _Cttetr(t_T1)+Zaaﬁ[hﬁ(wﬂ(t))_hﬁ(pﬁ(t))] +Zbaﬁ[hﬂ(wﬁ(t_TZ))_hﬁ(pﬁ(t_TZ))] +ua(t) (3)

=1 B=1

where the initial value of error system (3) is e,(s) =¥, (s) — P, ().
According to the Hamilton rules and Assumption 1, the error system (3) can be separated into the following four real-

valued error systems.

Dl = —cae§<r—n>+i[afip(h;;(w;*(z))—hﬁ(pﬁ(r)))—afw(h;(w;a))
—h,’;(p;m))—aéiz(]h;(wga))—hg(p;(t)))—afﬁ(h,’f(wﬁr))
HEGE)|+ 3 [Pl - K- ) @
1= ) KL= 7))~ R~ )
Iyt —72))) = b (B (wh (1= 7)) = BE (pE (1= 72))) |+ 12 (0)

“Drel(r) = —caez<t—n)+2[afw(hs(w;‘(r))—hﬁ(pﬁ(r)))+af:ﬁ(h;(wg(r>)
—h,ﬁ(p;m))—ag(lh;(w;m)—h,i(p;,a)))+a§,;(h,’§(w§<r>)
AL Z [ (R = 720) ~ B (PR = 72))) )
B )~ AP 7)) - B @t )

It =72))) + by (B (wh (1= 7)) = BE (pE (1= 72))) |+ 1L (0)
EDieln) = —cuelt=T)+ Y [aly(WA(wh) - BE(pE)) + afy(Mi(w)D)
B=1
—hi(pi(D)) + @By (wh(D) = By (1)) — aly (A (wf (1)

A CAO) | B R UACAGE SN EVACAGENN ©)
B=1
+b5 (Wt —12)) = B (pi(t = 72))) + B (W (wy(r = 72)

~)(p(t=72)) = by (f (1 =72) =B (P (1= 1)) | + 10
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DI = = ) [ (o)), (1uh)
~ I (ph(0)) + aiiz(z,é(w,é(t)) — W) (pp(®)) +aly(hf (wf (1)
) [+ [ A ) ) )
~bg(p(whi - f'z;) = hi(ph(t=72))) + Bl (i (wp(t = 72)

—hy(py(t— Tz))) + bgﬁ(hg(wg(t —-1,))—hg (py (1— Tz)))] +uX(1)

Assumption 2 For any g,,q, € Q, there exists positive constant m; satisfying
lhs(q)—hs(q)l < mglgi —qol.
Lemma 42" If there exists C-regular function V(-) : R" — R and constants 6,7 >0 and o > 1 such that
V(e() < —6-nVe(e(), e(r) €R"\{0) (®)
then the origin of system can achieve fixed-time stability, and the corresponding setting time 7 is estimated by
o= HOHe—) ©)

Definition 3 The fractional-order DQ-VNNSs (1) and (2) can achieve FIXTS if for any initial value e(#), there exists
T* (T has no concern with e(#,)) such that

liI}l le.()|=0, le., (=0, Ve=T".
t—T*
where T~ is called the settling time of FIXTS.

2 FIXTS criteria under quantized control

In this section, the FIXTS criteria are derived for fractional-order DQ-VNNs (1) and (2) by constructing the following
novel quantized controller.

W0 = —g0eln)-sign(en)[Z +uIQ(el—T)I+ViIQ(el -+ @, Dy Qe m)I) | (10)

where 1=R,1,J,K, ¢}, ut v, w! >0, 0> 1. O(-):R— E is the logarithmic quantizer, which is described as follows:

g, IIT§O'i<lSﬁO—,',
o(h=4 0, [=0,
-0(-D), 1<0,

where [€ER, E={+0;:0,=p'00,0<p<1,i=0,+1,---}U{0} with oy > 0, £ = }%ﬁ, in light of the theory of Filippov, there exists
a Filippov solution y € [-¢£,€) satisfying Q(]) = (1 +y)L.

