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Odd Chromatic Number of a 1-Planar
Graph is at Most 21*
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Abstract: A proper vertex coloring ¢ of a graph G is said to be odd if for each non-isolated vertex x € V(G) there exists a
color ¢ such that |¢~!(c)NNg(x)| is odd. A graph is 1-planar if it can be drawn in the plane so that each edge is crossed by at most
one other edge. We prove every 1-planar graph admits an odd 21-coloring. This improves a recently obtained bound, 23, due to
Cranston, Lafferty and Song.
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0 Introduction

Let G = (V(G), E(G)) be a finite simple, undirected graph. As usual, |V(G)| and |E(G)| are called the order and the size
of G, respectively. If uv € E(G), then we say that u is a neighbor of v. For every vertex v € V(G), the open neighborhood
of vis set No(v) = {u € V(G) : uv € E(G)} and the closed neighborhood of v is the set N;[v] = Ng(v) U {v}. The degree of a
vertex v € V(G) is dg(v) =|Ng(v)|. A vertex v is called k-vertex (respectively, k*-vertex or k™-vertex) if d;(v) = k (respectively,
ds(v) > k or d;(v) < k). By F(G) we denote the face set of a plane graph G, and for any face f € F(G), we use ds(f)
(respectively, k*-face or k~-face) to denote the degree of f in G (respectively, dg(f) > k or d;(f) < k). For every planar graph
G, for every element x € V(G)U F(G), we use ch(x) to denote the initial charge of x and ch*(x) to denote the new charge of x
after applying some discharging rules.

The minimum degree and maximum degree of a graph G are denoted by 6(G) and A(G) (simply by ¢ and A). A vertex
v € V(G) is said to be odd if d;(v) is odd. For any set S € V(G), G—S denotes the graph obtained by deleting S from G. We
refer to [1] for undefined notations and terminology.
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A proper coloring ¢ of graph G is said to be odd if for each non-isolated vertex x € V(G) there exists a color ¢ such
that |¢™'(c) N Ng(x)| is odd. A graph G is odd k-colorable if it has an odd k-coloring. The odd chromatic number of a graph
G, denoted y,(G), is the minimum k such that G has an odd k-coloring. This notion was introduced by PetruSevski and
Skrekovski ', and they showed that x,(G) <9 for any planar graph G and posed the following conjecture.

Conjecture 1 For any planar graph G, y,(G) <5.

Caro, Petrusevski and Skrekovski ©* present an alternative proof for the result that y,(G) < 9 for any planar graph G.
The bound is further improved to 8 by Petr and Portier . Cranston ! investigated the odd colorings of spares graphs in
terms of the maximum average degree. Cho, Choi, Kwon, et al.” proved that every planar graph G with girth at least 5 is odd
6-colorable.

Recall that a graph is said to be 1-planar graph if it can be drawn in the plane so that each edge is crossed by at most one
other edge. Cranston, Lafferty and Song "' proved that every 1-planar graph admits an odd 23-coloring. The main aim of the
paper is to reduce the bound to 21.

Theorem 1 Every 1-planar graph admits an odd 21-coloring.

For an odd coloring ¢ of G and for each v € V(G), |{c : |¢~'(c)NNg(v)| is odd}| > 1. For convenience, let us denote by
@,(v) acolorin {c: |¢'(c)NNg(v)| is odd}. Further, ¢,(Ng(v)) = {¢,(x) : x € Ng(v)}.

1 Several Key Lemmas

For positive integer ¢ > 3, a vertex v € V(G) is said to be big if d(v) >[c/2], otherwise, small.

If G is a minimum 1-planar graph which does not admit an odd c-coloring. The following hold:

Lemmal 6(G)=>2.

Proof Suppose, to contrary, that 6(G) < 1. Let v be the vertex with ds(v) = §(G) < 1, and G’ = G —v. Thus G’ is
1-planar. By the minimality of G, let ¢ be an odd c-coloring of G’. We can extend ¢ to an odd c-coloring of G by coloring v
from ¢\ (¢(Ng (v)) U@, (Ng(v))), a contradiction.

Lemma 2 For each odd vertex v, then d(v) >[c/2].

Proof Suppose not, there exists an odd vertex v with dg(v) <[c/2]-1.

