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容许对称群的有限 2-弧传递图

张莉，王改霞

(安徽工业大学微电子与数据科学学院，安徽马鞍山 243002)

摘 要： 如果图 Γ至少有一个 2-弧且其自同构群在点集和 2-弧集合上是传递的,则称该图为 2-弧传递图. 设 G是基柱

为交错群 Ac（其中 c ≥ 5）的几乎单群,利用陪集图概念构造无平方因子阶的 (G,2)-弧传递图. 再通过分析自同构群和其
点稳定子群的子群链结构,给出了该类图的分类.
关键词： 对称图;无平方因子阶; 2-弧传递图;自同构群

0 Introduction
All graphs considered in this paper are assumed to be finite, simple and undirected.
Let Γ be a graph with vertex set VΓ and edge set EΓ. We use Aut(Γ) to denote the automorphism group of Γ. For a

positive integer s, an s-arc of Γ is an (s+1)-tuple (v0,v1, · · · ,vs) of vertices such that {vi−1,vi} ∈ EΓ for 1≤ i≤ s and vi−1 , vi+1 for
1≤ i≤ s−1. Let G ≤ AutΓ. The graph Γ is said to be (G, s)-arc-transitive if it has at least one s-arc and G is transitive on both
the vertices and the s-arcs of Γ, and Γ is (G, s)-transitive if it is (G, s)-arc-transitive but not (G, s + 1)-arc-transitive. For the
case where G=Aut(Γ), a (G, s)-arc-transitive graph or a (G, s)-transitive graph is simply called s-arc-transitive or s-transitive,
respectively.

Characterizing or classifying finite 2-arc-transitive graphs have been an active topic in algebraic graph theory, which is
highly attractive from the group-theoretic and combinatorial viewpoint and has received considerable attentions. Recently,
Li et al.[1] gave the classification of 2-arc-transitive graphs with odd order in 2021. Pan et al.[2] gave 2-arc-transitive Cayley
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graphs on alternating group in 2022. A characterization of 2-arc-transitive partial cubes was given by Xie et al.[3]. In particular,
the cases of 2-arc transitive graphs admitting a Suzuki simple group[4] and a Ree simple group[5] are classified, and the case
of 2-arc transitive graphs admitting a 2-dimensional projective linear group[6] is studied in 1999.

Another motivation stems from our work about graphs with square-free order. We classified some kinds of graphs
with square-free order, such as vertex-transitive cubic graphs[7], vertex-transitive and edge-transitive tetravalent graphs[8],
edge-transitive graphs[9], arc-transitive graphs with small valency[10], 2-arc-transitive on alternating group[11], 2-arc-regular
graphs[12]. In this paper, we use another method different from [11] to obtain the same result about the classifications of
graphs with square-free order with symmetric group. The following are our main results.

Theorem 1 Let G be an almost simple group with alternating socle and let Γ be a connected (G,2)-arc-transitive graph
of square-free order. Then Γ is isomorphic to one of the following graphs:

(i) The complete graphs Kp with square-free number p;
(ii) The complete graphs Kp,p− pKp with odd square-free number p;
(iii) Tutte’s 8 cage;
(iv) The odd graphs of square-free order;
(v) One of the graphs in the Table 1.

Table 1 Coset graphs admitting alternative group with square-free order

G Gα |Γ(α)| |VΓ| Aut(Γ) Graphs
S 8 23 :PSL(3,2) 8 30 S 8 Γ1 in Examples
S 8 23 :PSL(3,2) 7 30 S 8 Γ2 in Examples
S 7 PSL(3,2) 8 30 S 8 Γ3 in Examples
S 7 PSL(2,7) 8 30 S 8 Γ4 in Examples

1 Preliminaries
Let G be a group. A subgroup H ≤G is said to be core free if ∩g∈GHg = 1, that is, no non-trivial normal subgroups of G

are contained in H. For a subset S ⊆G and a core free subgroup H of G, the coset digraph Γ:=Cos(G,H,HS H) is defined as
the digraph with vertex set VΓ := [G : H] = {Hx|x ∈G} such that Hx is adjacent to Hy if and only if yx−1 ∈ HS H. For such a
coset digraph, G can be viewed as a subgroup of Aut(Γ) by the following way:

g : Hx 7→Hxg, x,g ∈G.

