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相关于增长函数的非交换 Orlicz空间的一致凸性

杨永强,闫成

(新疆大学数学与系统科学学院,新疆乌鲁木齐 830017)

摘 要： 相关于增长函数的非交换 Orlicz空间是拟 Banach空间,研究了这类拟 Banach空间的一致凸性. 首先,得到了
这类空间上的模和 Luxemburg拟范数的控制关系.其次,给出了这类空间的一致凸性,并且估计了凸性的模. 最后,给出
了满足假设的具体空间的例子.
关键词： 一致凸性;非交换 Orlicz空间;增长函数;拟 Banach空间

0 Introduction
In 1936, Clarkson[1] studied a geometric property of the Banach space known as the uniform convexity. A Banach space

X with the norm ‖ · ‖ is called uniformly convex, if for every ε > 0, there exists a δ(ε) > 0 such that if ‖x‖ = ‖y‖ = 1 in X with
‖x−y‖ ≥ 2ε, then ‖(x+y)/2‖ ≤ 1−δ(ε). The function δX

[2] defined by

δX(ε) := inf
{
1−

∥∥∥∥∥
x+y

2

∥∥∥∥∥ : ‖x‖= ‖y‖= 1,
∥∥∥∥∥

x−y
2

∥∥∥∥∥≥ ε
}

is called the modulus of convexity of X. Obviously, X is uniformly convex if and only if δX > 0 for every ε> 0 (see [2] p.2).
For a complete σ-finite measure space (Ω,Σ,µ) denote by L0(Ω,Σ,µ) the space of all Σ-measurable functions on Ω. A

functional ‖ · ‖p : L0(Ω,Σ,µ)→ [0,∞] is defined by the formula ‖ f ‖p :=
(∫

Ω
| f |pdµ

)1/p
, 1 ≤ p <∞, which is the Lp-norm of f .

The Lp-space Lp(Ω,Σ,µ) given by

Lp(Ω,Σ,µ) :=
{
f ∈ L0(Ω,Σ,µ) : ‖ f ‖p <∞, 1< p<∞}
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becomes a Banach space with the Lp-norm. For a deeper discussion of the Lp-space, we refer to reference [3]. Clarkson in
[1] Theorem 2 gave a famous inequality known as the Clarkson inequality. Let 1 < p, q <∞ with 1/p + 1/q = 1. Then for
f , g ∈ Lp(Ω,Σ,µ), it follows that

(i) If 1< p≤ 2,
‖ f +g‖p

p +‖ f −g‖p
p ≥ 2

(
‖ f ‖qp +‖g‖qp

)p−1
(1)

(ii) If 2≤ p<∞,
‖ f +g‖p

p +‖ f −g‖p
p ≤ 2

(
‖ f ‖qp +‖g‖qp

)p−1
(2)

Clarkson in [1] proved that, for 1< p<∞, the Lp-space is uniformly convex by the so called Clarkson inequalities (1) and
(2). Furthermore, the moduli of convexity are given by δLp(µ)(ε) = 1−[1−(ε/2)q]1/q for 1< p≤ 2 and δLp(µ)(ε) = 1−[1−(ε/2)p]1/p

for 2≤ p<∞.
As a generalization of the Lp-space, the Orlicz space[4−5] is also widely studied. An Orlicz function φ : [0,∞)→ [0,∞] is a

convex function satisfying φ(0) = 0 and limt→∞φ(t) =∞ (not identically 0 or∞ on (0,∞)). A functional Iφ : L0(Ω,Σ,µ)→ [0,∞]
is defined by the formula Iφ( f ) =

∫
Ω
φ(| f |)dµ. The Orlicz space Lφ(Ω,Σ,µ) given by

Lφ(Ω,Σ,µ) :=
{
f ∈ L0(Ω,Σ,µ) : Iφ(λ f )<∞ for some λ= λ( f )> 0

}

becomes a Banach space with the Luxemburg-Nakano norm

‖ f ‖Iφ := inf{λ> 0 : Iφ( f /λ)≤ 1}.

Kamińska gave a following characterization of the uniform convexity of the Orlicz space[6]. If µ(Ω) <∞ and µ is atomless,
then the Orlicz space Lφ(Ω,Σ,µ) is uniformly convex if and only if the modular Iφ is uniformly convex and φ satisfies the ∆2-
condition. Here, a measure is atomless if every Borel set of positive measure contains a Borel set of strictly smaller positive
measure. About the definition of the ∆2-condition, please see Definition 2 in this article.

