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Two-Weight Norm Estimates for Hausdorfl Operators®
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Abstract: Two-weight inequalities for Hausdorff operators have been established in weighted Lebesgue spaces under certain
assumptions of kernel function. We study the Hausdorff operators of special kind on the real line R, and also establish corre-
sponding two-weight inequalities under weaker assumptions of kernel function. Then we give some specific examples that satisfy
these conditions of kernel function.
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0 Introduction and Main Results

Fix a locally integrable function ¢ on the interval (0, o). The one-dimensional Hausdorff operator H, is defined by

- ()
Hofo= [ /0.
0

For the sake of simplicity, we initially assume that functions f are in the class of Schwartz functions. The Hausdorff operator is
deeply rooted in the study of one-dimensional Fourier analysis and has become an essential part of modern harmonic analysis.
In particular, it is closely related to the summability of the classical Fourier series!!!. Additionally, many classical operators in
analysis are special cases of the Hausdorff operator if one chooses suitable kernel functions ¢>-*!. For example, if one choose
a suitable kernel function ¢: [y« (®1/2, xo.n(@), max{1,t}, y(1 =)y (?), respectively, the Hausdorff operator is reduced
to Hardy operator, adjoint Hardy operator'®!, Hardy-Littlewood-Pélya operator” and Cesaro operator’®=, respectively. Thus,
the Hausdorff operator has been received a lot of attention in harmonic analysis. Two-weight norm inequalities estimates are
also an important part of harmonic analysis! !,
We recall the definition of the weighted Lebesgue spaces.
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Definition 1 Let 1 < p < oo and w be a weight on R, (i.e. w is an integrable and p-a.e. positive function on R, ). The
weighted Lebesgue space, denoted by LI (R,), is the class of all Lebesgue measurable functions f on R, for which the norm

Wl o= ( f If(X)I”w(x)dx) <o,

In 2021, via adding certain assumptions on ¢, Bandaliyev and Safarova established necessary and sufﬁcient conditions
on monotone weight functions for the boundedness of Hausdorff operators H, in weighted Lebesgue spaces!'?. Their results

are stated as follows.

Theorem 1 Let 1 < p < oo, and let u and v be increasing weight functions defined on R,. Let ¢ be a positive function

on R, satisfying the following conditions:

®

(ii) There exists constants C; >0, i = 1,2 such that

—dt <oo;

C

71 <¢(1) < % r>1.
Then the inequality

”H¢f”Lg<R+) < Cllfllp e
holds if and only if

sup(f M(x)dx) (f v(x)]""dx)p <00,
>0 t xP 0

Theorem 2 Let 1 < p < o0, and let u and v be increasing weight functions defined on R,. Let ¢ be a positive function

onR, satisfying the following conditions:

@) @dt <00
1t
(ii) There exists constants C; >0, i = 1,2 such that

Ci<op()<C,y, t<1.

Then the inequality
Ho A pe,, < e
holds if and only if

1

sup(fru(x)dx)p (f v(x)] ” dx)p’ <00,
>0 0 t x

In this paper, by extending the assumptions of ¢, in Theorem 3 and Theorem 4, we obtain some new boundedness results

of H; on weighted Lebesgue spaces as follows.

Theorem 3 Let 1< p<ooand ¢ be a positive function on R, satisfying the following conditions:
1 mdt <oo

0 t p
(ii) For some a € (p“, 1], there exists a constant C > 0 such that, forall t> 1,

C
=2 )]

Increasing weight functions u and v defined on R, satisfy
1
u(x) ’ ' 1-p’
= dx| < 2
S,lj(? ( min{x?, x°} x) (f(; V) x) * @

1o, < Coll iz s

where C, := [(2‘/"’ + 1)(p— D'PK,,+2"7 p!lr )" Cl(p-1)/(ap— 1)]””] B is a positive constant and v,(x) := v(x) max{1,
x(afl)p}.

Then the following inequality holds:
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Remark 1 When a=1, Theorem 3 coincides with [12] Theorem 3.1.
Example1 Letp>1,b<p'andac(p,1].

