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Fixed-Time Synchronization of Multi-Layer Networks
via Periodically Intermittent Control*
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Abstract:  This paper is mainly concerned with the issue of fixed-time (FXT) synchronization of multi-layer networks by
means of periodically intermittent control. By using the Lyapunov method, differential inequality and the FIT stability theorem,
some sufficient criteria are derived to ensure the FIT synchronization of multi-layer networks, and an accurate estimate of the set-
ting time is given by rigorous theoretical deduction. Ultimately, the feasibility of the developed control design and the established
criteria is illustrated by a numerical example of the two-layer network.
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0 Introduction

Complex networks usually consist of a large number of interconnected nodes, each node represents a dynamically
evolving individual of a system in real life!"!. However, it is difficult to describe many real-world networks via single-layer
complex networks with the development of modern science and technology. For example, in the transportation network,
people can choose a variety of travel tools, such as cars, trains, ships and airplanes, which results in a multi-layer network
(MLN)®!, Unlike the single-layer complex network, the MLN contains more complex dynamic behavior and performance
due to its complicated topological structure. Thereby, MLNs can better simulate real networks, such as social networks!,
ecological networks™, neural networks®%, and so forth.

In general, control techniques have great influence on the realization of synchronization of networks. Hitherto, various
control schemes have been used to study the synchronization of the MLNs, such as impulsive control'”, feedback control™
and event-trigger control®. The intermittent controller, first proposed by Zochowski!'”!, has higher execution speed and

lower control cost compared with the continuous control design. On the other hand, realizing synchronous convergence in
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a finite time has the advantage of improving robustness!'!. However, the establishment of the setting time for finite-time
(FNT) synchronization depends on the initial states, which are not always available in practical applications. In order to
overcome the difficulty, Polyakov introduced the concept of FXT convergence!'”. At present, there is little research on the
synchronization problem of MLNs by using intermittent control. The FNT synchronization problem of multi-layer coupled
networks was studied based on periodic intermittent feedback control'®!. Unfortunately, there is no related work to investigate
FXT synchronization of MLNs based on intermittent control. Motivated by the above discussion, FXT synchronization
of MLNs is studied by periodic intermittent control. By applying the differential inequality technique and the Lyapunov
function method based on 1-norm, some sufficient conditions are derived to achieve the FXT synchronization of MLNs under
periodically intermittent control.

The rest of this article is arranged as follows. First of all, some preliminaries are introduced in Section 1. The FXT
synchronization is discussed in Section 2. Some numerical results are presented in Section 3 to illustrate the feasibility of the
developed control scheme and criteria. Finally, the conclusion and the discussion for future research are given.

Notations: In this paper, R and R" respectively denote the set of all real numbers and the n-dimensional Euclidean
space. R™ is the set of all n X n real matrices, 7 = {1,2,---,n}, N= {1,2,---,8} and M = {1,2,---,9M} for positive integers
n, N and M. For any £ € R, Sign(¢) is the sign function of &. For any ¢ = ({\,4,++,4)" € R, y = (1,Y2,++»y.)” € R” and
6> 0, Sign(2) = (sign(¢"), -, sign(@))', [£1 = (G111~ 1&), and Loy = (£ y1,&oyas--- &) diagl-} stands for a diagonal
matrix.

1 Problem Description and Preliminaries

Consider a class of MLNs composed of 9t layers, which is described by

HO=T00)+ ) DT 0+, reN (1)
ke je§

where y.(1) = (i (D), x2@), -, xm(®)" € R" represents the state vector of the rth node, T(y,) = (T,(x,), -+, .(x,)" €
R" is a nonlinear continuously differentiable vector function revealing the intrinsic dynamic feature of the node r, ['® =
diag{l'", .- ,T®}(T® > 0) denotes the internal coupling matrix of the kth layer. ¢, > 0 is defined as the intra-layer coupling
strength which generally varies with the number of layers, 1,(¢) is a control input of the rth node. D® = (D(,];))xxx is the outer
coupling matrix of the kth layer, in which D) = D > 0 if and only if there is a link between the node r and the node j,

N

otherwise D% =0 (r # j) and the diagonal elements are defined by D =3, _ D for r, jeN.

The isolate node in the network (1) is described by the following equation
$(0) ="Y(s(1)) (@)

where s(¢) denotes the state of the isolate node.
Assumption 1 There exists a non-negative constant p such that for any y,y€R",

100 = YOI < plly =yl
Definition 1 The multi-layer network (1) is said to be FXT synchronized to system (2), provided that there exists a

positive constant 7 (£(0)) such that

1im)||§(t)||=0, {()=0 forall 1>7(£(0)),

-7 ((0)
and there has a time instant 7, > 0 such that 7 (£(0)) < T for all £(0) € R™, in which 7(£(0)) > 0 is the synchronized time,
L) = 0,4 (1), .45 @)" and () = x,(t) — s(1) with r e N.