Let G’ = G—v, by the minimality of G, we can obtain that G’ admits an odd c-coloring ¢. Since |p(Ng (v))U@,(Ng (v))] <
2% ([c/2]7-1), at least one color is available for v, a contradiction.

Lemma 3 No two small vertices are adjacent.

Proof Suppose u and v are adjacent small vertices, i.e. dg(u) <[c/2]1—1 and d;(v) <[c/2]1-1. Let G' =G —{u,v}. By
the minimality of G, G’ has an odd c-coloring ¢. By Lemma 2, both [N (11)| and | N (v)| are odd. We can extend ¢ to G.

First, assign u a color, which does not belong to ¢(Ng (1)) U, (Ng (1)) and ¢,(v) (at most ¢ —2), and then assign a color
to v, which does not belong to ¢(Ng(v)) U, (Ng(v)) (at most ¢ —1 colors in all).

Assume that G is a minimum 1-planar graph which does not admit an odd coloring with ¢, and subject to this, the
number of crossings is as small as possible. The following hold:

Lemma 4 Every edge of G incident to a small vertex has a crossing.

Proof Suppose that uv € E(G) has no crossing, where v is a small vertex. Let G’ = G—v+{uz: z € Ne(v) \ Ng[u]}.
Clearly, G’ is a 1-planar. By the minimality of G, G’ has a proper odd c-coloring ¢. By forbidding at most ¢ — 1 colors at v
(namely, at most ¢(Ng(v)) U@, (Ng(v))), at least one color remains for v.

Lemma 5 Every 3-face is incident with at most one virtual 4-vertex in H, where H is the plane graph obtained from
G by replacing each crossing with a virtual 4-vertex.

Proof Clearly, H has no 2-face and loop. Since G is 1-planar, no two virtual 4-vertices are adjacent. It implies that
every 3-face is incident with at most one virtual 4-vertices in H.

By Lemma 5, no 3-face in H incident to a small vertex. So, every 3-face in H incident to either a virtual 4-vertex and
two big vertices or three big vertices.

Lemma 6 Every 2-vertex in H incident to a 4*-face and a 5*-face.

Proof Suppose not, there exists a 2-vertex u € V(G) incident to two 4-faces f; = uyvx and f> = uxwy, see Fig 1. It
follows that vw € E(G), otherwise, this contradicts the minimality of G. This implies that G has a multiple edge between v
and w, a contradiction.
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Lemma 7 No two 4-faces in H incident with a 2-vertex are adjacent.

Proof Let fj =uyvx and f, = uyzw be two adjacent 4-faces in H. By the minimality of G, neither v nor z is adjacent to

u. So, vz € E(G), see Fig 2. However, this contradicts Lemma 6. Therefore, the Lemma 7 holds.

xr

zwirtual 4 — vertex

v : 2 —vertex
u
w y : virtual 4 — vertex
z:2—vertex

w : virtual 4 — vertex

Y
Fig1 we E(G) Fig 2 vz€E(G)

Lemma 8 Every 6-face is incident to at most two special 2-vertices, where a 2-vertex v is said to be special if it is

incident with a 4-face f =uyvx, in which x, y are virtual 4-vertices.

Proof Suppose f = uxvywz is a 6-face incident with three special 2-vertices in H, where u, v and w are special 2-

vertices, see Fig 3 (a). This implies that x, y and z are virtual 4-vertices. Now we can conclude that vc € E(G), aw € E(G),

bv € E(G) and wc € E(G). One can see that the new embedding of G as shown in Fig 3 (b) has fewer crossings than the

embedding of G as we assumed, a contradiction.

(a) (z;)

Fig 3 f=uxvywzis a 6-face in G (left) and its new embedding of G with fewer crossings (right)

2 Proof of Theorem 1

Theorem 1 Every 1-planar graph admits an odd 21-coloring.

Proof Let G be a counterexample to Theorem 1 with the minimum number of vertices and as few edge crossings as

possible. So, G is a graph with y,(G) > 22. Let H be the plane graph formed G by replacing each crossing with a virtual

4-vertex. Note the graph H has no 2-face. Recall that a vertex v € V(G) is said to be a big vertex if d;(v) > 11, otherwise, v be

a small vertex. A 3-face f =uvx in H is called to be true 3-face if u,v and x are big vertices of G, and f = uvx in H is called

to be false 3-face if two of u, v and x are big vertices and another is virtual 4-vertex. A 4-face f =uyvx is said to be a special

4-face in H if dy(v) =2 and x, y are virtual 4-vertices. Moreover, v is called special 2-vertex.