Theorem 1 Under Assumption 1 and quantized controller (10), fractional-order DQ-VNNs (1) and (2) can achieve
FIXTS if the following three conditions are true:

(i) co < (1—E,

(i) 3 (1B, 1+ 5L 1+ b7, |+ 15, Dm? < (1 =€),
B=1

(ii) X (lafy, |+ lak, |+ laj | +laf,mt < (1-E)¢?,
=1

where A=R, I, J, K. Furthermore, the settling time of FIXTS is estimated as

S P SR R
Ty = g(w(l_g)gn._g) 1+ (11)
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Proof Constructing a Lyapunov function candidate as following:
Vie®) = Vi(e"®)+Va(e )+ Vi(e' () +Vi(e" (1) (12)

where Vi (e"(1)) = Z,ODS ez, Va(e'(0) = Z,ODE Hea (D], Vs(e'(0) = Z,OD‘E Hea (0], Va(eX (1) = Z,ODS A

a=1 a=1

According to Assumption 1 and Lemma 2, calculating the derlvatlve of Vi(e®(1)) along the trajectory (4) with quantized
controller (10) has

Vi) =, Di(; D Vit @)
= DD YD ek

a=1
n

= Z(" Dile (1))

< Z[mgn(e (1)), Dyt (o)
< Z ColeR(t- rl)|+ZZ[|a(,ﬁ|mﬁ|eﬁ(r>|+|af,ﬁ|m;|e;<r>| (13)
=
Flalglmgles(O]+lakylmflef ()] + b5 mElef(r— )
bl glmblen(t =)+ blgmiles(t—2)| + bilm e (1= )]
~(1- §)Z§R|€R(t)I—Z{a—(1—§)Z#a|€§(f )l

t —f)Zvﬂeso—rzn—Zwﬁ(l —&y (5,0 e 0l)’

a=1 a=1
Similarly, the derivatives of V,(e(1)), Vs(e’(¢)) and V,(eX(f)) can be calculated respectively

n

V(') < ) cilelit- r]>|+ZZ|aﬁ|m’*|e§(r>|+|aﬁ| mblel (o)

a=1 a=1 p=1
Hagglmgley (O] + layglmy leg (0] + B glmyles (t = 7o)
HbGlmgleg(t =)l + b lmgles (= 12) + by lmyg ey (1 — Tz)|] (14)

-( —f)Zgﬁe{,(tn—Zg’,—(l —f)Zuue;(r—rm
a=1 a=1 a=

—(1—f)Zv{Ae{,(r—rm—Zwa(l (0 el o)

a=1

and

Vi(e'(n) < Z Calel(t— n)|+22 ! e (1) + |a® b e (o)

a=1 p=1
la mgles (O] +lamf lek ()] + bglmElef(r— )
b mplen(t =)+ S Imjleg (1= T2)| + Ll lef (1= )] 15)
—~(1- g)Zmeg(m Zg, (1- f)ZM,Iea(r o)l

a=1 a=1

(1 —§)ZViIei(t—Tz)| Zw(,a £y D el )

a=1
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as well as

Vi(e () < Zmea(r n)|+zz |k I lef ()] + 1 lmilen (o)

a=1 =1
la! mle )] +1a ImE ek )] + b5 Imblef (- )]
HbL bl (t o)l + 1B lmiles t — )| + b lmE ek — )] (16)

~(1 —f)nglef(r)l—Za’f—(l —.f)Zuﬁef(r—nn

—1-6) Ve rz)|—2w =&y (0 ek @)

a=1

Let w =min{@w?, @!,w!,@*}, then it can follow from Lemma 3 that

—Zn]wﬁa —~£r(, Dy ek ol) Zw (1=&2(, D b l)
- Zw =&y, D5 el o)) Z @i (1-2°(;, 0 ek l) (17)
< =@ (1 =& (; D80+, D~ el o)+, D el )]+, D' ek (o))

Combining (13)~(16) with (17) has

Vi(e" () + Va(e' (D) + Va(e' () + Vi(e (1))

—2[(1 —§>y§—ca]|e’;<t—n)|—zn] (1=l —ca]lelt—)]
a=1

a=1

V(e(n)

IA

—2[(1 —§)uf,—cq]le{,(t—ﬂ)l—zn: |1l —c. Jlek =)

a=1 a=1

—Z[(l—f)vR (| 1+ 155+ 15, |+ b ) e (e = )