The following two Lemmas collect several well-known properties about coset graphs.
Lemma 1 Let Γ=Cos(G,H,HS H) be a coset digraph. Then
(i) Γ is connected if and only if 〈H,S 〉= G;
(ii) Γ is undirected if and only if HS H = HS −1H;
(iii) Γ is a G-arc-transitive graph if and only if HS H = HgH for some 2-element g ∈G with g2 ∈H;
(iv) Cos(G,H,HgH) is a connected (G,2)-arc transitive graph if and only if g ∈NG(H∩Hg), g2 ∈H, 〈H,g〉= G, and H is

2-transitive on [H : H∩Hg] by the right multiplication.
Now, we describe some graphs in terms of coset graphs. The odd graph Ok is the graph of which the vertex set consists

of (k−1)-subsets of a set of size 2k−1 such that two vertices are adjacent whenever they disjoint. Let GQ(q) be the generalized
quadrangule of order q = 2 f , which has (q2 +1)(q+1) points and lines.

Example 1 Let G = S 8 acts naturally on {1,2, · · · ,8} and H = 23 : PSL(3,2) is a core-free subgroup of G. By
Atlas[13], we have NG(PSL(3,2))=PSL(3,2):2. Choose the involution g ∈ PSL(3,2):2\ PSL(3,2), then we can construct graph
Γ1:=Cos(G,H,HgH). We can easily get Γ1 is a connected (G,2)-arc transitive 8-valent graph of 30 vertices.

Example 2 Let G = S 8 acts naturally on {1,2, · · · ,8} and H = 23 : PSL(2,7)� (23 : S 4)Z7 is a core-free subgroup of
G. By Atlas[13], we have NG(23,S 4) = 24 : S 4. Choose the involution g ∈ 24 : S 4 \ 23 : S 4, then we can construct graph
Γ2:=Cos(G,H,HgH). We can easily get Γ2 is a connected (G,2)-arc-transitive 7-valent graph of 30 vertices.

Example 3 Let G = S 7 acts naturally on {1,2, · · · ,7} and H =PSL(3,2) is a core-free subgroup of G. By Atlas[13], we have
NG(7 : 3) = 7 : 6. Choose the involution g ∈ 7 : 6\7 : 3, then we can get Γ3:=Cos(G,H,HgH) is a connected (G,2)-arc-transitive
8-valent graph of 30 vertices.
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Example 4 Let G = S 7 acts naturally on {1,2, · · · ,7} and H =PSL(2,7) is a core-free subgroup of G. By Atlas[13],
we have NG(S 4) = S 4 × S 3. Choose the involution g ∈ S 4×S 3 \ S 4, then we can get Γ4:=Cos(G,H,HgH) is a connected
(G,2)-arc-transitive 7-valent graph of 30 vertices.

Let Γ be a graph and G be a subgroup of Aut(Γ). Let α be a vertex of Γ. Then the stabilizer Gα induces an action on the
neighborhood Γ(α) of α in Γ. Let GΓ(α)

α denote the permutation group on Γ(α) induced by Gα, and let G[1]
α be the kernel of this

action，and set G[1]
αβ = G[1]

α ∩G[1]
β . Then we have the following equation.

Gα = G[1]
α ·GΓ(α)

α = (G[1]
αβ · (G[1]

α )Γ(β)) ·GΓ(α)
α

where X ·Y means a group extension of X by Y . The following two results are well-known.
Lemma 2 If G is transitive on VΓ, then Γ is (G,2)-arc transitive if and only if GΓ(α)

α is a 2-transitive permutation group.
Lemma 3 If Γ is (G, s)-arc transitive with s≥ 2, then G[1]

αβ is a p-group for some prime p, where {α,β} ∈ EΓ. Further if
Γ is s-transitive with s≥ 4 then Γ is of valency p+1 and |(AutΓ)α|= (p+1)pt−1m for s, 6 and a divisor m of (p−1)2.

All finite 2-transitive permutation groups are precisely known, see [14] for example. Then, by Lemma 2 and Lemma 3,
we have Corollary 1.

