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Abstract: The noncommutative Orlicz spaces associated with the growth functions are quasi-Banach spaces. We study the
uniform convexity of such quasi-Banach spaces. First of all, we obtain some relationships between the modulars and the Luxem-
burg quasi-norms on such spaces. Secondly, we give the uniform convexity of such spaces and estimate the moduli of convexity.
Finally, some examples of specific spaces satisfying assumptions are given.
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0 Introduction

In 1936, Clarkson!" studied a geometric property of the Banach space known as the uniform convexity. A Banach space
X with the norm || - || is called uniformly convex, if for every & > 0, there exists a d(¢) > 0 such that if ||x|| = |[y]| = 1 in X with
lx—v|| > 2, then ||(x+y)/2|| < 1 - 8(¢). The function §'* defined by

sireai- 2 e 52

is called the modulus of convexity of X. Obviously, X is uniformly convex if and only if dx > 0 for every £ > 0 (see [2] p.2).
For a complete o-finite measure space (2, %, ) denote by Ly(2,Z, 1) the space of all Z-measurable functions on Q. A
1/
functional |||, : Lo(€2,Z. ) — [0, 0] is defined by the formula [|fl|, := ([, IfI"du) . 1 < p < co, which is the L,-norm of f.

The L,-space L,(,%,u) given by

L(QZ,u):={f e Ly(Q,2Z,1):|Ifll, <o, 1< p < oo}
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becomes a Banach space with the L,-norm. For a deeper discussion of the L,-space, we refer to reference [3]. Clarkson in
[1] Theorem 2 gave a famous inequality known as the Clarkson inequality. Let 1 < p, g < oo with 1/p+1/g = 1. Then for
f» g€ L,(,%, ), it follows that
HIfl<p<2,
1+ 8l +1L7 = gz = 2 (171 +lglte) (1)
(i) If2<p<oo,
1+ gl + 11 - gl <211 +lgls) ™ )

Clarkson in [1] proved that, for 1 < p < oo, the L,-space is uniformly convex by the so called Clarkson inequalities (1) and
(2). Furthermore, the moduli of convexity are given by 6, (€) = 1-[1—(g/2)?]" for 1 < p<2 and 6, (&) = 1-[1-(&/2)"]'"*
for 2< p <oco.

As a generalization of the L,-space, the Orlicz space' is also widely studied. An Orlicz function ¢ : [0,00) — [0, 0] is a
convex function satisfying ¢(0) = 0 and lim,_,., ¢(f) = oo (not identically O or co on (0, 0)). A functional I, : Ly(Q2,Z, 1) — [0, 00]
is defined by the formula 1,(f) = fQ (| f)du. The Orlicz space L,(€,%,u) given by

Ly(Q,2, 1) :={f € Ly(Q,Z, 1) : I;(1f) < co for some A= A(f) > 0}
becomes a Banach space with the Luxemburg-Nakano norm
[1f1l;, :=inf{A>0: L,(f/A) <1}

Kaminska gave a following characterization of the uniform convexity of the Orlicz space!®. If u(Q) < oo and u is atomless,
then the Orlicz space L,(£2,%,u) is uniformly convex if and only if the modular 7, is uniformly convex and ¢ satisfies the A,-
condition. Here, a measure is atomless if every Borel set of positive measure contains a Borel set of strictly smaller positive
measure. About the definition of the A,-condition, please see Definition 2 in this article.

With the development of noncommutative analysis theory, the noncommutative L,-space and the noncommutative Orlicz
space have been studied by many scholars™%, Let M be a semifinite von Neumann algebra!'*'? equipped with a normal
semifinite faithful trace 7. Denote by L,(M) the space of all T-measurable operators. See Preliminaries in this article for

definitions of the above concepts. The noncommutative L ,-space!'” defined by
L, (M, 7):={xeLy(M):7(|x]") <oo0, 1 < p < oo}

becomes a Banach space with the noncommutative L,-norm ||x|[} := (r(IxP)"?, 1 < p < c0. In [7, 10] the noncommuta-
tive Clarkson inequalities were given, i.e., the Clarkson inequalities (1) and (2) still hold for x,y € L,(M, ). Hence the
noncommutative L,-space L,(M, 1) is uniformly convex for 1 < p < co.