By Lemmas 1~8, we can get the following claims.

Claim 1
Claim 2
Claim 3
Claim 4
Claim 5
Claim 6
Claim 7
Claim 8

6(G)=2.

Every odd vertex in G has degree at least 11.

No two small vertices are adjacent in G.

Every edge incident to a small vertex in G has a crossing.
Every 3-face in H is either true 3-face or false 3-face.
Every 2-vertex in H is incident to a 4*-face and a 5*-face.
No two 4-faces in H incident with a 2-vertex are adjacent.

Every 6-face is incident to at most two special 2-vertices.
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A 4-face f = uyvx is said to be a special 4-face of type-1in H if u is a big vertex, dy(v) =2 and x, y are virtual 4-vertices.
Moreover, v is called special 2-vertex of type-1. f = uyvx is said to special 4-face of type-Il in H if u is a small vertex, dy(v) =2
and x, y are virtual 4-vertices. Moreover, v is called special 2-vertex of type-II.

A 5-face is said to be a special 5-face if it is incident to a special 2-vertex of type-II or a 2-vertex which is incident to a
6-face, see Fig 5 (R4).

We use H to denote its planar embedding and F(H), the set of faces. We assign initial charge for any x € V(G)U F(G)
by putting ch(x) = dy(x)—4. Rewriting Euler’s formula

V(D] = |ECH)| +|F(H)| =2 (1
we have
D A=+ Y @d(H-4)=-38 @)
veV(H) fevH)

We use the following discharging rules (see Fig 4 and Fig 5) so that the charges are transferred among the elements in
H.
R1. Every big vertex sends 1/3 to its incident true 3-face.
R2. Every big vertex sends 1/2 to its incident false 3-face.
R3. Every big vertex incident with special 4-face of type-I sends 1 to the 2-vertex on the same face.
R4. Every big vertex incident with special 5-face f sends 1/2 to the 2-vertex on the same face.
RS5. Every 5*-face in H sends 1 to each of its incident special 2-vertices of type-I (if there exists).
R6. After applying R1~RS5, every 5-face in H redistributes its charge equally to each of its incident 2-vertices (if there
exists).

big vertex big — vertex virtual 4 — vertex

virtual 4 >

big vertex

big vertex big — vertex virtual 4 — vertex

R1 R2 R3

Fig 4 The discharging rules R1~R3

virtual 4 — vertex big vertex virtual 4 —vertex big vertex
1 1
/ 2
special 2 ¢ fertex oftype 11
small vertex
1 1
2
virtual 4 — vertex  big vertex virtual 4 — vertex  big vertex
a b
@ . (®)

virtual 4 — vertex

special 2 — vertex of type I

special 5 face

virtual 4 — vertex

R5

Fig 5 The discharging rules R4~R5

Let ch* denote the new charge, after applying R1~R6. By showing ch*(x) > 0 for every x € V(H)U F(H) by a series of
Claims, we reach a contradiction, and hence prove Theorem 1.



No.3 GUO Chungiang, et al: Odd Chromatic Number of a 1-Planar Graph is at Most 21 271

First, ch*(f) = ch(f) =0 and ch*(v) = ch(v) > 0 for 4-face f and vertex v of degree between 4 and 10 since there are no
discharging rules that applies to them. Therefore, we just need to prove that the ch* > 0 of the remaining vertices and faces.

Claim 9 ch*(f) >0 for every 3-face f in H.

Proof If fis a true 3-face, then ch*(f) =3—-4+3%(1/3) =0 by R1. If f is a false 3-face, then ch*(f) =3—-4+2%(1/2)=0
by R2.

Claim 10 ch*(f) >0 for every 5-face f in H.

Proof Since f is a 5-face, f is incident to at most one 2-vertex.

If f is not incident with a 2-vertex, then ch*(f) = ch(f) =5—4 > 0 since there is no discharge rule applicable to f.

Assume that f is incident with a 2-vertex. If the 2-vertex is a special 2-vertex of type-I, then ch*(f) =5-4—1=0DbyRS.
If the 2-vertex is a non-special 2-vertex of type-I, then ch*(f)=5-4—-1=0 by R6.