Corollary 1 If Γ is a (G,2)-arc transitive graph, then the stabilizer Gα has at most two insoluble composition fac-
tors. Further, if there are two insoluble factors, then either they are not isomorphic when GΓ(α)

α is almost simple or they are
isomorphic when GΓ(α)

α is an affine group.
Proof By Lemma 3, G[1]

αβ is a p-group. Then by the structure of Gα, up to isomorphism, all insolvable composition
factors are involved in (G[1]

α )Γ(β) and GΓ(α)
α . Note that (G[1]

α )Γ(β)CGΓ(β)
αβ �GΓ(α)

αβ � (GΓ(α)
α )β. Then the 2-transitive permutation group

GΓ(α)
α and its a stabilizer acting on Γ(α) give all possible insolvable composition factors of Gα. Thus our result follows from

checking the 2-transitive permutation groups one by one.
In the following sections, we shall first describe the case when Gα is soluble, then give an analysis about the soluble

quotients of Gα when Gα is insoluble. At last, we give the proofs of the main Theorems.

2 The Structure of Gα

Lemma 4 Let Γ be a connected (G,2)-arc-transitive graph of square-free order where G is almost simple with alternating
socle. Assume that Gα is soluble, then Γ is isomorphic to K5, Petersen graph, K5,5−5K2 or odd graph of order 35.

Proof At first, we consider the graphs with small valency |Γ(α)|= 3 or 4.
(I) Assume that |Γ(α)|= 3. We have Gα is isomorphic to S 3,2×S 3,S 4 or 2×S 4. Then 32 - |Gα|. We can easily get that c≤ 8

since |G : Gα| is square-free order with soc(G) = Ac. If c = 8, then for any case of Gα, |G : Gα| is not square-free order. If c = 7,
by easily computation, we can get that Gα � 2×S 3 or S 4 when G = A7 and Gα � S 4 or 2×S 4 when G = S 7. Then Gα ≤M ≤G
where M is the maximal subgroup of G. By Atlas[13], we have M = S 5 or 2×S 5, respectively. This exists no element g satisfies
Cos(G,Gα,GαgGα) which is connected (G,2)-arc transitive graph of square-free order. If c = 6, then by easily computation,
we can get that Gα � 2×S 3 or S 4 when G = A6 and Gα � S 4 or 2×S 4 when G = S 6. By [14], we can easily get that this exists
no element g satisfies Cos(G,Gα,GαgGα) which is connected (G,2)-arc transitive graph of square-free order. If c = 5, then
Gα � S 3 or 2×S 3 when G = A5 and Gα � 2×S 3 or S 4 when G = S 5. We can easily get that for the latter case when G = S 5, Γ is
isomorphic to Petersen graph.

(II) Assume that |Γ(α)|= 4. We have that Gα is isomorphic to A4,S 4,3×A4, (3×A4) ·2,S 3×S 4,32 : Q8 ·S 3 or [35] ·Q8 ·S 3.
Then 5 - |Gα|. We can easily get that 5 ≤ c ≤ 9 since |G : Gα| is square-free order with soc(G) = Ac. Similar to the above case,
we can get that Γ is isomorphic to odd graph of order 35, K5,5−5K2 or K5.

Then we assume |Γ(α)| ≥ 5. Since Gα is soluble, then GΓ(α)
α is affine 2-transitive permutation group and G[1]

αβ = 1. It follows
that GΓ(α)

α = pe : GΓ(α)
αβ for prime p. By checking the list of 2-transitive group, we have the following cases.

Case 1 Assume GΓ(α)
αβ ≤ ΓL(1, pe) and |Γ(α)| = pe, since ΓL(1, pe) � Zpe−1 : Ze, then we have Gα � G[1]

α ·GΓ(α)
α where

G[1]
α ≤GΓ(α)

αβ . If p = 2, then a sylow 3-subgroup of Gα has rank at most 4. It follows that c≤ 17. Then by computation |G : Gα| is
not square-free order. Take c = 17 for example. It follows form 215

∣∣∣ |c! that e = 13,14 or 15. For any case, 53
∣∣∣ |G : Gα|, that is

|G : Gα| is not square-free order. If p≥ 3, then a sylow 2-subgroup of Gα has rank at most 4. It follows that c≤ 12. Similarly,
for this case |G : Gα| is not square-free order.