=1

—Z[(l £l —Z(| |+ 1Bl |+ 155, |+ b5 ) |1 =)

a=1

“S[a-o, —Z(|b;§(,|+|b’a|+|b,;,|+|b§a|)m;]|e;(;_72)|

a=1

—Z[(l e —Z(| 1+ 15g, 1+ 1|+ 1B mE Jle (2 =) s
- Z [(1-6)5k- Z (Iaf, 1+ lag, | +1ag, | + laf )t |l )]
a=1 p=1

—2[(1 —f)gg—an(|a’2|+|a’p,|+|a’q|+|a’i,|)m§]|e£,(r)|
a=1

—Z"][(l —5)91—znj(mm+|a’p,|+|a’f,|+|a’i,|)m;]|e§<r)|
a=1

—Zn][u—agf—i(mﬁw o+l 1+ lag e ek o)
a=1

—2[§5+§é+§;+4] @ (1-&n'( Z,O Dy ef (o)

a=1

n ~ n . - o
Zron Neb @+ Yo D el o+ ) e D leK (o))

a=1 a=1
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Let/= i [55 ++ 2+ K ] then combining (18) with conditions (i)~(iii) yields
a=1

Vie(t)) < —{-a(1-£Fn"Ve(e(n) 19)

On the basis of Lemma 4, fractional-order DQ-VNNS (1) and (2) can achieve FIXTS, the settling time of FIXTS is 777 ..

Remark 1 The FIXTS of complex networks was studied in [13]. In [14], the FIXTS of Q-VNNs was explored. In
[15], the FIXTS of FONNs was investigated. However, the FIXTS of fractional-order DQ-VNNs has not been considered
until now. The FIXTS of fractional-order DQ-VNNSs (1) and (2) are firstly investigated in this paper via quantized control. It
should be worth pointed that our fractional-order DQ-VNNs contain the merits of Q-VNNs, FO derivative as well as leakage
and discrete delays. Hence our FIXTS results are more general than matching ones derived in [13-15].

Remark 2 The quantized controller (10) is firstly designed to realize FIXTS of fractional-order DQ-VNNs. Compared
with the existing FIXTS controllers for achieving FIXTS goal in [14-15], the logarithmic quantizer is taken into account in
our novel controller (10), which can make full use of communication channels and effectively reduce control costs.

Remark 3 If the leakage and discrete delays are not taken into account, i.e. 7, = 7, = 0, then the fractional-order
DQ-VNNs (1) can degrade into

DD = =P+ 3 dughy(py0) +1,(0)
{ 0 A BB\ B (20)
Pa($) = Pal(s)
meanwhile, the fractional-order DQ-VNNs (2) degenerates into
WDiwe(t) = —Cowo(D)+ X daphp(wp(D) +1,(1) + ity (1)
=1 21)
Wq($) = Yuls)
The quantized controller (10) is modified slightly as follows:
~ - c E— / o
B = -ci0(eln)-sign (el )| +mi(; Di1el)) | (22)
Corollary 1 Let Assumption 1 and quantized controller (22) hold, if the self-regulating parameter satisfies
ct(1-6)g, 2 Z (lag,| +lag,| +lag,| +lag,m; (23)
B=1

1
where @ € N, A=R,1,J, K, then fractional-order DQ-VNNs (20) and (21) can achieve FIXTS within T!* = %(m)" 1+

1

ng .
Remark 4 If quantized control is not considered in (10), then quantized controller (10) degenerates into

B0 = —gleln-sign(e )| +ullelt—Tl+vile -l + @ (, D5 ek | (24)

Corollary 2 Let Assumption 1 and controller (24) hold, if the following three conditions are satisfied
(i) g = Co

n
(i) v, 2% (b, 1+ 1bg, | + 1B, | + 1bg, m,

n
(i) ¢! = X, (lak | +1aj, | +aj | +1ak ym?,
g1

where @ € N, 1=R,1,J,K, then the fractional-order DQ-VNNs (1) and (2) can realize FIXTS within 7% = (=} )ﬁl’ (1+ éﬁ .

max ¢ Nwnl-e

Remark 5 When &=1, the results of Theorem 1, Corollaries 1 and 2 are also true.