The noncommutative Orlicz space!” defined by
Ly(M, 1) :={x€ Ly(M) : py(Ax) < 0o for some A= A(x) >0}
becomes a Banach space with the Luxemburg-Nakano norm
lIxll,, :=inf{A>0: p4s(x/2) < 1},

where p,(x) is defined by the formula p,(x) := 7(¢(|x])). The following characterization of the uniform convexity of the
noncommutative Orlicz space was given by Sadeghi in [13] Theorem 4.2. If ¢ is uniformly convex and satisfies the A,-
condition, then the uniform convexity of ¢ implies the uniform convexity of the modular p, and the uniform convexity of the
noncommutative Orlicz space L;(M,1).

Corresponding to the uniform convexity of Banach spaces, the definitions of the uniform convexity of the quasi-Banach
spaces and their moduli of convexity can be similarly given (see [14-15]). Let e € (0, 1) and C > 1. For a quasi-Banach space
B, the modulus of convexity is a function dg: (0,1) — (0, 1) defined by

1 2 2 1— X2 2
G +x2)/ |I:”xl”:”x2”:1’ll(x x)/ ”ze}

C C 3)

0g(€):= inf{l
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Lemma 114

A quasi-Banach space 8 is uniformly convex if and only if dg(€) > 0.
A function ¢ is called a growth function®, if ¢ is a nondecreasing and continuous function from [0,c0) onto itself.
The growth function is a generalization of the Orlicz function. The noncommutative Orlicz space associated with the growth

function in [16] is defined by
LM, 1) := {x € Loy(M) : (¢(A]x])) < o0 for some A= A(x) > 0} @)

In [17] we can know that the noncommutative Orlicz space associated with growth function L*(M, 1) is a quasi-Banach space
with the quasi-norm
llxlly := inf{A>0: 7 (¢(IxI/ D) < 1} )

In this paper, we give the uniform convexity of noncommutative Orlicz spaces associated with growth functions and estimate
their moduli of convexity.

Especially, when M is commutative, by Gelfand theorem of commutative algebras!'!, it follows that L/(M,7) =
LY(Q,2, 1) and 7(-) = fQ du (see [18]). Consequently, the Orlicz space associated with growth function, L*(Q,X, ), which is
a classical quasi-Banach space is uniformly convex, under the assumptions of Theorem 3.

The organization of the paper is as follows. In section 1, we provide some necessary preliminaries, particularly growth
conditions for growth functions. In section 2, we obtain some relationships between the modulars and the Luxemburg quasi-
norms on the noncommutative Orlicz spaces associated with growth functions. Consequently, in Theorem 3, we give the
uniform convexity of the spaces L?(M, 1) and estimate their moduli of convexity by the above relationships. Furthermore, we
give some specific examples of such spaces.

1 Preliminaries

A Banach algebra A is a (complex) algebra which is a Banach space under a norm that is submultiplicative (||xy|| < ||x[||[¥||
for all x,y € A). An involution on a Banach algebra A is a conjugate-linear isometric antiautomorphism of order two, usually

denoted x +— x*. In other words,
(x+y) =x"+y", (xp) =y'x", ()" =Ax", () =x, [Ix*]| = I«

for all x, y € A, 4 € C. A Banach x-algebra is a Banach algebra with an involution. An (abstract) C*-algebra is a Banach
x-algebra A satisfying the C*-axiom:
ll2* x|| = ||x|I* for all x e A.

Let A be a C*-algebra. A closed subalgebra B of A is called a C*-subalgebra of A if x € B implies x* € B. Let o(x) be the
spectrum set of x and all continuous functions on o(x) denoted by C(o(x)). For more information about C*-algebra, see [11].

Lemma 2" Let A be a unital C*-algebra and x be a normal element in A. Suppose that B is a C*-subalgebra generated
by x and 1. Then there exists a unique unital isomorphism mapping @ : C(o(x)) — B such that ®(id) = x where id(z) = z for
arbitrary z € o(x).

Definition 1"''"  Suppose that A be a unital C*-algebra and x be a normal element in A. Let @ be the isomorphism
mapping as in above Lemma 2. For a continuous function f € C(o(x)), set f(x) := ®(f). Then f(x) is called the value of the
continuous function f at x.