Case 2 Assume GΓ(α)
αβ is isomorphic to one of the following groups Q8 ·Z3,Q8 ·S 3,Q8 ·S 3,Z3×(Q8 ·2),Z3×(Q8 ·S 3),Z5×(Q8 ·
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Z3),Z5×(Q8 ·S 3),Z11×(Q8 ·S 3) or 21+4 ·L, where L is Z5,D10, (Z5 ·Z4),A5 or S 5. We can easily get that |G : Gα| is not square-free
order since pe is large comparatively.

Lemma 5 Let Γ be a connected (G,2)-arc transitive graph of square-free order where G is almost simple with alternating
socle. If Gα is unsolvable, then unsolvable quotients of Gα is isomorphic to S 3 oS 2, S 4 oS 2, S 3 oS 3, S 4 oS 3, (S 2 oS 2)oS 2, A4 or S 4.

Proof By Lemma 3, G[1]
αβ is a p-group. Thus there are two cases.

Case 1 G[1]
αβ , 1.

(I) Γ is 2 or 3-transitive. Because GΓ(α)
α =PSL(d,q) ·O with |Γ(α)| = (qd −1)/(q−1) where q = p f for some prime p, we

have
GΓ(α)

αβ � [qd−1] ·Z q−1
(q−1,d)
·PSL(d−1,q) ·Z(q−1,d−1) ·O,

where O≤ Out(PSL(d,q)) and

Out(PSL(d,q))�


Z f ·Z(d,q−1) ·Z2, when d ≥ 3,
Z f ·Z(d,q−1), when d = 2.

Note that Op(Gα)≤Gα and Gα ≤ S c, it follows that when (d,q) = (3,2), (3,2 f ), (4,2) and (5,2), |G : Gα| is not square-free order.
For the other case, we have pd(d−1) f /2

∣∣∣ |G : Gα|. It follows that when p ≥ 11, we have |G : Gα| is not square-free order. When
p = 2,3,5 or 7, form Gα ≤ T ×O where T EO. And for any case, Gα � S 3 oS 2,S 4 oS 2,S 3 oS 3,S 4 oS 3 or (S 2 oS 2) oS 2. Further,
Gα � A4 or S 4.

(II) Suppose Γ is s-transitive for s > 3, the structure of Gα can be explicitly known. Then we can easily get that |G : Gα|
is not square-free order.

Case 2 G[1]
αβ = 1, then Γ is 2 or 3-transitive. We can prove this case by checking the list of 2-transitive permutation group

since GΓ(α)
α is 2-transitive. Denote the soluble quotients of Gα by Gα, there is an example.

Suppose GΓ(α)
α is almost simple and soc(GΓ(α)

α ) = Ak with |Γ(α)|= k.
For this case, we can assume k > 5. In fact, if k = 5, we have GΓ(α)

α = A5 or S 5 and GΓ(α)
αβ = (GΓ(α)

α )β = A4 or S 4. And
since 1 , (G[1]

α )Γ(β)DGΓ(β)
αβ �GΓ(α)

αβ , we have (G[1]
α )Γ(β) = A4 or K4 when GΓ(α)

αβ = A4, and (G[1]
α )Γ(β) = K4,A4 or S 4 when GΓ(α)

αβ = S 4.
Hence Gα = (G[1]

αβ · (G[1]
α )Γ(β)) ·GΓ(α)

α = (G[1]
α )Γ(β) ·GΓ(α)

α is isomorphic to K4 × A5,A4 × A5,K4 × S 5,A4 × S 5 or S 4 × S 5. For any
case, there is no group G such that soc(G) = Ac and |G : Gα| is square-free order. Assume k > 5, we have GΓ(α)

α = Ak or S k

and GΓ(α)
αβ = (GΓ(α)

α )β = Ak−1 or S k−1. And since 1 , (G[1]
α )Γ(β) DGΓ(β)

αβ � GΓ(α)
αβ , we have (G[1]

α )Γ(β) = Ak−1 when GΓ(α)
αβ = Ak−1, and

(G[1]
α )Γ(β) = Ak−1 or S k−1 when GΓ(α)

αβ = S k−1. Hence Gα = (G[1]
αβ · (G[1]

α )Γ(β)) ·GΓ(α)
α = (G[1]

α )Γ(β) ·GΓ(α)
α is isomorphic to Ak−1 ·Ak,Ak−1 ·S k

or S k−1 ·S k. By analysis, we can easily get they are all direct product. That is Gα � Ak−1×Ak,Ak−1×S k or S k−1×S k. In all cases,
we have Gα = (A(k−1)×Ak) · (U×O) where UBO≤ Out(Ak). Therefore Gα ≤ 22.

