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Prescribed-Time Leader-Follower Consensus
for Nonlinear Multi-Agent Systems”
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Abstract:  The prescribed-time leader-follower consensus problems are investigated for nonlinear multi-agent systems (MASs)
with undirected and directed network topologies. First of all, a novel distributed control protocol is proposed for MASs with an
undirected network topology. Based on Lyapunov stability theory, some sufficient conditions are derived for MASs to achieve
leader-follower consensus within a prescribed-time. Moreover, we consider the directed network topology and give some suf-
ficient conditions to ensure the prescribed-time leader-follower consensus. Finally, two examples are given to demonstrate the
effectiveness of the main results.
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0 Introduction

During the past decades, due to its wide applications in sensor networks, electrical power grids, and multi-unmanned air
vehicle formation!'™, the distributed cooperative control of MASs has witnessed substantial progress. In comparison with
traditional centralized control, it has stronger adaptivity, higher robustness, and flexibility. As a fundamental and crucial issue
of distributed cooperative control, the consensus of MASs has received extensive attention™!.

The existing consensus problems can be classified into leaderless consensus and leader-follower consensus. Compared
with leaderless consensus, the leader-follower consensus can conserves resources and boosts efficiency. Therefore, the leader-
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follower consensus problems were investigated in [5-6]. However, the aforementioned consensus protocols are asymptotic
convergent. That means the convergence time approaches infinity, which may not be verifiable in many practical situations. In
view of this phenomenon, some researchers have developed finite-time algorithms!=, which can provide a faster convergence
speed and better disturbance rejection performance. In [7-8], the finite-time consensus problems were put forward for first-
order and second-order integrator MASs, respectively. Further, the finite-time consensus control algorithms for higher-order
integrator MASs were proposed in [9]. However, the convergence time of the aforementioned results [7-9] depend on the
initial conditions, which are unprocurable in real applications since the initial state is usually unknown or unavailable.

To resolve the above limitation of finite-time control, lots of results about fixed-time consensus problems have been

B For instance, some fixed-time consensus algorithms were proposed for first-order integrator systems!%,

[11-12] [13]

reported®”

second-order integrator systems , and high-order integrator systems However, for the fixed-time consensus algo-

rithms, the designer still cannot arbitrarily assign the settling time since it always depends on design parameters. In order to

solve the shortcomings of the finite-time/fixed-time consensus algorithms. Wang et al.''

proposed a novel scaling function
to study the prescribed-time consensus problem of MASs. Further, a prescribed-time consensus problem was researched
with second-order integrator MASs in [15]. It is worth noticing that the systems considered in [10-15] are integral dynamics.
Nevertheless, in many practical applications, the nonlinear dynamics are usually used to describe system behaviors. Thus,
the prescribed-time consensus for nonlinear MASs is worth considering.

Motivated by the above observations, we will study the prescribed-time leader-follower consensus problems for nonlin-
ear MASs under undirected and directed network topologies in this paper. The major contributions of this research are as
follows:

(1) In contrast to [14], the model we considered has a nonlinear function term, and the state of the leader is time-varying.

(ii) Different from the finite-time/fixed-time consensus convergence conditions, the settling time of the prescribed-time
algorithms is independent of the initial state and control parameters.

Notations In this paper, R and R" denote the set of real number and the n-dimensional Euclidean space, respectively.
I, € R™" represents n X n identity matrix. 1, (or 0,) denotes an n-dimensional column vector whose all entries being 1 (or 0).
For a matrix A, A, A, (A), Amin(A) represent the transpose, maximum and minimum eigenvalues of A, respectively. A > 0

means that A is a positive definite matrix. ||-|| and ® represent the Euclidean norm and the Kronecker product, respectively.
1 Preliminaries

