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Abstract:  The graph I is said to be 2-arc-transitive if it has at least one 2-arc and Aut(I') is transitive on both the vertices and
2-arcs of I'. Let G be an almost simple group with soc(G) = A, for ¢ > 5, we use the concept of coset graph to construct the
graphs with square-free order and (G, 2)-arc-transitive. Then by analyzing the subgroup chain structures between vertex-stabilizer
subgroups and their automorphism groups, a classification of the (G, 2)-arc transitive graphs of square-free order was given.
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0 Introduction

All graphs considered in this paper are assumed to be finite, simple and undirected.

Let I" be a graph with vertex set VI" and edge set ET. We use Aut(I') to denote the automorphism group of I'. For a
positive integer s, an s-arc of I" is an (s+1)-tuple (vy, vy, ,v,) of vertices such that {v,_;,v;}€ ET for | <i< sand v, | #v;,, for
1<i<s—1.LetG < Autl'. The graph I is said to be (G, s)-arc-transitive if it has at least one s-arc and G is transitive on both
the vertices and the s-arcs of I', and I is (G, s)-transitive if it is (G, s)-arc-transitive but not (G, s + 1)-arc-transitive. For the
case where G=Aut('), a (G, s)-arc-transitive graph or a (G, s)-transitive graph is simply called s-arc-transitive or s-transitive,
respectively.

Characterizing or classifying finite 2-arc-transitive graphs have been an active topic in algebraic graph theory, which is
highly attractive from the group-theoretic and combinatorial viewpoint and has received considerable attentions. Recently,
Li et al.''! gave the classification of 2-arc-transitive graphs with odd order in 2021. Pan et al.””! gave 2-arc-transitive Cayley
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graphs on alternating group in 2022. A characterization of 2-arc-transitive partial cubes was given by Xie et al.’!. In particular,
the cases of 2-arc transitive graphs admitting a Suzuki simple group™ and a Ree simple group?' are classified, and the case
of 2-arc transitive graphs admitting a 2-dimensional projective linear group™ is studied in 1999.

Another motivation stems from our work about graphs with square-free order. We classified some kinds of graphs
with square-free order, such as vertex-transitive cubic graphs!”!, vertex-transitive and edge-transitive tetravalent graphs'®,
edge-transitive graphs!®, arc-transitive graphs with small valency''”!, 2-arc-transitive on alternating group!'!, 2-arc-regular
graphs!'?. In this paper, we use another method different from [11] to obtain the same result about the classifications of
graphs with square-free order with symmetric group. The following are our main results.

Theorem 1 Let G be an almost simple group with alternating socle and let I" be a connected (G, 2)-arc-transitive graph
of square-free order. Then I is isomorphic to one of the following graphs:

(1) The complete graphs K, with square-free number p;

(i) The complete graphs K, , — pK, with odd square-free number p;

(iii) Tutte’s 8 cage;

(iv) The odd graphs of square-free order;

(v) One of the graphs in the Table 1.

Table 1 Coset graphs admitting alternative group with square-free order

G G, ()| 128 Aut(I) Graphs

Sg 23 :PSL(3,2) 8 30 Sg I'y in Examples
Ssg 23 :PSL(3,2) 7 30 Ssg I'; in Examples
Y PSL(3,2) 8 30 Sg I'; in Examples
Y PSL(2,7) 8 30 S I'y in Examples

1 Preliminaries

Let G be a group. A subgroup H <G is said to be core free if N,.cH* = 1, that is, no non-trivial normal subgroups of G
are contained in H. For a subset S € G and a core free subgroup H of G, the coset digraph I':=Cos(G, H, HS H) is defined as
the digraph with vertex set VI := [G : H] = {Hx|x € G} such that Hx is adjacent to Hy if and only if yx~' € HS H. For such a
coset digraph, G can be viewed as a subgroup of Aut(I') by the following way:

g:Hx— Hxg, x,g€G.

The following two Lemmas collect several well-known properties about coset graphs.

Lemma 1 Let '=Cos(G, H,HS H) be a coset digraph. Then

(1) T is connected if and only if (H,S) =G;

(ii) T is undirected if and only if HSH=HS 'H,

(i) [ is a G-arc-transitive graph if and only if HS H = HgH for some 2-element g € G with g> € H,

(iv) Cos(G, H, HgH) is a connected (G, 2)-arc transitive graph if and only if g € No(HNH?), g € H, (H,g) =G, and H is
2-transitive on [H : H N H#] by the right multiplication.

Now, we describe some graphs in terms of coset graphs. The odd graph O, is the graph of which the vertex set consists
of (k—1)-subsets of a set of size 2k—1 such that two vertices are adjacent whenever they disjoint. Let GQ(g) be the generalized
quadrangule of order g =2/, which has (¢g*+ 1)(g+ 1) points and lines.

Example 1 Let G = Sy acts naturally on {1,2,---,8} and H = 2° : PSL(3,2) is a core-free subgroup of G. By
Atlas™!, we have Ng(PSL(3,2))=PSL(3,2):2. Choose the involution g € PSL(3,2):2\ PSL(3,2), then we can construct graph
I'1:=Cos(G,H,HgH). We can easily get I'; is a connected (G, 2)-arc transitive 8-valent graph of 30 vertices.

Example 2 Let G = S acts naturally on {1,2,---,8} and H = 23 : PSL(2,7)= (2° : §,)Z; is a core-free subgroup of
G. By Atlas™, we have Ng(2°,5,) = 2* : S,. Choose the involution g € 2* : §,\ 2% : S,, then we can construct graph
I';:=Cos(G, H,HgH). We can easily get I'; is a connected (G, 2)-arc-transitive 7-valent graph of 30 vertices.