3 The Proofs of the Main Theorems
In this section, we first prove a Lemma which will be used later.
Lemma 6 Let soc(G) = Ac(c ≥ 5) and G acts naturally on ∆ = {1,2, · · · ,c}. Let H be a subgroup of G with square-free

index. If the natural action of H on ∆ is primitive, then Ac ≤H or 5≤ c≤ 8.
Proof Suppose P ∈ Syl2(G) such that a = (12)(34) ∈ P and b = (13)(24) ∈ P. Then < a,b >≤ P and | < a,b > | = 4. Let

Q ∈ Syl2(H), we can conclude Q∩< a,b>, 1 since |G : H| is square-free order. Thus there is at least one of these involutions
(12)(34), (13)(24) and (14)(23) contained in Q. It follows that the minimal degree of H is at most 4. Then H contains a
2-cycle or 3-cycle or the minimal degree is 4. By [15], we have Ac ≤H or H is a proper primitive group of S c where 5≤ c≤ 8.

Proposition 1 Let G be an almost simple group with alternating socle and let Γ be a connected (G,2)-arc-transitive
graph of square-free order. Assume soc(G) = Ac and Gα ≤G acts primitively on ∆ := {1,2, · · · ,c}. Then Γ is isomorphic to one
of the graphs in Table 1 or K6.

Proof By Lemma 6, we have Ac ≤Gα or Gα is a proper primitive group of S c where 5≤ c≤ 8.
Case 1 Suppose Ac ≤Gα, then |G : Gα|= 1,2 or 4, this is trivial.
Case 2 Suppose Gα is a proper primitive group of S c where c≤ 8.
(I) Assume c = 8. Inspecting the proper primitive permutation groups of degree 8 such that |G : Gα| is square-free order,

we can get that G = A8,Gα = 23 : L3(2) or G = S 8,Gα = 23 : L3(2).
(a) If G = A8,Gα = 23 : L3(2), we have G is 2-transitive on VΓ. It follows that Γ�K15. However, this is not possible since

G is not 3-transitive.
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(b) If G = S 8,Gα = 23 : PSL(3,2), then GΓ(α)
α is affine or almost simple. For the former case, we have G[1]

α = 1,GΓ(α)
α =

Gα = 23 :PSL(3,2) and Gαβ=PSL(3,2). By Atlas[13], NG(Gαβ)=PSL(3,2) · 2. It follows that there exists an involution g ∈
NG(Gαβ)\NG(Gαβ) such that Γ := Cos(G,Gα,GαgGα) is a connected (G,2)-arc transitive graph of order 30 with valency 8.
Furthermore Γ � Γ1 in Examples. For the latter case, we have G[1]

α = 23,GΓ(α)
α =PSL(3,2) �PSL(2,7). We can conclude that

GΓ(α)
α =PSL(3,2) and |Γ(α)|= 8 is not possible. Otherwise, since 1, (G[1]

α )Γ(β)DGΓ(β)
αβ �GΓ(α)

αβ = 7 : 3, contrary to G[1]
α is a 2-group.

It follows that G[1]
α = 23,GΓ(α)

α =PSL(2,7) and |Γ(α)| = 7,GΓ(α)
αβ = S 4. Thus Gαβ = 23 ·S 4 and NG(Gαβ) = 24 : S 4. It follows that

there exists an involution g ∈ NG(Gαβ)\NG(Gαβ) such that Γ :=Cos(G,Gα,GαgGα) is a connected (G,2)-arc transitive graph of
order 30 with valency 7. Furthermore Γ�Γ2 in Examples.