1.1 Graph theory
The network of MASs is usually modeled by a graph G = (V,E,A), where V = {v,,v,,---,vy} is the vertex set and
& = {(v;,v)lv;,v; € V} is the edge set. (v;,v;) € & indicates a directed edge from v; to v;. The adjacency matrix of G is
A=[a;]eR"™, a;=0, a;; #0 & (v;,v;) € E and a;; = 0, otherwise. The in-degree matrix associated with G is defined as D =
diag(d,,d,, - ,dy), where d; = Z?’Zl a;;. The Laplacian matrix is defined as £ = [/;;]yxy With [;; = —a;; fori # j, and [; = Z?/:l a;.
In this paper, the interaction graph among N followers and the leader is denoted as G. The communication subgraph
among followers is defined as G. Let matrix B = diag(b,,b,,- - - ,by) with b; € {0, 1}, where b; = 1 indicates that agent i receives
the information from the leader, otherwise b; = 0. Moreover, the matrix H is defined by H = L+ B.
1.2 Problem statement

We consider a system with one leader and N followers. The dynamics of the ith follower is given by
Xi(0) = Wxi() + f(1, x:() +uy(0), i=1,2,---N ey

where x;(f) € R, u;(t) € R* and f(z,x,(t)) denote the state, control input and the nonlinear function of the ith follower,

respectively. ‘W e R™ is a constant matrix. The leader has the following dynamics

Xo(t) = Wxo(0) + f (2, x0()) 2

where xy(f) € R", f(#, x(¢)) represent the state and nonlinear function of the leader, respectively. Denote x(¢) = (x] (¢), x3 (9), - - ,

xp ()" and F (¢, x(0)) = (f (t, x1(0)), f7 (1, x2(0)), -+, f7 (1, xn (1))
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Consider the system

E(1) = g€, 1), £(0)=&p, 120 (3)
where £(7) € R" is the state vector, g: R"XR* — R" is a nonlinear vector valued function and g(0,7) =0 for all > 0.
Definition 1''®'  The origin of the system (3) is said to be globally prescribed-time stable if lim,_,7 £(#) =0, &) =0 (1>
T) and the settling time 7 is a user-assignable finite constant, i.e., 0 < T < o0, Y&, € R".

We introduce a time-varying scaling function"#!:
Th
L tel0,T)
=4 T 4
() {1, e lT00 4)
where h > 0 and T > 0. Note that u(#)"(r > 0) is monotonically decreasing during the interval [0,7), u(0)™ = 1 and

lim, ()™ =0.
Lemma 1l Let V(£(r):R" — Ris a continuous and non-negative function. If there exist @ >0, £ > 0 such that

V(f(t))S—a%V(f(t))—ﬁV(f(t)), tel0,T) ()
V(E®)<0, te[T, o) (6)

then the origin of the system (3) is globally prescribed-time stable with the settling time 7. Additionally,

VE®) st (nexp(=pnV(£(0)), t€[0,T) )

and V(&(¢)) =0 for any 1 € [T, ).
Proof When r€[0,T), by multiplying x“(¢) on both sides of (5), one has

HE(OVE®D) < —afuOu®)* " VED) - Bu’ (HVEQD)).
Then, it follows that

w = ap(Ou®) " VED) +u" (OVE®D) < —pu (OVE®D) ®)

Solving the differential inequality (8), one obtains

w(OVE®D) < (0)V(£(0)) exp(=p1).

Hence, it yields that V(&(7)) < = (f)exp(—B1)V(£(0)). When ¢ € [T, 00), due to lim, ;- 4 *(f) = 0 and combination with the
continuity of V(&£(2)), we get that V(&(T)) = lim,_,r- V(&(¢)) =0. Based on V(£(1)) <0 for ¢ > T, it has V(£(t)) = 0,1 € [T, o).
Assumption 1 For any y,(¢),y,(t) € R", the nonlinear function f(-,-) satisfies

1 (@ 1(0) = f (& 2 (N < plly1 (1) = y2 (DI,

where p is a nonnegative constant.

Assumption 2 The graph é contains a directed spanning tree with the leader as the root node, and the subgraph G is
undirected.

Assumption 3 The graph é has a directed spanning tree with the leader as the root node, and the subgraph G is
directed.

Lemma 2!'""  If Assumption 3 holds, then the matrix — is Hurwitz stable. Moreover, there exists a positive diagonal
matrix P = diag(¢,,¢,, - ,Pn) such that PH +H'P is positive definite.