With the development of noncommutative analysis theory, the noncommutative Lp-space and the noncommutative Orlicz
space have been studied by many scholars[7–10]. Let M be a semifinite von Neumann algebra[10–12] equipped with a normal
semifinite faithful trace τ. Denote by L0(M) the space of all τ-measurable operators. See Preliminaries in this article for
definitions of the above concepts. The noncommutative Lp-space[10] defined by

Lp(M, τ) := {x ∈ L0(M) : τ(|x|p)<∞, 1< p<∞}

becomes a Banach space with the noncommutative Lp-norm ‖x‖τp := (τ(|x|p))1/p, 1 < p < ∞. In [7, 10] the noncommuta-
tive Clarkson inequalities were given, i.e., the Clarkson inequalities (1) and (2) still hold for x,y ∈ Lp(M, τ). Hence the
noncommutative Lp-space Lp(M, τ) is uniformly convex for 1< p<∞.

The noncommutative Orlicz space[9] defined by

Lφ(M, τ) := {x ∈ L0(M) : ρφ(λx)<∞ for some λ= λ(x)> 0}

becomes a Banach space with the Luxemburg-Nakano norm

‖x‖ρφ := inf{λ> 0 : ρφ(x/λ)≤ 1},

where ρφ(x) is defined by the formula ρφ(x) := τ(φ(|x|)). The following characterization of the uniform convexity of the
noncommutative Orlicz space was given by Sadeghi in [13] Theorem 4.2. If φ is uniformly convex and satisfies the ∆2-
condition, then the uniform convexity of φ implies the uniform convexity of the modular ρφ and the uniform convexity of the
noncommutative Orlicz space Lφ(M, τ).

Corresponding to the uniform convexity of Banach spaces, the definitions of the uniform convexity of the quasi-Banach
spaces and their moduli of convexity can be similarly given (see [14-15]). Let ε ∈ (0,1) and C ≥ 1. For a quasi-Banach space
B, the modulus of convexity is a function δB : (0,1)→ (0,1) defined by

δB(ε) := inf
{

1− ‖(x1 + x2)/2‖
C

: ‖x1‖= ‖x2‖= 1,
‖(x1− x2)/2‖

C
≥ ε

}
(3)
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Lemma 1[14] A quasi-Banach space B is uniformly convex if and only if δB(ε)> 0.
A function φ is called a growth function[16], if φ is a nondecreasing and continuous function from [0,∞) onto itself.

The growth function is a generalization of the Orlicz function. The noncommutative Orlicz space associated with the growth
function in [16] is defined by

Lφ(M, τ) := {x ∈ L0(M) : τ(φ(λ|x|))<∞ for some λ= λ(x)> 0} (4)

In [17] we can know that the noncommutative Orlicz space associated with growth function Lφ(M, τ) is a quasi-Banach space
with the quasi-norm

‖x‖φ := inf{λ> 0 : τ (φ(|x|/λ))≤ 1} (5)

In this paper, we give the uniform convexity of noncommutative Orlicz spaces associated with growth functions and estimate
their moduli of convexity.

Especially, when M is commutative, by Gelfand theorem of commutative algebras[11], it follows that Lφ(M, τ) �
Lφ(Ω,Σ,µ) and τ(·) =

∫
Ω
· dµ (see [18]). Consequently, the Orlicz space associated with growth function, Lφ(Ω,Σ,µ), which is

a classical quasi-Banach space is uniformly convex, under the assumptions of Theorem 3.
The organization of the paper is as follows. In section 1, we provide some necessary preliminaries, particularly growth

conditions for growth functions. In section 2, we obtain some relationships between the modulars and the Luxemburg quasi-
norms on the noncommutative Orlicz spaces associated with growth functions. Consequently, in Theorem 3, we give the
uniform convexity of the spaces Lφ(M, τ) and estimate their moduli of convexity by the above relationships. Furthermore, we
give some specific examples of such spaces.

1 Preliminaries
A Banach algebraA is a (complex) algebra which is a Banach space under a norm that is submultiplicative (‖xy‖ ≤ ‖x‖‖y‖

for all x,y ∈A). An involution on a Banach algebraA is a conjugate-linear isometric antiautomorphism of order two, usually
denoted x 7→ x∗. In other words,

(x+y)∗ = x∗+y∗, (xy)∗ = y∗x∗, (λx)∗ = λ̄x∗, (x∗)∗ = x, ‖x∗‖= ‖x‖

for all x, y ∈ A, λ ∈ C. A Banach ∗-algebra is a Banach algebra with an involution. An (abstract) C∗-algebra is a Banach
∗-algebraA satisfying the C∗-axiom:

‖x∗x‖= ‖x‖2 for all x ∈A.
Let A be a C∗-algebra. A closed subalgebra B of A is called a C∗-subalgebra of A if x ∈ B implies x∗ ∈ B. Let σ(x) be the
spectrum set of x and all continuous functions on σ(x) denoted by C(σ(x)). For more information about C∗-algebra, see [11].