Lemma 1" If¢ >0forren,and0<p<1, g>1, then

2552(2&], 262"(26)

Lemma 2! Suppose that function V(¢) is non-negative and satisfies the following conditions

q

{ V(1) < —aV(tY -BV(@),  te[mT,(m+6)T) &

V() <0, te[(m+0)T,(m+1)T)
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where @,8,7 >0,0<6,6<1,andp>1,m=0,1,2,---. Then limV(#) =0 and V(¢) =0 for any 7 > ’7~', where the settling time
=T

T is

1 1

7= 2015 T pe-1

2 Fixed-Time Synchronization

In this part, we mainly study the problem of FXT synchronization of the MLN (1) through periodically intermittent
control technology and FXT stability theory.
The periodically intermittent controller is designed as follows

—7,4,(t) = psign(£(1) o [£,(D)]*
(1) = —gsign(g (D)o (D], te[mT,(m+0)T) “4)
—1,4,(1), te[(m+0)T,(m+1)T)

where r € }E, p>0,g>0,0<d<1,0>1,T >0 represents the control period, 0 < 8 < 1 represents the ratio of the control
width to the control period, which is called the control rate, and 7, represents the control gain.
Let ,(t) = x.(t) — s(¢), then the error system can be represented as follows

L0 = L)+ Y > eDETOL0=1.4,() = psign(() o [L,(0]' - gsign(G (1) o (L1, 1€ [mT ,(m+O)T)

: _ keM jeN
SO=Y @) - T+ D@D L0 - 1,40, telm+O)T (m+1)T), reR

ke jeg‘

(5)
Theorem 1 Under Assumption 1 and the control law (4), the MLN (1) is fixed-time synchronized if

pEx —A+ Z Ckrgk)z)(k) < 0,
keM
where Ey denotes the N-dimensional identity matrix, and A =diag(z,,-- -, 7y). Moreover, the settling time 7 (£(0)) is estimated
by
(nN)rr—l

T =< 0=t oo -1)

Proof Construct Lyapunov function

VEO)= > 140 1h= > > 12,01,

reR reR len

For £(f) € R™\{0}, calculate the time derivative of V(£ (¢)) along the trajectory of system (5). When ¢ € [mT,(m+6)T), one has

V@)= ) sign(@)i

reR len

= (sign(Z ()" &(t)
reN

_ Z (sign(Z,(1))" {T(X,(t)) —Y(s(2)) + Z Z o DUTOL (1) (6)
reN keM je§

—7,4,(t) = psign(£, () o [£,(N]* ~ gsign(£(1)) o [é“r(t)]”}

Firstly, by use of Assumption 1
2 (sign(@0)' (T0x, (1) =Y (s(1))
rE§
< Z Il sign(Z NI Qe (1) = L(s) @)

reN

<p ) D160

reN len
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Note that

eMm

Z Z (sign(g’,(t)))Tckl)il;)r(k)fj(f)
reR

je§

DI DU (sign( ) TOL(0)

keM reN jeN len

N
2 chr§k>(ZDi?|g,,(t>| ) Z DY) (8)
ke len reN reN J=Ly#r
2
ke

~

IA

D el IEDYE )

len

where Zl(t) =(2uOL1u@), -+ 1Za@DT for l€n, 1§ =(1,1,---, D"

Applying the inequality of Lemma 1, we have )
P DGO = pVE @)y ©)
reN len
and
g, DI = g (VD) (10)
ren len

By substituting (7)~(10) into (6), for ¢ € [nT,(m+6)T), we obtain

VE@) <p Y, D u®I=T 181+ Y 3 el PEDOR®I=p Y Y Il =g Y Y a0l

i (e 1e i e
= S H{pEc=A+ Y el D)0~ pVED) - gn®) (V@)
len ke

<=p(VEO)' = qm®) = (VE@)), 1) eR™\{0).