1/¢ te(0,1] .
o) = is an example of ¢ of Theorem 3.
1/t* te(l,00)

Theorem 4 Let 1 < p < co and ¢ be a positive function on R, satisfying the following conditions:
A0
@) —
1 rr
(ii) For some a € (—p~!,0], there exists a constant C >0 such that, forall 0 <r <1,

dt < oo;

¢ < Cr’ 3)

Decreasing weight functions u and v defined on R, satisfy

1 1
‘ P\
B*::sup( f u(x)max{l,x“p}dx) ( f ACIE dx) <oo 4)
>0 \Jo ; xP

Then the following inequality holds:

oAy s, < Callflliz oo
where C, := [(2‘/”' + l)(p’ — DK, ,+ 27 plr (p)P CL1/(1 +ap)]‘/"] B’ is a positive constant and vo(x) := v(x) max{1, x™}.

Remark 2 When a =0, Theorem 4 coincides with [12] Theorem 3.3.
Example2 Letp>1,b>p'andac(-p,0].
t te(0,1] |
d(x) = is an example of ¢ of Theorem 4.
1/ te(l,00)
Remark 3 Under the assumptions of Theorem 3 or Theorem 4, we can choose ¢(f) = [x 1.1/t x0.0(), Y(1 —
" xo.n@(y = 1), then we obtain the boundedness of corresponding Hardy operator, adjoint Hardy operator, Cesaro operator

on weighted Lebesgue spaces.

1 Proofs of Theorem 3 and Theorem 4

We need the following Lemmas to prove the main results.
Lemma 1™ Let 1 < p < oo and ¢ be a positive function on R, if

“ P(t
K= [ Dar<oo (5)
o 177
then
Ho e, < KopllFllirees.

Lemma 2" Let 1 < p<oo. u; and v, are weight functions defined on R,. Then the inequality

(fw lfxf(t)dt

o 1XJo

B, := sup(fm Ml(x)dx)p (f Vl(x)l"”dx)p, < o0
>0 t xP 0

holds, where the constant C satisfies B, <C < p'?(p’)"/¥'B,.
Lemma 3" Let 1 < p<oo. u, and v, are weight functions defined on R,. Then the inequality

1

0 x t

B :=sup(fu2(x)dx)p (fw de)ﬂ <oo
>0 0 t xP

pu,(x)dx)p < C(f"" |f(x)|"v1(x)dx)P
0

holds if and only if

» 3 = 5
uz(x)dx) <C ( f lf 0P vz(x)dx)
0

holds if and only if
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holds, where the constant C satisfies B; < C < p'” (p")"""' B:.
Proof of Theorem 3 By (1) and p~' <a< 1, we have

00 1 00
‘f ﬂﬁﬁm:j‘ﬂﬁﬁm+j‘ﬂ2ﬁm
0 t 0 t 1 t
1 00
sf Mﬁdwcf dtl
0 t 1 tHa_ﬁ

1
sf Mﬁdwc P <00,
o I ap—1

By this and Lemma 1, we have

||H¢f||Lp(R+) <Ky pll Al 6)

Without loss of generality, we may assume that the function « has the form

u(x) = u(0) + f Cu(ndr,
0

where u(0) = liron u(t) and ¥ is a positive function on (0, o) (see the proof of [15] Theorem 4). Then
t—0*

( | |H¢f<x>|"u<x>dx)"s( | |H¢f<x>|”u<0)dx)”+ [ |H¢f(x)|p( | w<t>dt)dx}" ~E\+E,.
0 0 0 0

Notice that «# and v are increasing functions, we have

1 ! 7
sup(f @dx) (f v(x)"’ldx) >sup
>0 t xP 0 >0

Thus, for every ¢ > 0, condition (2) implies that

Sl Lol =5l
vin | \Jio » ] \Uo C(p-1)? v |

u(?) < (p—1)B"v(t) ()