Lemma 2[11] LetA be a unital C∗-algebra and x be a normal element inA. Suppose thatB is a C∗-subalgebra generated
by x and 1. Then there exists a unique unital isomorphism mapping Φ : C(σ(x))→ B such that Φ(id) = x where id(z) = z for
arbitrary z ∈σ(x).

Definition 1[11] Suppose that A be a unital C∗-algebra and x be a normal element in A. Let Φ be the isomorphism
mapping as in above Lemma 2. For a continuous function f ∈C(σ(x)), set f (x) := Φ( f ). Then f (x) is called the value of the
continuous function f at x.

Let A be a C∗-algebra. An element x ∈ A is normal if xx∗ = x∗x, self-adjoint if x = x∗. A normal element x ∈ A is
positive if and only if σ(x)⊂ [0,∞). We denote byA+ the set of positive elements, and x, y ∈A are two self-adjoint elements
then we write x≤ y if y− x ∈A+. For each x ∈A, (x∗x)1/2 is called the absolute value of x and denoted by |x| (see [11]).

Let H be a separable Hilbert space. We denote by B(H) the ∗-algebra of all linear bounded operators on H. LetM be a
∗-subalgebra of B(H) containing the identity operator 1. ThenM is called a von Neumann algebra ifM is a weak operator
closed. Every von Neumann algebra is, of course, a C∗-algebra. LetM+ denote the set of positive elements ofM. Let P(M)
be the lattice of projections of M. For simplicity of notation, we write P instead of P(M). Given a family of projections
(ei)i∈I ⊂ P, we denote by ∨ei and ∧ei its supremum and infimum, respectively. Recall that ∨ei (resp. ∧ei ) is the projection
from H onto the subspace ∪ei(H) (resp. onto the subspace ∩ei(H)). We refer to [10-11] for more information about von
Neumann algebras.
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A trace onM is a map τ : M+ → [0,∞] satisfying the following two conditions:
(i) For all x, y ∈M+, λ ∈R+, τ(x+λy) = τ(x)+λτ(y);
(ii) For all x ∈M, τ(x∗x) = τ(xx∗).
A trace τ is called normal if supi τ(xi) = τ(supi xi) for any bounded increasing net {xi} inM+, faithful if τ(x) = 0 yields

x = 0, finite if τ(1) < ∞, and semifinite if for all non-zero x ∈ M+ there exists a non-zero y ∈ M+ such that y ≤ x and
τ(y) <∞. The trace τ is nondecreasing, i.e. from 0 ≤ x ≤ y, it follows that τ(x) ≤ τ(y). If τ is a normal faithful normalized
trace (i.e. τ(1) = 1) onM, then (M, τ) is called the noncommutative probability space. We denote by L0(M) the space of all
τ-measurable operators. Please refer to [10-11] for more information about the trace.

If a function defined on complex field C is measurable with respect to the Borel set B, then it is called a Borel function.
Let x ∈M and B ⊂ σ(x) be a Borel subset. The mapping e : B→M is called the spectral measure of x, denoted by (eλ(x))λ
(λ ∈σ(x)), if the following (i) and (ii) holds.

(i) e(σ(x)) = 1 and e(∅) = 0;
(ii) Let {Bn} be a Borel subset sequence in σ(x). Then

e (∪n≥1Bn) =∨n≥1e(Bn) and e (∩n≥1Bn) =∧n≥1e(Bn).

Now let x ∈M+. Then x admits a unique spectral decomposition:

x :=
∫ ∞

0
λdeλ(x).

(eλ(x))λ is the spectral measure of x. Let ϕ be a bounded Borel function on σ(x). Define a bounded operator ϕ(x) via the
integral formula:

ϕ(x) :=
∫

σ(x)
ϕ(λ)deλ(x).