2 Main Results

This section analyzes the prescribed-time consensus problem of MASs (1) ~ (2). With the above preparation, the control
protocol for agent i is designed as

(1) = —(k+c%)[;al,-(xl(r)—xj(r)>+bl-(xl-<t>—xo<r)> L i=1,2, N ©)
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where k and c are positive constants.

Define the tracking error as X;(f) = x;(#) — xo(¢). The controller (9) can be rewritten in the following compact form

u(t) = (k+ ’%)(ﬂ ®1)x(1) (10)

where u(f) = [u! (£),ul (¢), - ,ul(H)]" and %(r) = [¥ @), X2 (), -, X (D)]".
Theorem 1 Suppose that Assumptions 1 and 2 hold, then the MASs (1)~(2) can achieve prescribed-time leader-
follower consensus under the control protocol (10) within the settling time 7', if the positive constants k and c satisfies

r
k> .0+/lmax(::‘:;{;w )/2 o> himi(ﬂ) an
Proof Consider the Lyapunov function as V(1) = & (1)i(r). The time derivative of V() along the systems (1) ~ (2) are
given as
V(O =2% (0] (e W)s(0) - (k+ c"%)((ﬂ ®I)E(D) +F (1, x(0) - 1y® f(t,3(0)] (12)
For simplicity, we define F (1, x(r)) — 1y ® £(t, xo(1)) = ¥ (1, x(t), Xo(£)), then the above equation can be written as
VD =2 ) (Iv o (W+ ’WT))x(t) 2(k+ c"g ;)x (DH S L)F() + 28 (OF (1, (1), (1))
~2(kdun(H) = 5 L AW+ W) =) V() mmm(ﬂ)c’% V() (13)
According to Lemma 1 and condition (1), it yields
V(@) <0 (1) exp{ 2k (H) - max((W+ WH=pu}V(O), rel0.T) (14)
which further implies that
2N < g~ mn®0(1) exp { = (kAmin(H) — %/lmax (W+W" —P)l}||i(0)||, 1€[0,7) (15)

This means that lirTn x;(t) = x0(t), i.e., the leader-follower consensus is reached within the prescribed-time 7.
t—T~
From the control protocol (10), we can see that f(7)/u(¢) will tend to infinity as time approaches 7', which will lead the
controller (10) to be unbounded. In practical applications, the control protocol u(f) needs to remain bounded. Hence, the

boundedness of the controller (10) should be proved over the whole time interval [0, co). In light of (15), one gets that

. 1
I(H ® L)) < IHINIEDI < 1H |70 (1) exp{ = (kAmin(H) — E/lmax((w-{_(WT) —p)t}llfc(O)Il

(16)
< IHNNEO)]]
and
l’l( ) ~ _ h L ~ h LA in (FO) T
IIG(W(@Q)X(I)II = TH OINHSL)X@®)| < g ® eXp{ (kAmin(H) = de((WJr(W )— p)t}IIWIIIIX(O)II
(17)
< ZIHINEO)]
Combining (16) and (17), we have
h
l()]| < klI(H S 1,)X(2)I| +CII#E ;(W®In)56(t)ll < (k+67)IIWIIII5C(0)II, te[0,7T) (18)

Next, we will discuss that the consensus is kept and the control protocol u(f) =0 over [T, 00). Choose the same Lyapunov

function candidates as in Theorem 1, and following the same procedure from (12) to (13), it can be learned that

V() < =2(kAuia(H) = 5 LW W) =)V <0, 1€(T.c0) (19)
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Note that V(¢) is continuous at t = T, then it follows
V(T)= tEITI} Fx)=0
Combining (19) with (20), it yields
0V <V(T)=0, te[T,)
We can easily get V() =0, t > T. Furthermore, we obtain u(f) =0 on [T, o), which imply
lu@®ll < (k+cDIHINEON,  t€[0,T)
llu(5)l| =0, te[T,o0)

In other words, the prescribed-time leader-follower consensus of the systems (1)~(2) are proved,

u(t) is always bounded for 7 € [0, c0).

(20)

ey

(22)

and the control law

Remark 1 It should be pointed out that the control law (10) is significant for achieving the prescribed-time consensus.