(II) Assume c = 7. Inspecting the proper primitive permutation groups of degree 7 such that |G : Gα| is square-free order,
we can get that G = A7,Gα =PSL(3,2) or G = S 7,Gα =PSL(3,2). For G = A7,Gα =PSL(3,2), we have G is 2-transitive on VΓ.
It follows that Γ � K15. However, this is impossible since G is not 3-transitive. For G = S 7,Gα =PSL(3,2) �PSL(2,7), then
GΓ(α)

α must be almost simple. There are two cases.
(a) If G = S 7,Gα =PSL(3,2) and |Γ(α)|= 8, then Gαβ = 7 : 3 and NG(Gαβ) = 7 : 6. It follows that there exists an involution

g ∈ NG(Gαβ)\NG(Gαβ) such that Γ :=Cos(G,Gα,GαgGα) is a connected (G,2)-arc transitive graph of order 30 with valency 8.
Furthermore Γ�Γ3 in Examples.

(b) If G = S 7,Gα =PSL(2,7) and |Γ(α)|= 7, then Gαβ = S 4 and NG(Gαβ) = S 4×S 3. It follows that there exists an involution
g ∈ NG(Gαβ)\NG(Gαβ) such that Γ :=Cos(G,Gα,GαgGα) is a connected (G,2)-arc transitive graph of order 30 with valency 7.
Furthermore, Γ�Γ4 in Examples.

(III) Assume c = 6. Inspecting the proper primitive permutation groups of degree 6 such that |G : Gα| is square-free order,
we can get that (G,Gα) is one of the following pairs: (PGL(2,9), S4), (M10,S4), (PΓL(2,9),S4×Z2), (A6,A5), (S6,S5), (A6,S4),
(S6,S4×2) or (S6,S4). For the first three cases, G has a subgroup of index 2 which contains H, say X = S6 for G = PΓL(2,9)
and X = A6 for the other two cases. Thus Γ is a bipartite graph with two bipartition subsets, say U and V , having size 15
respectively. It is easy to see that X acts primitively on both U and V . In particular, X acts transitively on the edges of Γ.
We claim that the actions of X on U and V are not permutation equivalent; otherwise, X will have a primitive permutation
representation of degree 15 with a 2-transitive subconstituent, which contradicts. Thus we may assume that U consists of
2-subsets of [6] while V is the set of partitions of [6] into three parts with the same size. Let {α,β} be an edge of Γ with α ∈U
and β ∈ V . Then two possible cases arise. If α is not a part of β, then it is easily shown that Γ(α) = βH = {βh | h ∈ H} contains
12 partitions of [6], but H can not 2-transitively on Γ(α), a contradiction. Thus α must be a part of β and, in this case, Γ is
isomorphic to Tutte’s 8 cage. For the other cases, Γ�K6.

(IV) Assume c = 5. Inspecting the proper primitive permutation groups of degree 5 such that |G : Gα| is square-free
order, we can get that G = A5,Gα = D10 or G = S 5,Gα = 5 : 4. For the former case, it is impossible. For the latter case, we have
Γ�K6.

Proposition 2 Let G be an almost simple group with alternating socle and let Γ be a connected (G,2)-arc-transitive
graph of square-free order. Assume soc(G) = Ac and Gα ≤ G acts transitively but not primitively on ∆ := {1,2, · · · ,c}. Then
there are no such graphs.

Proof Since Gα is not primitively on ∆, let B := {B1,B2, · · · ,Bb} be a maximal Gα-invariant partition of ∆, it follows that
GBα is primitive and Gα ≤M ≤ S c where M � Sym(B1) oSym(B) is a maximal subgroup of S c. Let K be the kernel of M acting
on B, then |M : GαK| is square-free order. It follows that |Sym(B) : GBα | = |M/K : GαK/K| is square-free order. Thus we get
GBα ≤Sym(B) of square-free index and GBα is primitive. By Lemma 6, we can get Alt(B)≤GBα or 5≤ |B|= b≤ 8.

Case 1 Suppose Alt(B)≤GBα . We set b = 2 for example. Let B= {B1,B2} be the maximal Gα-invariant partition of ∆ and
K be the kernel of Gα on B. It follows that KB1 �KB2 is transitive since Gα is transitive on ∆.

(I) Suppose KB1 is primitive, then KB1 ≤ S c/2 with index odd square-free order. Thus we have Ac/2 ≤ KB1 or 5 ≤ c/2 ≤ 8
and KB1 is a proper subgroup of S c/2.