Let A be a C*-algebra. An element x € A is normal if xx* = x"x, self-adjoint if x = x*. A normal element x € A is
positive if and only if o(x) C [0,00). We denote by A, the set of positive elements, and x, y € A are two self-adjoint elements
then we write x <y if y—x € A, . For each x€ A, (x*x)"* is called the absolute value of x and denoted by |x]| (see [11]).

Let H be a separable Hilbert space. We denote by B(H) the x-algebra of all linear bounded operators on H. Let M be a
x-subalgebra of B(H) containing the identity operator 1. Then M is called a von Neumann algebra if M is a weak operator
closed. Every von Neumann algebra is, of course, a C*-algebra. Let M, denote the set of positive elements of M. Let P(M)
be the lattice of projections of M. For simplicity of notation, we write # instead of P(M). Given a family of projections
(€)1 C P, we denote by Ve; and Ae; its supremum and infimum, respectively. Recall that Ve, (resp. Ae; ) is the projection
from H onto the subspace Ue;(H) (resp. onto the subspace Ne;(H)). We refer to [10-11] for more information about von

Neumann algebras.
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A trace on Mis amap 7 : M, — [0, 0] satisfying the following two conditions:

(i) Forall x, ye M., 1eR,, 7(x+ Ay) =7(x) + At(y);

(ii) For all x e M, 7(x*x) = 7(xx").

A trace 7 is called normal if sup,7(x;) = 7(sup, x;) for any bounded increasing net {x;} in M., faithful if 7(x) = 0 yields
x = 0, finite if 7(1) < oo, and semifinite if for all non-zero x € M, there exists a non-zero y € M, such that y < x and
7(y) < co. The trace 7 is nondecreasing, i.e. from 0 < x <y, it follows that 7(x) < 7(y). If 7 is a normal faithful normalized
trace (i.e. 7(1) =1) on M, then (M, 1) is called the noncommutative probability space. We denote by Ly,(M) the space of all
T-measurable operators. Please refer to [10-11] for more information about the trace.

If a function defined on complex field C is measurable with respect to the Borel set B, then it is called a Borel function.
Let x e M and B C o(x) be a Borel subset. The mapping ¢ : B — M is called the spectral measure of x, denoted by (e;(x));
(1€ o(x)), if the following (i) and (ii) holds.

(1) e(o(x)) =1 and e(0) = 0;

(ii) Let {B,} be a Borel subset sequence in o-(x). Then

e(Unlen) = Vnzle(Bn) and e(nnZIBn) = /\nzle(Bn)'

Now let x e M, . Then x admits a unique spectral decomposition:

X:= f‘” Ade;(x).
0

(e,(x)), is the spectral measure of x. Let ¢ be a bounded Borel function on o(x). Define a bounded operator ¢(x) via the
integral formula:

P(x) = f p(Dde,(x).
a(x)

And ¢(x) belongs to M.
For a growth function ¢, there are two quantitative indices'® defined by
to'(t to'(t
Dy = inf¢—(), gy :=sup ¢—()
>0 (1) 0 @)
Definition 25 ' (i) A growth function ¢ is said to satisfy the A,-condition for all ¢ > 0, denoted by ¢ € A,, if there
exists a constant k > 1 such that ¢(2¢) < k¢(1);
(ii) A growth function ¢ is said to satisfy the A, /,-condition for all # > 0, denoted by ¢ € A, if there exists a constant
0 <k <1 such that ¢(¢/2) < ke(¢).
If ¢ satisfies the A, and A, ), conditions for all >0, we denote symbolically as ¢ € A, NA,.

(6)

Proposition 1" Let ¢ be a growth function. Then the followings hold:

(1) ¢ € A, if and only if g, < oo;

(ii) ¢ € Ay if and only if p, > 0.

Lemma 361 Let ¢ be a growth function. Then the followings hold:

(i) ¢ € A, is equivalent to that for arbitrary constant ¢ > 1 there exists a constant k > 1 such that ¢(ct) < k¢(¢) for all ¢ > 0;

(i1) ¢ € Ay, is equivalent to that for arbitrary constant 0 < ¢ < 1 there exists a constant 0 < k < 1 such that ¢(ct) < k¢(¢) for
all 1> 0;

Corollary 1 (i) ¢ € A, is equivalent to that for arbitrary constant 0 < ¢ < 1 there exists a constant 0 < k < 1 such that
¢(ct) = ko(¢) for all > 0;

(i1) ¢ € A, is equivalent to that for arbitrary constant ¢ > 1 there exists a constant k > 1 such that ¢(ct) > k¢(t) for all
t>0.