And ϕ(x) belongs toM.
For a growth function φ, there are two quantitative indices[16] defined by

pφ := inf
t>0

tφ′(t)
φ(t)

, qφ := sup
t>0

tφ′(t)
φ(t)

(6)

Definition 2[5, 16] (i) A growth function φ is said to satisfy the ∆2-condition for all t > 0, denoted by φ ∈ ∆2, if there
exists a constant k> 1 such that φ(2t)≤ kφ(t);

(ii) A growth function φ is said to satisfy the ∆1/2-condition for all t > 0, denoted by φ ∈ ∆1/2, if there exists a constant
0< k< 1 such that φ(t/2)≤ kφ(t).

If φ satisfies the ∆2 and ∆1/2 conditions for all t> 0, we denote symbolically as φ ∈∆2∩∆1/2.
Proposition 1[17] Let φ be a growth function. Then the followings hold:
(i) φ ∈∆2 if and only if qφ <∞;
(ii) φ ∈∆1/2 if and only if pφ > 0.
Lemma 3[16, 19] Let φ be a growth function. Then the followings hold:
(i) φ ∈∆2 is equivalent to that for arbitrary constant c> 1 there exists a constant k> 1 such that φ(ct)≤ kφ(t) for all t> 0;
(ii) φ ∈∆1/2 is equivalent to that for arbitrary constant 0< c< 1 there exists a constant 0< k< 1 such that φ(ct)≤ kφ(t) for

all t> 0;
Corollary 1 (i) φ ∈ ∆2 is equivalent to that for arbitrary constant 0 < c < 1 there exists a constant 0 < k < 1 such that

φ(ct)≥ kφ(t) for all t> 0;
(ii) φ ∈ ∆1/2 is equivalent to that for arbitrary constant c > 1 there exists a constant k > 1 such that φ(ct) ≥ kφ(t) for all

t> 0.
Definition 3 If φ(kt) ≤ kφ(t) for all 0 < k < 1 and t > 0, then φ is called super-homogeneous. For convenience, denote

by ∆̃1/2 the set of all growth functions φ that are super-homogeneous. Let ∆1/2 denote the set of all growth functions satisfying
Definition 2(ii). Obviously, we have ∆̃1/2 ⊂∆1/2.

Definition 4[16] Let X be any linear space. A functional ρ : X→ [0,∞] is said to be a modular, if for all x,y ∈ X,
(i) ρ(x) = 0 if and only if x = 0;
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(ii) ρ(αx) = ρ(x) for every scalar α with |α|= 1;
(iii) ρ(αx+βy)≤ ρ(x)+ρ(y) for α,β≥ 0 such that α+β= 1.
A functional ρφ on L0(M) is defined by ρφ(x) = τ(φ(|x|)), ∀x ∈ L0(M).
Remark 1 If φ is a growth function and φ ∈ ∆2 ∩∆1/2, then ρφ is a modular on L0(M) (see [16]). If φ is an Orlicz

function, then ρφ is a convex modular on L0(M) (see [13]).
A modular ρ on linear space X is called uniformly convex, if for every ε > 0 there is a constant δ(ε)> 0 such that for all

x,y ∈ X, the conditions ρ(x) = ρ(y) = 1 and ρ((x−y)/2)≥ ε mean ρ((x+y)/2)≤ 1−δ(ε).
For the definitions of the noncommutative Orlicz space associated with the growth function Lφ(M, τ) and the Luxemburg-

Nakano quasi-norm ‖x‖φ, please see (4) and (5) in Introduction. For simplicity of notation, we write Lφ(M) instead of
Lφ(M, τ).

From the growth function φ and the normal simifinite faithful trace τ, we define the functional pφ : Lφ(M)→ R+ by the
formula

pφ(x) := φ−1 (τ (φ◦ |x|)) , x ∈ Lφ(M) (7)

The noncommutative Orlicz classes associated with growth functions[16] are defined by

L̃φ(M, τ) := {x ∈ L0(M) : τ(φ(|x|))<∞} and simply L̃φ(M).

The noncommutative Morse-Transue spaces associated with growth functions are defined by

Mφ(M, τ) := {x ∈ L0(M) : τ(φ(λ|x|))<∞ for all λ> 0} and simply Mφ(M).

Definition 5 For each x ∈ Lφ(M), let I x
φ

(
L̃φ(M)

)
:= {k ≥ 0 : kx ∈ L̃φ(M)} and for simplicity we write I x

φ instead of

I x
φ

(
L̃φ(M)

)
. Let kx := sup I x

φ and `x : k 7→ ρφ(kx), k ∈ [0,kx).
Definition 6[18, 20] Let x ∈ L0(M) and t> 0. The “t th singular number (simply s-number) of x” µt(x) is

µt(x) = inf{‖xE‖ : E is a projection inM with τ(1−E)≤ t}.