3 Numerical simulations

A numerical example is provided to verify the effectiveness of theoretical results for FIXTS in this section.
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A two-dimensional fractional-order DQ-VNN is considered as follows

DY pa(t)

Da(S)

2 2
—CoPo(t—T1) +/3§1 a,shs(ps(t)) +;§1 bophs(pp(t —T12)) + 1,(1)
Ba(s)

(25)

where @ = 1,2, (p1(1), p2(1))" € Q2 y(py(1)) = tanh (pf (1) }anh (p}(1))+anh (pj(1))i+tanh (pf (1) with p& (1), pi(0). py(0). pf (1) €
R, I,(t) = L(t) = 0, a;; = 0.16 —0.02i + 0.01j + 0.05%, a;, = —0.14 + 0.01i + 0.02] + 0.03%, a,; = 0.13 —0.05i + 0.06j + 0.04%,
a» =0.14+0.01i+0.02j+0.03%, b, = 0.13-0.05i+0.06j+0.04%, b;, = —0.16+0.02i+0.01j+0.03%, b,; = 0.14—0.06i+0.05j+0.02%,
by =0.15+0.02i+0.03i + 0.01%, ¢; = ¢; = 0.1, 7, = 3, 7, = 4, the initial value of (25) is chosen as p,(s)=(1.6-0.7i+0.7j +
0.8t,—0.1+0.9i—1.9j+1.2)".

The response system of (25) is described as

c ne, 09
owDiw™ (1)

We($)

—Coo(t—T1) +/3§: Aophp(wp(D)) +ﬂz: Dophg(wp(t —72)) + 1, () + u, (1)

Ya(s)

(26)

where a = 1,2, (w,(¢), wz(t))T €Q?, hg(ws(1)) = tanh (wg (1)) +tanh (w/’),(t))i +tanh (a)/ﬁ(t))i +tanh (wg (1))t with wg(t),w;(t), w/ﬁ(t),
wg(t) € R, the initial value of (26) is selected as w,(s) =(1.6—3.7i+5.7j+2.8t,-3.5+3.9i—0.9j + O.2f)T, the other parameters
of fractional-order DQ-VNNs (26) are the same as those of fractional-order DQ-VNNSs (25). Choose the parameters of (10)
asp=0.6,¢'=0.7,£1=0.5, u! =1.8,v1=0.75, w! =0.01,0=1.000 1, =1,2, A=R, I, J, K.

By simple calculation, one has

0.

0.55

0.52

1 =

max{c;,c,} < rr}ilg{(] U, A=R,1,J,K}=1.35,

@’

2
max { > (b |+ Ibf, |+ [bh, | + 15, Dm, A= R, 1, J, K}
p=1

min{(1-&v!,a=1,2,A=R,1,J,K}
0.562 5,

2
max { " (lak |+ lag, |+ |af,| +|ak,m!, A= R, 1, J, K}
p=1
min{(1-&¢',a=1,2,1=R.1,J,K}
0.525.

thereby the conditions of Theorem 1 are satisfied, the fractional-order DQ-VNNs (25) and (26) can achieve FIXTS. The time
response curves of e,(f) and Q(e,(¢)) under quantized controller (10) are shown in Fig 1 and Fig 2.

=12

e“(t), @

5

4t

Fig 1 Time response curves of ¢, (1), «=1,2

I
100

I
150
t

I
200

8 T
ef(t) —Q(ef (1)
el (t) |1 ——Q(ef (1)
el (t) 6 Qlef(t)) |
eh(t) |4 ——Q(eh(1))
el(t) Q)] |
e ] 4 ——Q(ed (1)
oK () o ——Q(el (1))
EL0IR D — Qe ()]
z, ”\_\_\_FR
] LI_I_r"l_,l-
]
] 2 I’
J]
250 300 0 20 40 60 80 100 120 140 160 180 200

t

Fig 2 Time response curves of Q(e, (1)), a=1,2
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Conclusion

The FIXTS of fractional-order DQ-VNNs was analysed based on quantized control in this paper. By designing a novel

quantized controller, The FIXTS criteria were derived with the help of fractional calculus theorem and inequality techniques,

and the settling time of FIXTS was estimated. Since parameter uncertainties are unavoidable in engineering, consequently,
it is meaningful to investigate the FIXTS of Q-VNNs with parameter uncertainties, which will be researched in our future
work.
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