Definition 3  If ¢(kt) < k¢(¢) for all 0 <k < 1 and 7> 0, then ¢ is called super-homogeneous. For convenience, denote
by A 12 the set of all growth functions ¢ that are super-homogeneous. Let A, denote the set of all growth functions satisfying
Definition 2(ii). Obviously, we have A, C A, .

Definition 4!'®  Let X be any linear space. A functional p : X — [0, o0] is said to be a modular, if for all x,y € X,

(1) p(x) =0 if and only if x=0;
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(i1) p(ax) = p(x) for every scalar a with |a|=1;

(i) p(ax+By) < p(x)+p(y) for @, >0 such that a + 5= 1.

A functional p; on Ly(M) is defined by p,(x) = 7(¢(|x])), Vx € Ly(M).

Remark 1 If ¢ is a growth function and ¢ € A, N A, then p, is a modular on Ly(M) (see [16]). If ¢ is an Orlicz
function, then p, is a convex modular on Ly(M) (see [13]).

A modular p on linear space X is called uniformly convex, if for every € > O there is a constant §(g) > 0 such that for all
x,y € X, the conditions p(x) = p(y) =1 and p((x—y)/2) > & mean p((x+y)/2) <1-6(e).

For the definitions of the noncommutative Orlicz space associated with the growth function L?(M, t) and the Luxemburg-
Nakano quasi-norm ||x]|;, please see (4) and (5) in Introduction. For simplicity of notation, we write L?(M) instead of
L*(M, 7).

From the growth function ¢ and the normal simifinite faithful trace 7, we define the functional p, : L*(M) — R by the
formula

Ps(x):=¢7" ((¢polxD), xe L*(M) )

The noncommutative Orlicz classes associated with growth functions!® are defined by
LM, 7) := {x € Ly(M) : 7(¢(|x])) < oo} and simply L*(M).
The noncommutative Morse-Transue spaces associated with growth functions are defined by
M?*(M,7) :={x € Ly(M) : 7(¢(A]x])) < oo for all >0} and simply M?(M).

Definition 5 For each x € L*(M), let I} (Z"(M)) :={k >0: kx € L(M)} and for simplicity we write [} instead of
I;(L*(M)). Let k, := sup I} and £, : k> p,(kx), k € [0,,).
Definition 62 Let x € Ly(M) and 7> 0. The “¢ th singular number (simply s-number) of x” u,(x) is

u(x) =inf{||xE|| : E is a projection in M with 7(1—FE) <t}.

Proposition 218 Let x,y € Ly(M). Then

(i) The map: € (0,00) — u,(x) is non-increasing and right continuous;

(1) g, (x*) = p,(x) = p,(|x]) and p,(ax) = |a|u,(x) for >0 and @ € C;

(iii) f 0 < x <y, then u,(x) <, (y), t>0;

(iv) If f is any continuous increasing function on [0, c0) with £(0) > 0, then w,(f(|x])) = f (w,(|x])), £ > 0.
Lemma 48 Let ¢ be a continuous increasing function on [0, o) with ¢(0) = 0. For each x € Ly(M), we have

((x)) = f o (xdr.
0

2 Main Results

Lemma 59  If ¢ € A,, then L*(M) = L*(M) = M*(M).
Proof Take arbitrary x € L*(M). Then there is A > 0 such that p,(4x) < co. If 0 < A < 1, then by A,-condition of ¢ there
exists 0 < k < 1 such that (see Corollary 1)

kps(x) =k f ) d(u,(x))de < f ) @(Au,(x))dt = py(Ax) <oo  (by Lemma 4 and Proposition 2),
0 0

which implies p,(x) < co. If 1> 1, then py(x) < p,(Ax) < 00 since py(+) is increasing. Consequently, we have x € L*(M) which
implies that L*(M) c L*(M).