(a) Suppose Ac/2 ≤KB1 , then KB1 �KB2 = Ac/2 or S c/2. Since K(B1) �KB2
(B1)DKB2 , it follows that K(B1) = 1,Ac/2 or S c/2. Thus

K = Ac/2,S c/2,Ac/2×Ac/2,Ac/2×S c/2 or S c/2×S c/2. Therefore Gα = Ac/2 ·2,S c/2 ·2, (Ac/2×Ac/2) ·2, (Ac/2×S c/2) ·2 or (S c/2×S c/2) ·2.
For Gα = Ac/2 ·2,S c/2 ·2 or Gα = (Ac/2 ×Ac/2) ·2, it follows that |G : Gα| is not square-free order, since Gα ≤ M � S c/2 o2. For
(Ac/2 × S c/2) · 2, then Gα ≤ M � S c/2 o2 ≤ S c. If follows that G acts primitively on [G : M] by right multiplication with odd
square-free degree. Then we have c = 8,Gα = (A4 ×S 4) ·2,G = A8. However this is impossible since A8 has no subgroup of
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index 70. For (S c/2×S c/2) ·2, then Gα � M � S c/2 o2≤ S c. If follows that G acts primitively on [G : Gα] by right multiplication
with square-free degree. There is no corresponding graph.

(b) Suppose 5 ≤ c/2 ≤ 8, then 10 ≤ c ≤ 16. For c/2 = 5, then KB1 is a proper primitive group of degree 5. It follows that
KB1 �D10 or 5 : 4. Then K = 5·D10, (5 : 2)·D10 or (5 : 4)·D10. We can easily get 32

∣∣∣ |G : Gα| since Gα = K·2. That is, |G : Gα| is not
square-free order. For c/2 = 6, then KB1 is a proper primitive group of degree 6. It follows that KB1 �PSL(2,5) or PGL(2,5).
Then K =PSL(2,5), PSL(2,5)·PSL(2,5) or PGL(2,5)·PSL(2,5). We can easily get 32

∣∣∣ |G : Gα| since Gα = K ·2. That is, |G : Gα|
is not square-free order. For c/2 = 7, then KB1 is a proper primitive group of degree 7. It follows that KB1 �PSL(3,2). Then
K =PSL(3,2) or PSL(3,2)· PSL(3,2). We can easily get 32

∣∣∣ |G : Gα| since Gα = K ·2. That is, |G : Gα| is not square-free. For
c/2 = 8, then KB1 is a proper primitive group of degree 8. It follows that KB1 �23:PSL(3,2). Then K =PSL(3,2), (22 :PSL(3,2))·
PSL(3,2) or (23 :PSL(3,2))·PSL(3,2). We can easily get 32

∣∣∣ |G : Gα| since Gα = K ·2. That is, |G : Gα| is not square-free order.
(II) Suppose KB1 is imprimitive, let D := {D11, · · · ,D1d,D21, · · · ,D2d} be a Gα-invariant partition of ∆ and Di be {Di1, · · · ,

Did} such that KDi is primitive for i = 1 and 2. Then Gα ≤ (S d11 oS d) oS 2 ≤ S c where |D11| = d11 and c = 2dd11. It follows that
GDα ≤ S d oS 2 and KD1 ≤ S d. Thus KD1 = Ad,S d or KD1 is a proper primitive group of degree d where 5≤ d ≤ 8.

(a) Suppose KD1 = Ad or S d, it follows that KD = Ad ·2,S d ·2, (Ad×Ad) ·2, (Ad×S d) ·2 or (S d×S d) ·2 and GDα = KD ·2.
Assume d ≥ 5, then Gα has two isomorphic insoluble composition factors, it is impossible. Assume d = 4, since |S d : GDα |

is square-free order, it follows that GDα = (S 4×S 4) ·2 = S 4 oS 2. Assume d = 3, since |S d : GDα | is square-free order, it follows
that GDα = (S 3×S 3) ·2 = S 3 oS 2. Both cases are impossible since Gα has no quotient group isomorphic to one of these groups
by section 3.