Proposition 2[18] Let x,y ∈ L0(M). Then
(i) The map: t ∈ (0,∞)→ µt(x) is non-increasing and right continuous;
(ii) µt (x∗) = µt(x) = µt(|x|) and µt(αx) = |α|µt(x) for t> 0 and α ∈ C;
(iii) If 0≤ x≤ y, then µt(x)≤ µt(y), t> 0;
(iv) If f is any continuous increasing function on [0,∞) with f (0)≥ 0, then µt( f (|x|)) = f (µt(|x|)), t> 0.
Lemma 4[18] Let φ be a continuous increasing function on [0,∞) with φ(0) = 0. For each x ∈ L0(M), we have

τ(φ(|x|)) =

∫ ∞

0
φ◦µt(x)dt.

2 Main Results
Lemma 5[16] If φ ∈∆2, then Lφ(M) = L̃φ(M) = Mφ(M).
Proof Take arbitrary x ∈ Lφ(M). Then there is λ> 0 such that ρφ(λx)<∞. If 0<λ< 1, then by ∆2-condition of φ there

exists 0< k< 1 such that (see Corollary 1)

kρφ(x) = k
∫ ∞

0
φ(µt(x))dt≤

∫ ∞

0
φ(λµt(x))dt = ρφ(λx)<∞ (by Lemma 4 and Proposition 2),

which implies ρφ(x)<∞. If λ≥ 1, then ρφ(x)≤ ρφ(λx)<∞ since ρφ(·) is increasing. Consequently, we have x ∈ L̃φ(M) which
implies that Lφ(M)⊂ L̃φ(M).

Take arbitrary x ∈ L̃φ(M). Then ρφ(x)<∞. Since ρφ(·) is increasing, then for arbitrary λ≤ 1, we have ρφ(λx)≤ ρφ(x)<∞.
Since φ ∈∆2, for arbitrary λ> 1 there exists k> 1 such that (see Lemma 3)

ρφ(λx) =

∫ ∞

0
φ(λµt(x))dt≤ k

∫ ∞

0
φ(µt(x))dt = kρφ(x)<∞ (by Lemma 4 and Proposition 2).
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Hence for arbitrary λ > 0, we have ρφ(λx) <∞, which implies that x ∈ Mφ(M) and x ∈ Lφ(M). Consequently, it follows that
L̃φ(M)⊂Mφ(M) and L̃φ(M)⊂ Lφ(M). It is obvious that Mφ(M)⊂ L̃φ(M). Now this proof is completed.

Lemma 6[17] Let φ be a growth function and x ∈ Lφ(M), x, 0. Then the following hold:
(i) ρφ

(
x/(‖x‖φ))≤ 1;

(ii) ρφ(x)≤ 1 if and only if ‖x‖φ ≤ 1.
Corollary 2 Let φ be a growth function and x ∈ Lφ(M). Then ρφ(x)> 1 if and only if ‖x‖φ > 1.
Lemma 7 Let φ be a growth function with φ ∈ ∆̃1/2 and x ∈ Lφ(M).
(i) If ‖x‖φ > 1, then ρφ(x)≥ ‖x‖φ;
(ii) If ‖x‖φ ≤ 1, then ρφ(x)≤ ‖x‖φ.
Proof (i) Suppose that ‖x‖φ > 1 and choose ε ∈ (0,1) such that (1−ε)‖x‖φ > 1. Hence ‖x‖φ > (1−ε)‖x‖φ > 1. By the

positive homogeneity of ‖ · ‖φ, we have ‖x/(1− ε)‖x‖φ‖φ > 1. From Corollary 2, it follows that ρφ(x/(1− ε)‖x‖φ) > 1. Since
φ ∈ ∆̃1/2, then, by Lemma 4 and Proposition 2, we obtain

1<ρφ

(
x

(1−ε)‖x‖φ

)
=

∫ ∞

0
φ

(
µt

(
x

(1−ε)‖x‖φ

))
dt≤ 1

(1−ε)‖x‖φ

∫ ∞

0
φ (µt (x))dt =

1
(1−ε)‖x‖φ ρφ(x)

which implies that
(1−ε)‖x‖φ <ρφ(x).