However, the function u'/(f) — oo as t — T. We need to demonstrate that the control law (10) is bounded. According to the

preceding analysis, the controller u(¢) is always bounded over the whole time interval [0, c0), so our design is reasonable.

Due to the fact that information sharing between MASs is not always bidirectional, studying the consensus of MASs

on directed network topology is more meaningful. Therefore, the above results are extended to general directed network

topology.
Theorem 2 If Assumptions 1 and 3 hold and there exist positive constants k and ¢ such that

T 2 2
o v PHH'P) LAWIE+e) - 280w

k = =, C> —
A Amin(HHHT)A Ah

then the MASs (1) ~ (2) with the control protocol (10) can achieve the prescribed-time consensus.

Proof Construct Lyapunov function
1 N
- 72
OEEDINC 0

where 7;(1) = 2, a;;(xi(1) = x;(6) + by(xi(t) = xo(0), (1) = [A] (0,7 (1), - , A ()] with B(£) = [T (1), T (1),
Taking the time derivative of the Lyapunov function (24), it yields

N n
V()= ) ) il (uy(0) = 1 ()P @I Yir)
= (ks FONr
= (k+ e | O CIATO)
+ 1 (YPHL)| (1@ W)FH) +F (¢, x(1) — 1y ® £(t, x(1))]
1 A\, 7 T
<~ §(k+cm)h O(PH+H PO LY

1
+ E(H(WTSD@I,,)h(t)”Z +|
<- 1(k + c@)ihf(z)h(z) + L H PRI+, @W)FOIP
=20 2 " '

+IF (2, x(0) ~ 1y ® £ (1, xo ()P

(LOW)HD+F (1.x(0)~ 1@ £t 30| )

According to Lemma 2, we get A = A,;,(PH +H'P) > 0. By utilizing Assumption 1, it has

2

o

. 2
T (HHD ()l

IF (£, x(0) = 1y ® f (2, (DI’ = Z £t x(0) = f (&, %I <
i=1

(23)

(24)

(O]

(25)

(26)
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Substituting (26) into (25), one can get that

V<3 (k+ C“E ; U @0+ 5 A PHHTPROI + % IOl

k1 , WIR+p? \ & Ac fi(f) ~n =,
=—(5 ~ 3w PHHP) - =G ZZ 2t )—Em;;hﬁm 27)

From the definition of V(), one has
. 2 (k1 WP +p° ¢ f(?)
Vi <-——(= -2 MWWTP— V(- —5=2 28
(t) < ¢max( ( ) min(ﬂﬂr)) ( ) ¢max /1( ) ( ) ( )
where ¢« = max{@,,¢,, - ,dy}. By using condition (23), one can obtain

Vi< “E ;vm BV (1) (29)

where @ = ¢/ B= 2/ ) (K/2) = (1/2) A PHHP) = [(IWIP + )/ Auin(HHT)).

According to Lemma 1, we obtain V() < u™*(#)exp(-B1)V(0),t € [0,T), and V(¢) = 0,t € [T,00). This means that
rl~1>17¥1 xi(1) = x0(), and x,(t) = xo(¢) for t > T, i.e., the prescribed-time consensus problem is solved under the directed network
topology.

Taking a similar process as Theorem 1, we can derive
that u(¢) is bounded over the whole time interval [0, co). ° °

Remark 2 It should be pointed out that the settling
time of finite-time algorithms is related to the initial state,

i.e., a large initial state will increase the settling time. In ad- o
dition, for fixed-time consensus protocol, the settling time
is determined by the parameters of the system. However, in
our proposed algorithms, the settling time 7 is not only re- ° °
gardless with the initial values of the system, but also does
not depend on control parameters.
Fig 1 Communication topology

3 Numerical Simulations

In this section, two examples are presented to verify the effectiveness of the obtained results.
0 05

Example 1 Consider MASs (1) ~ (2) with one leader and four followers, in which W = ( ], the nonlinear

function is f(z,x;(r)) = [sin(x; (¢)),cos(xp(1))]",i=0,1,2,3,4, and p = 1. The communication graph is given as in Fig 1. The
2 -1 0 -1