Now we estimate E| and E, separately. By (6) and (7), we have

E = ( f i |Hy.f(x) ' dx)"
0

SK¢,,,(u<0>>%( f If(x)l”dX)ﬂ ﬁKw( f If(x)l”u(x)dx)p
0 0

1 1
< B(P_ 1)» Kqﬁ,p”f”Lff(RQ < B(P_ 1)» K(/>,,a||f||L{?O(R+)’

’ u((»dx)" = (u(0)) ( f |H, ()
0

and

Ez=[ f |Hyf 0 ( f w(t)dt)dx]” =[ f I, o ( f v (I)X(x>t;(x)dt)dx]p
0 0 0 0
:(f f |H¢f(x)|p W(I)X(x>,;(X)dtdx)p = [f (/,(t)(f ‘H¢f(x)|pdx)dt] ’
0 0 . r
dih s s S| (%)
=2 U ‘MU f - SO f w(n( f f FO)dy
0 t o Y o . )

» 1
dx] dt} +27
y

p 5
dx] dt:| =: E21 +E22.
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Then we estimate E,; and E,, separately. Notice that if x>¢, y <¢, then x/y> 1. From (1) and 1/p <a < 1, it follows that
1
p v
N o0 00 t ¢()I)
Ey =27 Y(®) ——f(y)dy| dx|dz
0 ‘ o Y
L oo wf ¢(§) ’ b
<27 f w() f f 2 rldy | dar
0 ‘ o Y
1
N 00 00 dx f 4 ﬁ
<2 c[ | w)( | )( | y“‘llf(y)ldy) dr]
0 ;X 0

1 1
N _ 1 7 00 tl+pfap 1 ! p P
e[ 2| [T w5 [ o) @
ap—1 o p—1\tJ,
Moreover, we have

L[ s [Cus ( [ d—f)ds
p-1J s ) X
= fo ) w(s)s’”‘“")m,m)(S)( fo m)m,oo)(X)x"’dx)ds
= fo ) fo ) Y($)S” XX 100y (S (5,00 (X)dxd s = f ) X7 ( f ' W(s)s" ds) d
< f mx"’x”"‘"( f XW(S)ds)dxs f i MO g
! 0 :

(L f"" 'P(S)S +p_apds)l, (f V(x)l_”'dx)p’ <o0.
p—l t sP 0

By Lemma 2 with u,(t) = y()t"*7~? /(p— 1) and v,(r) = v(¢), we have

1

N -1 | 00 ttl+1>—czp 1 ! ~ P 7

En <2t o2l ) f por (1 f YOIy dr
ap—1 o p—1 t Jo

<27 C(

From this and (2), it follows that

p—1. 1 1 0
)P pr(p)”Y B||f(y)”L{,70(R+)-

) SR I R 1 -
)7 7 (p)7 By e, <27 C(
ap—1

p—
ap—1

Then we estimate Ey,. By (6) and (7), we have

IRt ’
Ey=27 f w)[ f f ¥f@)}ny>ﬂ(y)dy x(m,(x)dx]dz‘
0 0 0

A (et "
<2V f z//(t)[ f f Qf(y)xw(y)dy dX]dt}
| Jo 0 0 y
<27K,, [ f d/(t)( f | f(x)l”/\/(x>,,(x)dx)dt]p
0 0
=27K,, [ f Tk ( f l!/(t)dt)dx]p
0 0

<27K,, ( f ) | f(x)lpu(x)dx)p
0

1 1 & 5
<27 Ky, B(p= D7 |flluze,) <27 Ko B(p = D71 fliz, s, -

1

The proof is completed.
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Proof of Theorem 4 By (3) and —p~' <a <0, we have
< (1 Lot < (1
f wt%dtzf @t%dt+f @z%dz
0 t 0 t 1 t
| < (¢
sCf 1df+f wt%dt
0 tl—a—; 1 t

-c? +f 20 44 < oo,
ap+1 ot

By this and Lemma 1, the inequality (6) holds. Without loss of generality we may assume that the function u has the form

u(x) = u(co) + f " yodr,

where u(co) =limu(?) and i is a positive function on (0, o) (see the proof of [15] Theorem 5). Then
t—o00

( f |H¢f(x)|pu(x)dx)ps( f |H¢,f(x)|pu(oo)dx)p+( f |H¢f(x)|p( f (p(t)dt)dx)l) — E\+E,.