Letting ε→ 0+, the result follows:
(ii) Let k−1 := ‖x‖φ ≤ 1. Since φ ∈ ∆̃1/2, then by Lemma 4, Proposition 2 and Lemma 6(i), we have

kρφ(x) = k
∫ ∞

0
φ(µt(x))dt≤

∫ ∞

0
φ(kµt(x))dt = ρφ(kx) = ρφ

(
x
‖x‖φ

)
≤ 1.

Consequently, we have ρφ(x)≤ k−1 = ‖x‖φ.
Lemma 8[16] Let φ be a growth function and φ ∈∆1/2∩∆2. Let {xn} be a sequence of τ-measurable operators converging

to x in the measure topology. If there exists an operator y ∈ Lφ(M) such that |xn| ≤ y for n = 1,2, · · · , then

lim
n→∞

ρφ (xn) = ρφ(x).

Theorem 1 Let x ∈ Lφ(M) with φ ∈ ∆1/2∩∆2 and kx, `x be as in Definition 5. Then `x is increasing and continuous on
[0,kx).

Proof From the definition of `x one has

`x(k) = ρφ(kx) = τ(φ(k|x|)), x ∈ Lφ(M), k ∈ [0,kx) ,

such that `x(·) is increasing on [0,kx) since φ is increasing and τ is nondecreasing. Let k0 ∈ [0,kx) and {kn} ⊂ [0,kx) satisfying
limn→∞ kn = k0. Consequently, for {knx} ⊂ Lφ(M) and k0x ∈ Lφ(M), by Proposition 2(ii), we have

lim
n→∞

µt(k0x−kn x) = lim
n→∞

µt((k0−kn)x) = lim
n→∞
|k0−kn|µt(x) = 0, for each t> 0,

which implies {kn x} converges to k0x in the measure topology by [18] Lemma 3.1. Take k′x := supn{kn} ∈ [0,kx) and hence kn x≤
k′x x ∈ Lφ(M), n = 1,2 · · · . Then from the dominated convergence theorem (see Lemma 8), we have limn→∞ ρφ(knx) = ρφ(k0x),
i.e., limn→∞ `x (kn) = `x (k0). By Heine theorem, we have limk→k0 `x (k) = `x (k0), which implies that `x(·) is continuous on [0,kx).

Remark 2 If von Neumann algebraM is commutative and φ is the Orlicz function satisfying φ ∈∆2, then, by Theorem
1, we can obtain that k 7→

∫
Ω
φ(k| f |)dµ is increasing and continuous on

[
0,k f

)
for f ∈ Lφ(Ω,Σ,µ) where Lφ(Ω,Σ,µ) is the Orlicz

space, which is the conclusion in [5] III 3.2 Proposition 2.
Theorem 2 If a growth function φ ∈∆1/2∩∆2, then for 0, x ∈ Lφ(M)

ρφ

(
x
‖x‖φ

)
= 1 (8)

Proof Since φ ∈ ∆1/2∩∆2, the mapping `x : k 7→ ρφ(kx) is continuous and monotone increasing on R+ → R+ for each
x ∈ Lφ(M) by Theorem 1. Since x , 0, then there exists a constant k > 0 such that ‖x‖φ > 1/k, i.e., ‖kx‖φ > 1, which means
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ρφ(kx) > 1 by Corollary 2. Consequently, there exists a k0 such that `x(k0) = 1. From the definition of ‖x‖φ, it follows that
k0 = ‖x‖−1

φ and hence (8) follows.
Lemma 9 Let φ be a growth function and x ∈ Lφ(M).
(i) If ‖x‖φ = 1 and φ ∈∆1/2∩∆2, then ρφ(x) = 1;
(ii) If ρφ(x) = 1 and φ ∈ ∆̃1/2, then ‖x‖φ = 1.
Proof (i) By Theorem 2, the conclusion is obvious;
(ii) Let ρφ(x) = 1. By Lemma 6(ii), we have ‖x‖φ ≤ 1 and hence by Lemma 7(ii), it follows that 1 = ρφ(x) ≤ ‖x‖φ ≤ 1.