Assume d = 2, then let D= {D11,D12,D21,D22} be the Gα-invariant partition of ∆ and let Di j := {Di j1,Di j2, · · · ,Di jdi } such
that (Gα)Di jk

Di jk
is primitive. It follows that GDα is primitive. Since |S 4 : GDα | is square-free order, then GDα ≤ (S 2 oS 2) oS 2. This is

impossible by the structure of the soluble quotient group of Gα.
(b) Suppose that KD1 is a proper primitive group of degree d where 5 ≤ d ≤ 8. For d = 5, then KD1 is a proper primitive

group of degree 5. It follows that KD1 � D10 or 5 : 4. Then KD = 5 ·D10, (5 : 2) ·D10 or (5 : 4) ·D10. This is impossible since
|S 2d : KD| is not square-free order. For d = 6, then KD1 is a proper primitive group of degree 6. It follows that KD1 � PSL(2,5)
or PGL(2,5). Then KD =PSL(2,5), PSL(2,5) · PSL(2,5) or PGL(2,5) · PSL(2,5). This is impossible since |S 2d : KD| is not
square-free order. For d = 7, then KD1 is a proper primitive group of degree 7. It follows that KD1 � PSL(3,2). Then
KD =PSL(3,2) or PSL(3,2) · PSL(3,2). This is impossible since |S 2d : KD| is not square-free order. For d = 8, then KD1 is a
proper primitive group of degree 8. It follows that KD1 � 23 : PSL(3,2). Then KD=PSL(3,2), (22 : PSL(3,2)) · PSL(3,2) or
(23 : PSL(3,2)) · PSL(3,2). This is impossible since |S 2d : KD| is not square-free order.

Case 2 Suppose 5≤ |B| ≤ 8 and GBα is a proper primitive group of degree |B|.
(I) Assume |B|= 5. LetB= {B1,B2,B3,B4,B5} be the maximal Gα-invariant partition of ∆. It follows that Gα ≤Sym(B1)oS 5

where |B1| ≥ 2. Checking the list of the proper primitive group of degree 5 with square-free order, we can get GBα � A4 or S 4

and Sym(B) = A5 or S 5. By the structure of soluble quotient group of Gα, one has Gα = A4×A5, A4×S 5 or S 4×S 5. However,
for any case, 22

∣∣∣|Sym(B1) oS 5 : Gα|. This is impossible.
(II) Assume |B|= 6. Then GBα � A5 or S 5 and Sym(B) = A6 or S 6. It follows that A5 is an insoluble composition factor of

Gα. By the structure of Gα, we can easily get that 52
∣∣∣ |G : Gα|, then |G : Gα| is not square-free order.

(III) Assume |B|= 7. Then GBα � PSL(3,2) and Sym(B) = A7 or S 7. It follows that PSL(3,2) is an insoluble composition
factor of Gα. By the structure of Gα, we can easily get that 52

∣∣∣ |G : Gα|, then |G : Gα| is not square-free order.
(IV) Assume |B| = 8. Then GBα � 23 : PSL(3,2) and Sym(B) = A8 or S 8. It follows that PSL(3,2) is an insoluble

composition factor of Gα. By the structure of Gα, we can easily get that 52
∣∣∣ |G : Gα|, then |G : Gα| is not square-free order.

Using similar method to the above proposition and carefully computations, we can get the following proposition.
Proposition 3 Let G be an almost simple group with alternating socle and let Γ be a connected (G,2)-arc-transitive

graph of square-free order. Assume soc(G) = Ac and Gα ≤G acts intransitively on ∆ := {1,2, · · · ,c}. Then Γ is isomorphic to
one of the odd graphs of square-free order.

Now we are ready to prove the main theorems of the paper.
Proof Let Γ be the (G,2)-arc transitive graphs of square-free order, where G is almost simple with alternating socle.

The results of propositions 1 ∼ 3 in this section are sufficient to prove the existence of graphs in Theorem 1 as stated in the
introduction. And it is easy to see that they are not isomorphic to each other. At last, we determine the full automorphism
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group for the graphs occurred in Examples in section 2. The methods are similar, we take Γ1 as an example. Let A :=Aut(Γ1).
Since Γ1 is of valency 8, it follows that if p

∣∣∣ |Aα| then p = 2,3,5 or 7. However, we can get p, 5. In fact, if 5
∣∣∣ |Aα|, then AΓ(α)

α =

A8 or S 8. Then by checking 2-transitive permutation group of degree 8 such that 5 - |AΓ(α)
α |, we have AΓ(α)

α =PSL(3,2)=GΓ(α)
α .

Therefore, we have A = G = S 8.
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