Notice that u and v are decreasing functions, we have

sup(f u(x)dx)p(fm v(x)l,_p dx)p, Zsup[@]P(fm ﬂ)ﬂ(f dx)p = —1 ] [sup @r
>0 \Jo ' xP 0 | V(D) . X 0 (p=17 Lno (1)

Thus, for every ¢ > 0, condition (4) implies that

u(t) < (p' = 1) (B)"'v(1) ®)

Now we estimate E; and E, separately. By (6) and (8), we have

Br=( [ sl o] =t { [ oo ar)
0 0

sK¢,p<u(oo>>f‘>( f If(x)l”dx)p sK¢,p( f |f<x>|"u<x)dx)p
0 0

L * ’ i/ 3k
< Kaﬁ,p(p, -1)”B ”f”L\”,(RQ < K¢,p(P -1’ B ||f||LfU(]R+)s

E2 = |:f |H¢f(x)|p (f 'ﬁ(t)dt) d_x} ’ = [f |H¢f(x)|l’ (f w(l)/\/{xq}(x)dt) dx] »
0 . A A
= (f f |H¢f(x)|p ‘//(l)/\,/(m)(X)dtdx)p = [f w(t) (f |H¢f(x)|p dx) dt]p
0o Jo ) ;
| re ! t¢(f) o (oo ¢(;\)
=27 U MU f SOy f W( f f FO)dy
0 0 0 o ) ;

y y
Then we estimate E,; and E,, separately. By (6) and (8), we have

e o] o g2 ’ g
Ey =27 f wm( f f (y)f(y))am,(y)dy x.m,(x)dx]dr]
| Jo 0 0 y
- - . Do¢ £ 1
f W)( f f (2)
| 0 0 0

y f(y))(()<1)(y)dy dx] dr
<27 Ky U o ( f f <x)l”X<x<n(x)dx) dt} =27k, [ f Fol ( f w(t)dt) dx] !
0 0 o .

1 “ b 1 , 1 1 , a1
<27 Ky, ( f [/ (0l M(X)dX) <27 Ky (P = DV Bl fllpwy S 27 Ky p(p = D7 BlIf iz, -
0

and

» 7 P 5
dx]dt} +27 dx)dt] = Ey +Enp.

<27




404 Journal of Xinjiang University (Natural Science Edition in Chinese and English) 2023

Next we estimate E,,. Notice that if x> ¢, y <7, then x/y> 1. From (3) and —p~' <a <0, it follows that

A (] e % Rk
Ep =27 f w(t) f f ) f(y)dy dx|de| <27 w(t)l f ) ——1fOldy| dx|dt
0 0 t

Szp"c[fom,,,(t)(fo’xandx)(f —a'f(y)' ) dt} =27 C(—)P U tﬂ(r)r“""(ftm @dy)ﬁdtr

Moreover, we have

fw(s)sl"“”ds:ftp(s)s“”(f dx)dS=f ¢(s)s“”)((0,,)(s)(f X(O_s)(x)dx)ds
0 0 0 0 0
=f f lﬂ(s)s“”)((o,,)(s))((o,s)(x)dxds=f(f w(s)s"”ds)dx
0 0 0 x
Sfx“”(fmtll(s)ds)dxﬁfu(x)x"”dx.
0 x 0

From this and (4), it follows that

4

(f w(s)s““"ds)p (fm de)p/ < B < 0.
0 t xP

By this and Lemma 3 with u,(f) = y(£)t'**" and v,(¢) = v(f), we have

. 1 . 00 - p %
E22§27C(1+—ap)ﬁ [f w(t)tlmp(f Wd)}) dt]
0 t

1 Lo,
<27 c<1—):‘7 pr (p)7 By fOle,, <27 Cli
+ap

11 L
)PP” (P B ||f()’)||L{,’0(R+)-

The proof is completed.
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