Similarly, for te [(m+6)T),(m+1)T), it has
V(e < Z IL(pEx—A+ Z al“YDP)Z(1) <0.
len ke
By employing Lemma 2, systems (1) and (2) are synchronized in a fixed time 7~ which satisfies

(nN)o——l

TCON=< 2 =a " =1

The proof is achieved.
Remark 1 In Theorem 1, provided that d =0, the estimate of 7 (£(0)) is reduced to the following form

1 (N

Remark 2 It should be noted that when 9t = 1, the MLN (1) will be transformed into a single-layer network as follows

O =T )+ Y D Ty 0 +1,0), reN.

je§
In this case, the condition in Theorem 1 is simplified to the following form
pEN—A+CF1DSO, len.
When ¢ =0, the fixed time controller is converted to the following control scheme

{ ~1,4,()~ pSign(G () o [£(D), 1€ [mT,(m+6)T)
W) = (11)

-7,4.(0), te[(m+0)T,(m+1T)
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where r € S{ p>0,g>0,0<d<1, T >0 is the control period, 0 < § < 1 represents the control rate, and 7, represents the
control gain.
Corollary 1 Under Assumption 1 and the intermittent control law (11), the MLN (1) is finite-time synchronized if
PEs—A+ )" aIPDY <0,
ke

where Ey denotes the N-dimensional identity matrix, and A =diag(z,,-- -, 7y). Moreover, the settling time 7 (£(0)) is estimated
by

TO)=<

p(l=d)
When 8 = 1, the periodically intermittent controller (4) is transformed into continuous control scheme

(1) = =7,4,(1) = psign(,(1) o [£(1)]* — gsign((D) o [£(D]” (12)

where r € }E, p>0,¢9>0,0<d<1, and 7, represents the control gain.
Corollary 2 Under Assumption 1 and the feedback control law (12), the MLN (1) is fixed-time synchronized if

PEx—A+ )" oI DY <0,
ke
where Ex denotes the N-dimensional identity matrix, and A =diag(ty,---,7y). Moreover, the settling time 7 (£(0)) is estimated

by
(nN)!

+ .
p(l=d) qloc-1)
1, scholars have studied the synchronization problem of MLNSs by using dif-

T0) <

Remark 3 In recent research work!”*"

ferent control strategies, but intermittent fixed-time control has not been considered. Therefore, the periodically intermittent
fixed-time control is introduced in this paper, and some effective criteria are derived for the FXT synchronization of MLNs
through intermittent control.

3 Numerical Example

To verify the above synchronization results, a numerical example and several related simulations are provided in this
part.
Consider a two-layer dynamic network composed of 5 nodes. The controlled network is depicted by

2 5
HO=To)+ > Y DI+, r=1,-,5 (13)

k=1 j=1,j#r

where Y(x,) = (=0.8(x,2 + x,3):Xr1 + 0.2x 2. X301 = 3. 7)+0.2)7, ¢, = ¢, =0.1, TV = 2E5, and ['® = 4E;.
The topology of the two-layer dynamic network (13) is shown in Fig 1.

The first layer

e
\/\i / The second layer
4 5

Fig 1 Topology structure of multi-layer network (13) Fig 2 Chaotic phenomenon of system (14)
In the following numerical simulations, Rdssler system is chosen as the synchronized state, which is described as follows
§1(1) = —0.8(s2(1) + 53(1))

$,(1) = 51(1)+0.25,(1) (14)
$3() = 53(0)(s51()—=5.7)+0.2
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The dynamical evolution of model (14) is simulated in Fig 2 with initial state (0.1,0.1,0.1)7.

By simple calculation, p =43.473 0. Choose 7, =45, forall r=1,---,5,0=0.6, T =0.5, p=1,g=18,d=03 and 00 = 2.

From Theorem 1, the controlled two-layer network (13) is fixed-time synchronized onto the model (14) and it is obtained that
7 =3.306 9. The corresponding simulation results are presented in Figs 3 and 4.

3 T T T T T T T 40 T T T T T T T
e, u,®
e, 30 u,®) |
2 e U0
® T=3.7698 20 4
© 1 1 10
< < ]
o o
% 0= . % of -
e =0 r ]
-1 -
-20 b
2 |
30 |
3 ‘ ‘ ‘ ‘ ‘ ‘ ‘ 20 ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 0.5 1 15 2 25 3 35 4 0 0.5 1 15 2 25 3 35 4
t t
Fig 3 FXT synchronization for multi-layer networks (13) Fig 4 The evolution of controller (4)
.
4 Conclusion

This paper has investigated the FXT synchronization of MLNs. By designing periodically intermittent controller and

utilizing the Lyapunov function method, some sufficient conditions have been established to realize the FXT synchronization.
These theoretical results are further verified by providing some numerical simulations. Nowadays, it is extremely scarce to

analyze FXT synchronization for multi-layer dynamic networks via event-triggered control and sample-data control. These
interesting problems will be investigated in future research.
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