Claim 11 c¢h*(f) >0 for every 6-face f in H.

Proof Since f is a 6-face, f is incident to at most two 2-vertices of type-1. By R3, ch*(f)=6-4-2x1=0.

Claim 12 ch*(f) >0 for every 7*-face f in H.

Proof Claim 3 and Claim 4, every d-face has at most d/2 2-vertices if d is even, and otherwise, at most (d —3)/2
2-vertices. By RS and R6, ch*(f) =d—-4—-(d/2)>0if d is even and ch*(f)=d—-4—-(d—-3)/2>0if d is odd.

Claim 13 If a special 2-vertex v of type-II is incident with a 6*-face f, then f can send at least 2 to v.

Proof Let f; = uxvy be a special 4-face of type-II incident to v, where u is a small vertex, and f be the 6"-face are
shown in Fig 6 (a). Let u; and u, be vertices incident with f and xu, € E(H), yu, € E(H). This implies that uu; € E(G) and
uu, € E(G). By Claim 3, u, and u, are two big vertices. Let a be the number of special 2-vertices of type-II that are incident
with f, and b, the number of the remaining 2-vertices which are incident with f. By Claim 3, there are at least a—1+b+1 virtual
4-vertices. Since d(f) > (a—1+b+1)+(a+b)+(5—1) =2a+2b+4, by RS, v can receive [d(f)—4—al/b > (2a+2b+4—a—-4)/b>2.

Claim 14 ch*(v) >0 for every 2-vertex v in H.

Proof Let f, and f, be the two faces incident to v, respectively. By Claim 6, d(f;) >4 and d(f,) > 5. We consider two
cases.

Casel dy(f)=4.

Let fi =uxvy. If v is a special 2-vertex of type-I and u is a small vertex, then ch*(v)=2—-4+1+1=0by R3 and R5.

Assume that v is a special 2-vertex of type-IL. If f; is a special 5-face, then by R4 and R6, ch*(v) =2—-4+1+2%(1/2) =0,
see Fig 5 R4 (a).

If £, is a 6*-face, see Fig 6 (a). By Claim 13, ch*(v) >2-4+2 =0 by R6.

y: virtual 4 — vertex

®
Fig 6 Cases 1 and 2 of Claim 14

Case2 dy(f)=5forie{l,2}.

If dy(fi)) =du(f>) =5, then ch*(v)=2-4+1+1=0by R6, see Fig 6 (b).

If min{dy,(f1),duy(f>)} =5 and max{dy,(f,),duy(f2)} =6, then ch*(v) =2—-4+1+2x(1/2) =0 by R4 and R6, see Fig 5 R4
(b).

If dy(f1) =du(f,) = 6, then let x and y be neighbors of vin H, u,u, and w,w, be edges of G that pass through the crossings
x and y, respectively, such that u; and w; are vertices on f; , where i = 1,2. By Claim 3, there exists at least two big vertices
among u;, u,, w; and w,. If there exists i € {1,2}, such that u; and w; are big vertices, then f; is incident to one 2-vertex. By
R6, ch*(v) 22 -4+2=0. If there exists z € {u;,w,} and w € {u,, w,} such that z and w are big vertices, then f; can send at least
ltovforie{l,2}. ByR6, ch"(v)>2—-4+1+1=0.



272 Journal of Xinjiang University (Natural Science Edition in Chinese and English) 2023

If dy(f;) = 7 for i € {1,2}, then every d-face has at most d/2 2-vertices if d is even, and otherwise, at most (d —3)/2
2-vertices. This implies that there exists at most (d/2)—1 2-vertices of type-I if d is even, and otherwise, at most [(d—3)/2]—1
2-vertices of type-I, thus ch*(v) >2—-4+1+1=0 by R6.

Claim 15 If there exists three consecutive faces that are incident with a big vertex v, then v totally sends to three faces
at most 2.

Proof Let f}, f, and f; are three consecutive faces that are incident to v.

If one of fi, > and f; is a special 4-face of type-I, then v totally sends to three faces at most 1+(1/2)+(1/2) =2 by Claim
7, R1, R2 and R4.

If there exists two special 4-faces of type-I. By Claim 7, assume that f; and f; are two special 4-faces, moreover, f, is
definitely not 3-face or special 5-face. Then v totally sends to three faces at most 1 +0+1 =2 by R1 and R4.