Take arbitrary x € Z¢(M). Then p,(x) < co. Since p,(-) is increasing, then for arbitrary 4 < 1, we have p,(Ax) < p,4(x) < 0.
Since ¢ € A,, for arbitrary A > 1 there exists k> 1 such that (see Lemma 3)

P(Ax) = f (A (x)de <k f ) o(u,(x))dt = kp,y(x) <o (by Lemma 4 and Proposition 2).
0 0
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Hence for arbitrary A > 0, we have p,(1x) < co, which implies that x € M?(M) and x € L?(M). Consequently, it follows that
L*(M) c M*(M) and L*(M) c L*(M). It is obvious that M*(M) c L*(M). Now this proof is completed.

Lemma 6" Let ¢ be a growth function and x € L?(M), x # 0. Then the following hold:

(i) po (x/Ixly) < 1

(ii) py(x) < 1 if and only if ||x||, < 1.

Corollary 2 Let ¢ be a growth function and x € L?(M). Then p,(x) > 1 if and only if ||x]|; > 1.

Lemma 7 Let ¢ be a growth function with ¢ € A 1 and x € L*(M).

(@) If llxll, > 1, then py(x) = ||xll4;

(ii) If [|xll, < 1, then py(x) < ||x]|4.

Proof (i) Suppose that ||x]|, > 1 and choose € € (0, 1) such that (1 —&)||x||, > 1. Hence [|x]|, > (1 —=¢)l|x|l, > 1. By the
positive homogeneity of || -[|,, we have [|lx/(1 —&)|lxll4ll, > 1. From Corollary 2, it follows that p,(x/(1 —&)l|x|l,) > 1. Since
¢e Zl 12, then, by Lemma 4 and Proposition 2, we obtain

X o X 1
L<py[—2 )= , (dr= ———
<P "’((1—8)||x||¢) f ¢("‘ ((1—a)||x||¢)) I=ox ||¢f Sl dr= s, e

which implies that

(I =&)llxlly < py(x).

Letting £ — 0%, the result follows:
(ii) Let k' :=||x||, < 1. Since ¢ € Kl 12, then by Lemma 4, Proposition 2 and Lemma 6(i), we have

kpy(x) =k f d(u(x))de < f ¢(kﬂt(x))dt=p¢(kX)=p¢(i)s1
0 0 ||x||¢

Consequently, we have p,(x) < k™' = ||x]l,.
Lemma 8% Let ¢ be a growth function and ¢ € A, ,NA,. Let {x,} be a sequence of 7-measurable operators converging
to x in the measure topology. If there exists an operator y € L?(M) such that |x,| <y forn=1,2,---, then

Illijgp¢ (x,) = py(x).

Theorem 1 Let x € L?(M) with ¢ € A, N A, and k,, £, be as in Definition 5. Then ¢, is increasing and continuous on
[0,k,).
Proof From the definition of £, one has

C(k) = py(kx) =7(p(klx])),  xeL’(M), ke[0,k,),

such that £,(+) is increasing on [0, k,) since ¢ is increasing and 7 is nondecreasing. Let k, € [0,k,) and {k,} C [0, k,) satisfying
lim,,_,. k,, = ko. Consequently, for {k,x} C L*(M) and kyx € L?(M), by Proposition 2(ii), we have

lim gy, (kox — k&, x) = lim w4, (ko — k,,)x) = lim |ko — &, |1, (x) =0,  for each >0,

which implies {k,x} converges to kyx in the measure topology by [18] Lemma 3.1. Take &/, := sup, {k,} € [0, k,) and hence k,x <
kxeL’(M),n=1,2---. Then from the dominated convergence theorem (see Lemma 8), we have lim,_., p4(k,x) = p4(kox),
ie., lim,_ ¢, (k,) = {, (ko). By Heine theorem, we have lim,._,, ¢, (k) = £, (ky), which implies that £,(-) is continuous on [0, k,).
Remark 2 If von Neumann algebra M is commutative and ¢ is the Orlicz function satisfying ¢ € A,, then, by Theorem
1, we can obtain that k — fg @(k| f)du is increasing and continuous on [0,k;) for f € Ly(Q, X, 1) where L,(Q,%, ) is the Orlicz
space, which is the conclusion in [5] III 3.2 Proposition 2.
Theorem 2 If a growth function ¢ € A, N A,, then for 0 # x € L*(M)

X
S |
P 4’(||x||¢) ®)

Proof Since ¢ € A, NA,, the mapping £, : k — p,(kx) is continuous and monotone increasing on R, — R, for each
x € L*(M) by Theorem 1. Since x # 0, then there exists a constant k > 0 such that ||x||, > 1/k, i.e., |[kx|l; > 1, which means
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ps(kx) > 1 by Corollary 2. Consequently, there exists a k, such that £,(k;) = 1. From the definition of ||x||,, it follows that
ko= IIJCII;1 and hence (8) follows.