Consequently, we have ‖x‖φ = 1.
Corollary 3 If φ is a growth function and φ ∈ ∆̃1/2∩∆2, then for x ∈ Lφ(M), we have ρφ(x)≥ 1 if and only if ‖x‖φ ≥ 1.
Proof By Lemma 9 and Corollary 2, the conclusion is obvious.
Lemma 10 Let φ be a growth function and {xn} ⊂ Lφ(M).
(i) If limn→∞ ‖xn‖φ = 0 and φ ∈ ∆̃1/2, then limn→∞ ρφ(xn) = 0;
(ii) If limn→∞ ρφ(xn) = 0 and φ ∈∆2, then limn→∞ ‖xn‖φ = 0.
Proof (i) Let limn→∞ ‖xn‖φ = 0. Hence there is an n0 and n ≥ n0 such that ‖xn‖φ ≤ 1. Since φ ∈ ∆̃1/2, then by Lemma 4,

Proposition 2 and Lemma 6(i), we have

τ (φ (|xn|)) =

∫ ∞

0
φ (µt (xn))dt≤ ‖xn‖φ

∫ ∞

0
φ

(
µt

(
xn

‖xn‖φ

))
dt = ‖xn‖φτ

(
φ

( |xn|
‖xn‖φ

))
≤ ‖xn‖φ→ 0

as n→∞.
(ii) Suppose that limn→∞ ρφ(xn) = 0, which implies that limn→∞ ρφ(kxn) = 0 for each k > 0 since φ ∈ ∆2. Take arbitrary

ε > 0. Then there exists n > n0(ε) such that ρφ(ε−1xn) < 1, which means that ‖ε−1xn‖φ ≤ 1 by Lemma 6(ii). Consequently, we
have ‖xn‖φ ≤ ε for n> n0, which means that limn→∞ ‖xn‖φ = 0.

In the following Lemma 11, Theorem 3 and Theorem 4, for a growth function φ, we always assume that φ0(t) := tφ′(t),
(t ≥ 0) is also a growth function. Such growth functions are widely existent. For example, φ(t) = tp, (p > 0, t ≥ 0) and
φ(t) = ln(1+ t), (t≥ 0).

Lemma 11[16] Let φ be a growth function and φ ∈ ∆1/2∩∆2. Define φ0(t) = tφ′(t), (t≥ 0).
(i) If pφ0 ≥ 2, then for all x, y ∈ Lφ(M),

ρφ(x+y)+ρφ(x−y)≥ 2(ρφ(x)+ρφ(y)),

equivalently,

ρφ(x+y)+ρφ(x−y)≤ 2−1(ρφ(2x)+ρφ(2y)).

(ii) If qφ0 ≤ 2, then for all x, y ∈ Lφ(M),

ρφ(x+y)+ρφ(x−y)≥ 2−1(ρφ(2x)+ρφ(2y)),

equivalently,

ρφ(x+y)+ρφ(x−y)≤ 2(ρφ(x)+ρφ(y)).

Theorem 3 Let φ be a growth function and φ ∈ ∆̃1/2∩∆2. Set φ0(t) = tφ′(t), (t≥ 0) and put pφ0 ≥ 2. Then
(
LΦ(M),‖ · ‖φ)

is uniformly convex and one has

δB(ε)≥ p (q (ε)) , 0<ε< 1, B := Lφ(M) (9)

where for 0<λ< 1,

p(λ) := sup
{

0<σ< 1 : sup
(
φ
( u
1−σ

)
/φ(u) : u> 0

)
≤ 1

1−λ
}

and

q(ε) := inf
{
φ(u)/φ

(u
ε

)
: u> 0

}
.
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Proof Take arbitrary x1, x2 ∈ Lφ(M). From Lemma 11(i), we have

ρφ(
x1 + x2

2
)/C +ρφ(

x1− x2

2
)/C ≤ 2−1(ρφ(x1)+ρφ(x2))/C, C ≥ 1 (10)

Since φ ∈ ∆̃1/2∩∆2, p(λ) and q(ε) are well-defined. Take arbitrary 0<ε< 1. By the definition of q(ε) and from Definition
6, it follows that

φ(µt(x))≥ q(ε)φ
(
µt(x)
ε

)
, x ∈ Lφ(M) (11)

Suppose that ‖xi‖φ = 1 (i = 1,2) and ‖(x1−x2)/2‖φ/C ≥ ε. From Lemma 9(i), we deduce ρφ(xi) = 1. By the positive homogeneity
of ‖ · ‖φ, we have ‖(x1− x2)/2Cε‖φ ≥ 1, which follows that ρφ ((x1− x2)/2Cε) ≥ 1 from Corollary 3. Since φ ∈ ∆̃1/2 and using
(11), we have

ρφ

( x1− x2

2

)
/C =

∫ ∞

0
φ
(
µt

( x1− x2

2

))
dt/C (by Lemma 4)

≥ q (ε)
∫ ∞

0
φ

(
1

Cε
µt

( x1− x2

2

))
dt = q (ε)ρφ

( x1− x2

2Cε

)
≥ q (ε) (by Lemma 4 and Proposition 2) (12)