-1 2 -1 0
corresponding Laplacian matrix among the followers is £ = 0 1 2 { and B = diag(1,1,0,0). Choosing the
-1 0 -1 2

initial states [xo;(0), x1;(0), x2,(0), x3,(0), x4;(0)] = [-3,-4.3,2,-7,3], [x02(0), x12(0), x2,(0), x3,(0), x4,(0)] = [5.5,7.3,2,5,11].
According to Theorem 1, choose the other parameters ¢ = 3, k = 6.54 and T = 0.5. Figs 2~3 depict the state trajectories of
xi(1), i=0,---,4. Figs 4~5 depict the state error of %;(¢), i = 1,---,4. It can be seen that the system achieves prescribed-time
leader-follower consensus within 7 =0.5.

Example 2 We consider MASs (1) ~ (2) consist of five agents, which one leader agent and the remainder as followers.
The communication graph is given in Fig 6. The nonlinear function is f(z,x;(r)) = [sin(x; (1)), cos(xo(H)]7,i = 0,1,2,3,4.
It can be seen that f(z,x;(r)) satisfies Assumption 1 with p = 1. Based on Lemma 2, we have £ = diag(2,3,1,2). The
system matrices are given as ‘W = 1 _03 . Meanwhile, the initial conditions of the systems (1) ~ (2) are given as
[x01(0), x1,(0), x2,(0), x3,(0), x4, (0)] = [-2,-5.3,1,3,—4], [x02(0), x12(0), x2,(0), x3,(0), x4,(0)] = [1,2,3,1.5,—1]. In addition, set
¢ =3.60, k =28.861, T = 0.5. Figs 7~8 show the state trajectories of x;(¢), i = 0,---,4. Figs 9~10 show the state error of
Xi(1),i=1,---,4. Obviously, the prescribed-time control protocol ensures that the MASs achieves leader-follower consensus

within 7 =0.5.



532

Journal of Xinjiang University (Natural Science Edition in Chinese and English)

2023

0,....4
KN

L4

1.

a(t),i=

=0,...,.4

xil(t), i

xil(t), i
&

2 . . . . . . .

01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
t t

Fig 2 The state trajectories of x;; Fig 3 The state trajectories of x;,

Z1(t) o Z12(t)
Fa1(t) Ta(t)
Z31(t) Z3p(t)
Zai(t) Zo(t)
| i ]
016 0.‘7 0.‘8 0.‘9 1 0 0.‘1 0.‘2 0.‘3 0.‘4 0.‘5 0.‘6 0.‘7 0.‘5 0.‘9 1
t t
Fig 4 The state error of %, Fig 5 The state error of %
0 1

Fig 6 Communication topology

%3, (®

%2100

4

=0,

X, (0

0 01 02 03 04 05 06 07 08 09 1

Fig 7 The state trajectories of x;; Fig 8 The state trajectories of x;



No.5

LU Wangming, et al: Prescribed-Time Leader-Follower Consensus for Nonlinear Multi-Agent Systems 533

4

3f =

Z11(t) Ta(t)
4 Za(t) - Typ(t)
Z31(t) ’ T32(t)
3 Zq1(t) 2 Zp(t)
02 P15 g
= T=05 ]
[ \ [ i
< ol e < .
=0 = 05 =05 q
) o)
Ak ol
2
05t 1
-3
. . . . . . . . . -1 . . . . . . . . . b
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

t t

Fig 9 The state error of %; Fig 10 The state error of ¥,

Conclusion

In this paper, a new control scheme was constructed to achieve prescribed-time leader-follower consensus for first-

order nonlinear MASs under undirected and directed network topologies. Based on Lyapunov stability theory, some sufficient

conditions are derived to achieve leader-follower consensus. The proposed control scheme is bounded over the whole time

interval. The prescribed-time consensus algorithm can ensure that the settling time is arbitrarily preallocated and is inde-

pendent of the initial state and other parameters. This paper mainly focuses on only one leader prescribed-time consensus

problem of first-order MASs. In future work, we will focus our research topic on prescribed-time consensus problems with

second-order and high-order dynamics.
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