Lemma 9 Let ¢ be a growth function and x € L*(M).

@) IflIxll; =1 and ¢ € A; N A, then py(x) = 1;

(ii) If ps(x) = 1 and ¢ € A, 5, then ||x]], = 1.

Proof (i) By Theorem 2, the conclusion is obvious;

(i) Let p,(x) = 1. By Lemma 6(ii), we have ||x||, < 1 and hence by Lemma 7(ii), it follows that 1 = p,(x) < [|x]l, < 1.
Consequently, we have ||x]|, = 1.

Corollary 3 If ¢ is a growth function and ¢ € Kl 2N A,, then for x € L?(M), we have p4(x) > 1 if and only if ||x]|, > 1.

Proof By Lemma 9 and Corollary 2, the conclusion is obvious.

Lemma 10 Let ¢ be a growth function and {x,} C L(M).

(1) If lim, . ||Ix,]l, = 0 and ¢ EZI/Z’ then lim, . p4(x,) =0;

(ii) If lim, e p4(x,) = 0 and ¢ € A,, then lim, .. ||, ||, = 0.

Proof (i) Let lim,_,.||x,ll, = 0. Hence there is an ny and n > n, such that ||x,||, < 1. Since ¢ € Kl/z, then by Lemma 4,
Proposition 2 and Lemma 6(i), we have

T(¢(xD) = f (s () de < [l f ¢(ﬂ,( al ))dr=||xn||¢r(¢( Ll ))snxnnwo
; A %ls A

(ii) Suppose that lim,_,., p4(x,) = 0, which implies that lim,_.. p,(kx,) = O for each k > 0 since ¢ € A,. Take arbitrary

as n — oo,

&> 0. Then there exists n > ny(&) such that p,(e'x,) < 1, which means that |le'x,||, < 1 by Lemma 6(ii). Consequently, we
have ||x,||; < & for n > n,y, which means that lim,_, [|x,[l, = 0.

In the following Lemma 11, Theorem 3 and Theorem 4, for a growth function ¢, we always assume that ¢y(¢) := 1¢’'(¢),
(t > 0) is also a growth function. Such growth functions are widely existent. For example, ¢(f) = ¢, (p > 0, t > 0) and
¢()=In(1+1),(r >0).

Lemma 11" Let ¢ be a growth function and ¢ € A,,, N A,. Define ¢o(?) = t¢ (¢), (£ = 0).

(i) If py, >2, then for all x, y € L*(M),

Po(X+Y)+ps(x=y) 2 2(04(X) + 4 (¥))
equivalently,
Ps(X+3)+py(x =) <27 (pg(2%) +py(2))-
(i) If g4, <2, then for all x, y € L*(M),

Po(xX+Y)+p(x =) 2 27 (0,(2%) +py(2y)),
equivalently,
Pp(x+y)+045(x =) < 2(04(X) +04()).

Theorem 3 Let ¢ be a growth function and ¢ € A, NA,. Set ¢y(f) = t¢/ (1), ( > 0) and put Pso = 2. Then (L*(M), |- 1ls)
is uniformly convex and one has

05(8)>plqe)), O<e<l, B:=L(M) 9)

where forO0< A< 1,

pA) := sup{0<0'< 1: sup(gb(%)/(ﬁ(u) . M>0)S %}
and

(&) = inf{¢(u)/¢(g) ‘u> 0}.
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Proof Take arbitrary x;, x, € L?(M). From Lemma 11(i), we have

D) C+ (P22 /C <27 (py(x) +ps(x))/C. C2 1 (10)

X
Po( l

Since ¢ € Zl 2NA,, p(A) and g(g) are well-defined. Take arbitrary 0 < & < 1. By the definition of g(&) and from Definition
6, it follows that

$((1) > gle >¢(“'( )), xe LY(M) (1)