Claim 16 ch*(v) >0 for every big vertex v in H.

Proof Let f, f5,---, f; be all faces incident with v in the clockwise order. Let a; be the amount of the charge which
transferred from v to f; if f; is a 3-face, or to the 2-vertex of type-I incident to f;, or to the 2-vertex incident to special 5-face
fi. By Claim 15, b;=a;_, +a;+a;,, <2, where i— 1, i+ 1 are taken modulo d.

By R1~R6, ch*(v) >d(v)-4—-(2d/3) >0 if dy(v) > 12.

It remains to consider a vertex v with dy(v) =11.

If v is incident with at most three special 4-faces of type-I, then ch*(v)=11-4-3x1-8%(1/2)=0 Dby RS.

If v is incident with at least four special 4-faces of type-I. By Claim 7, there is an i € {1,2,---,11} such that f; and f;,,
must be special 4-faces of type-I, where i + 2 is taken modulo d. Assume that i = 1, then f; and f; are two special 4-faces of
type-I. This implies that f; and f;; are not special 4-faces of type-I. By Claim 7, Claim 15 and R1~RS, b, <(1/2)+1+0=3/2
and b3 <0+ 1+(1/2)=3/2. So, we can get the following inequality

d 1 d
Za,:ga,-S

i=1 i=1

2x

[SSRAE
| W

11
+ Z b)=1.
i#1,3

Thus, ch*(v)>11-4-7=0.
The proof of the Theorem 1 is completed.

3 Future Directions

A vertex coloring (may be improper) ¢ of graph G is said to be weak odd if for each non-isolated vertex x € V(G) there
exists a color ¢ such that [¢™'(¢) " N(x)| is odd. A graph G is weakly odd c-colorable if it has a weak odd k-coloring. The
weak odd chromatic number of a graph G, denoted y,,,(G), is the minimum k such that G has a weak odd k-coloring.

For a weak odd coloring ¢ of G and for each v € V(G), l{c: |¢~'(c)NNg(v)| is odd}| > 1. For convenience, let us denote
by ¢,(v) acolorin {c: |¢'(c)NNg(v)|is odd}. Further, ¢,(Ng(v)) = {@,(x) : x € Ng(v)}.

It is obvious for x,,,(G) < x,(G). The following observations will help us to better understand this new concept.

Observation 1 If 7 is a non-trivial tree of order #n, then y,,,(T,) <2.

Proof If dr(v) is odd for every vertex v € V(T), then y,,(T) = 1. Next, assume that T is not odd. We proceed on the
induction on n.

Consider the longest path P =vv,---v;in T. Let S = N[v,]\ {vs}. Clearly, T —S is a tree. By the induction hypothesis,
there exists an odd 2-coloring ¢ of T —S§. Without loss of generality, ¢(v;) = 1. We consider two possible cases.

Casel ¢,(v3)=1.

Extend ¢ to V(T') by setting ¢(x) =2 for each x € S. It can be seen that ¢ is an odd coloring of T, because ¢,(v,) =1 and
@,(x)=2 for each xe S \ {v,}.

Case2 ¢,(v;)=2.

Extend ¢ to V(T) by setting ¢(v,) = 1 and ¢(x) = 2 for each x € S \ {»,}. It can be seen that ¢ is an odd coloring of T,
because ¢,(v,) =2 and ¢,(x) =1 for each xe S \ {v,}.



No.3 GUO Chungiang, et al: Odd Chromatic Number of a 1-Planar Graph is at Most 21 273

Observation 2 For every integer n > 2,

1, if n is even;

wo Kil = . .
oK) 3, if n is odd.

Proof If nis even, then ¢ is an odd coloring of K,,, where ¢(x) = 1 for each x € V(K,). It implies that y,,,(K,) = 1.

Now assume that n is odd, and let V(K,) = {v,---,v,}. Let ¢(v;) =i for i € {1,2} and ¢(v;) = 3 for each i > 3. It can be
verified that ¢ is an odd coloring of K. It follows that y,,,(K,) < 3. On the other hand, it is not hard to see that there does not
exist an odd coloring of K, using one color or two colors, implying y,.(K,) > 3.

It seems that the following result is true.

Conjecture 2 If G is a planar, then y,,,(G) <4.
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