Consequently, (10) and (12) imply

ρφ

( x1 + x2

2

)
/C ≤ 1

C
−q (ε)≤ 1−q (ε) (13)

By the definition of p(λ) and 0<λ< 1, we get

φ

(
µt(x)

1− p(λ)

)
≤ 1

1−λφ(µt(x)), x ∈ Lφ(M) (14)

Let λ= q (ε). Since φ ∈ ∆̃1/2, then using (14) and (13), we get

ρφ

(
x1 + x2

2C(1− p(λ))

)
=

∫ ∞

0
φ

(
µt

(
x1 + x2

2C(1− p(λ))

))
dt (by Lemma 4)

≤ 1
C

∫ ∞

0
φ

(
1

1− p(λ)
µt

( x1 + x2

2

))
dt (by Proposition 2)

≤ 1
C

1
1−λ

∫ ∞

0
φ
(
µt

( x1 + x2

2

))
dt =

1
C

1
1−λρφ

( x1 + x2

2

)
≤ 1 (by Lemma 4).

From Lemma 6(ii) and the positive homogeneity of ‖ · ‖φ, it follows that

∥∥∥∥∥
x1 + x2

2

∥∥∥∥∥
φ

/C ≤ 1− p (q (ε)) ,

which proves that
(
LΦ(M),‖ · ‖φ) is uniformly convex and its modulus of convexity is estimated by δB (ε) ≥ p (q (ε)) from

Lemma 1.
Example 1 The functions φ(t) = tα ln(t+1), α≥ 2, t≥ 0, satisfy the assumptions of Theorem 3.
Proof It is easy to check that φ(t) and φ0(t) are growth functions. A calculation shows that

tφ′ (t)
φ(t)

=α+
t

(t+1) ln(t+1)
(15)

and
tφ′0(t)
φ0(t)

=α+
αt2 +αt+ t

α(t+1)2 ln(t+1)+ t(t+1)
(16)

From (15), we have 0< α < pφ ≤ qφ ≤ α+1<∞, which follows that φ ∈∆2∩∆1/2 by Proposition 1. From (16), it follows that
pφ0 >α≥ 2. It is obvious that φ ∈ ∆̃1/2. In fact, one can calculate that

(kt)α ln(kt+1)≥ ktα ln(t+1), for arbitrary k> 1.

Theorem 4 Let φ be a convex growth function which is strictly increasing and φ ∈∆2. Set φ0(t) = tφ′(t). If qφ0 ≤ 2, then
for all x,y ∈ Lφ(M), we have

pφ(x+y)+pφ(x−y)≤ 2(pφ(x)+pφ(y)).
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Proof Since the function φ is convex and φ(0) = 0, then φ(kt) ≤ kφ(t), t ∈ R+, 0 < k < 1, which follows that φ ∈ ∆1/2.
Since φ is strictly increasing and convex, φ−1 is increasing and concave. From the proof of [5] III 3.4 Theorem 12 (b), we
have φ−1(s+ t)≤ φ−1(s)+φ−1(t), for s, t≥ 0. Consequently, by Lemma 11(ii) with qφ0 ≤ 2, it follows that

pφ(x+y)+pφ(x−y) = φ−1(ρφ(x+y))+φ−1(ρφ(x−y))

≥ φ−1(ρφ(x+y)+ρφ(x−y))≥ φ−1(
1
2

(ρφ(2x)+ρφ(2y)))

≥ 1
2
φ−1(ρφ(2x))+

1
2
φ−1(ρφ(2y)) =

1
2

(pφ(2x)+pφ(2y)).

Replace x and y by (x+y)/2 and (x−y)/2, we get that

pφ(x+y)+pφ(x−y)≤ 2(pφ(x)+pφ(y)).

Corollary 4 For all x,y ∈ L log(L+1)(M), we have

ρφ(x+y)+ρφ(x−y)≤ 2(ρφ(x)+ρφ(y))

and
pφ(x+y)+pφ(x−y)≤ 2(pφ(x)+pφ(y)),

where φ(t) = t ln(t+1), t≥ 0.
Proof From the method of the calculation of Example 1, it follows that the function φ(t) = t ln(t +1), (t ≥ 0), satisfies

the assumptions of Lemma 11(ii) and Theorem 4.
Remark 3 As an important noncommutative (quantum) Orlicz space, the space L log(L+1)(M) is useful for quantum

statistical physics, particularly for studying von Neumann entropy (see [21]).
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