Suppose that ||x;|l, =1 (i=1,2) and [|(x;—x,)/2||,/C > €. From Lemma 9(i), we deduce p,(x;) = 1. By the positive homogeneity
of ||-]ls, we have [|(x; — x,)/2C¢ll, > 1, which follows that p, ((x; —x,) /2C&) > 1 from Corollary 3. Since ¢ € Kl/z and using
(11), we have

,oqﬁ(x1 )/C fmqa( ,(x1;x2))dt/c (by Lemma 4)

o [ o

Consequently, (10) and (12) imply

— %2 )) dr= (s)p¢( I )> 4(¢) (by Lemma 4 and Proposition2)  (12)

p¢(xl;x2)/c<——q(s)<l —q(e) (13)
By the definition of p(1) and 0 <A< 1, we get
p N\ )
¢(1 p(/l)) < /l¢('u‘(x))’ xeL*(M) (14)

Let A=¢g(e). Since ¢ € Zl/z, then using (14) and (13), we get

X+ X " X+ X,
o "’(2C<1 —pu»)"fo ¢(" ‘(2C<1 —pu»))dt (by Lemma 9

< (1 " x;xz))dt (by Proposition 2)
X+ X, 1 1 X+ X
<L 2 dr= - — (—)sl by L .
Cl1-2 ¢( r( 2 )) c1o”\ 3 (by Lemma 4)

From Lemma 6(ii) and the positive homogeneity of || -]|4, it follows that

X1+ X,

/€C<1-plq(e),
¢

which proves that (L*(M),]|-||,) is uniformly convex and its modulus of convexity is estimated by 6z () > p(g(e)) from
Lemma 1.

Example 1 The functions ¢(f) =#*In(z+ 1), @ > 2, t > 0, satisfy the assumptions of Theorem 3.

Proof It is easy to check that ¢(¢) and ¢(f) are growth functions. A calculation shows that

19(t) . 1
o0 T ar DG+

5)

and ,
19,(t) at’ +at+t

B0 T a1+ )1+ 1)
From (15), we have 0 <@ < py < g4 <a+1 < oo, which follows that ¢ € A, N A/, by Proposition 1. From (16), it follows that

16)

D¢, > @ =2, Itis obvious that ¢ € Zl 12 In fact, one can calculate that
(kt)"In(kt + 1) > kt* In(¢ + 1), for arbitrary k > 1.

Theorem 4 Let ¢ be a convex growth function which is strictly increasing and ¢ € A,. Set ¢y (1) =t¢'(2). If g,, <2, then
for all x,y € L?(M), we have
Ps(X+Y) +Py(x—=y) S2(py(x) + Ps(y))-
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Proof Since the function ¢ is convex and ¢(0) = 0, then ¢(kt) < kg(t), t € R,, 0 < k < 1, which follows that ¢ € A, ,.
Since ¢ is strictly increasing and convex, ¢! is increasing and concave. From the proof of [5] III 3.4 Theorem 12 (b), we
have ¢~'(s+1) <¢~'(s)+¢7'(¢), for s, £ > 0. Consequently, by Lemma 11(ii) with g,, <2, it follows that

Po(x+3) +Py(x=3) =4 (0, (x+ ) + ¢ (py(x~Y))
1
> ¢ (py(x+y) +py(x=y) 2 ¢! (5 (P(2X) +py(2y)))

1 1 1
2 507 (0u(220)+ 567 (Po(2) = 5 (Pu(22) +Po(29))

Replace x and y by (x+y)/2 and (x—y)/2, we get that

Py(x+Y) +Pps(x—y) < 2(py(x) + Py ().

Corollary 4 For all x,y € Llog(L+ 1)(M), we have

(X +Y)+05(x =) < 2(04(x) +py ()

and
Py(x+Y) +pgs(x—y) < 2(py(x) + Py (),

where ¢(f) =tIn(t+ 1), t > 0.

Proof From the method of the calculation of Example 1, it follows that the function ¢(¢) = tIn(¢ + 1), (¢ > 0), satisfies
the assumptions of Lemma 11(ii) and Theorem 4.

Remark 3 As an important noncommutative (quantum) Orlicz space, the space Llog(L+ 1)(M) is useful for quantum
statistical physics, particularly for studying von Neumann entropy (see [21]).
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