Example 3 Let G =S acts naturally on {1,2,---,7} and H =PSL(3,2) is a core-free subgroup of G. By Atlas""*), we have
Ng(7:3)="17:6. Choose the involution g€ 7:6\7 : 3, then we can get [;:=Cos(G, H, HgH) is a connected (G, 2)-arc-transitive
8-valent graph of 30 vertices.



No.5 ZHANG Li, et al: Finite 2-Arc Transitive Graphs with Symmetric Groups 545

Example 4 Let G = S, acts naturally on {1,2,---,7} and H =PSL(2,7) is a core-free subgroup of G. By Atlas!"®),
we have Ng(S4) = S4 X% S3. Choose the involution g € §,%S;3\S,4, then we can get [',;:=Cos(G,H,HgH) is a connected
(G, 2)-arc-transitive 7-valent graph of 30 vertices.

Let I" be a graph and G be a subgroup of Aut(I'). Let a be a vertex of I'. Then the stabilizer G, induces an action on the
neighborhood I'(@) of @ in . Let G1® denote the permutation group on I'(@) induced by G,,, and let G!" be the kernel of this
action, and set G\ = G\' N Gy. Then we have the following equation.

G, = GL” -GS‘” — (GLI/} ~(G([Y”)F(ﬁ)) . fo(”

where X - Y means a group extension of X by Y. The following two results are well-known.

Lemma 2 If G is transitive on VT, then I" is (G, 2)-arc transitive if and only if GI® is a 2-transitive permutation group.

Lemma 3 If I is (G, s)-arc transitive with s > 2, then G}] is a p-group for some prime p, where {a,3} € ET. Further if
I is s-transitive with s >4 then I is of valency p+1 and |(AutD),| = (p+1)p"'m for s # 6 and a divisor m of (p—1)%.

All finite 2-transitive permutation groups are precisely known, see [14] for example. Then, by Lemma 2 and Lemma 3,
we have Corollary 1.

Corollary 1 If T is a (G,2)-arc transitive graph, then the stabilizer G, has at most two insoluble composition fac-
tors. Further, if there are two insoluble factors, then either they are not isomorphic when G.® is almost simple or they are
isomorphic when G'® is an affine group.

Proof By Lemma 3, G}jﬁj is a p-group. Then by the structure of G,, up to isomorphism, all insolvable composition
factors are involved in (G!")'® and G*®. Note that (G")' < Ggg” =G, = (G);. Then the 2-transitive permutation group
G and its a stabilizer acting on I'() give all possible insolvable composition factors of G,. Thus our result follows from
checking the 2-transitive permutation groups one by one.

In the following sections, we shall first describe the case when G, is soluble, then give an analysis about the soluble
quotients of G, when G, is insoluble. At last, we give the proofs of the main Theorems.

2 The Structure of G,

Lemma4 LetI be a connected (G, 2)-arc-transitive graph of square-free order where G is almost simple with alternating
socle. Assume that G, is soluble, then I is isomorphic to K, Petersen graph, Kss—5K, or odd graph of order 35.

Proof At first, we consider the graphs with small valency |['(@)| =3 or 4.

(I) Assume that [I'(a)| = 3. We have G, is isomorphic to S3,2XS 3, S, or 2xS 4. Then 3% {|G,|. We can easily get that ¢ < 8
since |G : G,| is square-free order with soc(G) = A.. If ¢ =8, then for any case of G,, |G : G,| is not square-free order. If c =7,
by easily computation, we can get that G, =2X S5 or S, when G=A; and G, =S, or 2xS, when G=S;. Then G, <M <G
where M is the maximal subgroup of G. By Atlas"*, we have M =S5 or 2XS s, respectively. This exists no element g satisfies
Cos(G,G,,G,8G,) which is connected (G, 2)-arc transitive graph of square-free order. If ¢ = 6, then by easily computation,
we can get that G, 22X S5 or §4, when G=A4 and G, = S, or 2x S, when G = S;. By [14], we can easily get that this exists
no element g satisfies Cos(G,G,,G,8G,) which is connected (G,2)-arc transitive graph of square-free order. If ¢ =5, then
G,=S;0r2xS; when G=As and G, =2xS; or S, when G =S5. We can easily get that for the latter case when G =S5, " is
isomorphic to Petersen graph.

(IT) Assume that |['(e)| = 4. We have that G, is isomorphic to A4, S 4,3 X A4, (3XA4)-2,83%84,3%: Qs+ S5 or [3°]- Qs S 5.
Then 5 1|G,|. We can easily get that 5 < ¢ <9 since |G : G,| is square-free order with soc(G) = A.. Similar to the above case,
we can get that I is isomorphic to odd graph of order 35, K55 —5K, or Ks.

Then we assume |['(@)| > 5. Since G, is soluble, then G1 is affine 2-transitive permutation group and G, = 1. It follows
that G = p°: G(r,;") for prime p. By checking the list of 2-transitive group, we have the following cases.

Case 1 Assume G,;” < T'L(1,p%) and |[(e)] = p, since TL(1,p*) = Z_, : Z,, then we have G, = G- G} where
Gl < GE;” . If p=2, then a sylow 3-subgroup of G, has rank at most 4. It follows that ¢ < 17. Then by computation |G : G,| is
not square-free order. Take ¢ = 17 for example. It follows form 2! | |c! that e = 13,14 or 15. For any case, 5° | |G : G,|, that is
|G : G,| is not square-free order. If p > 3, then a sylow 2-subgroup of G, has rank at most 4. It follows that ¢ < 12. Similarly,
for this case |G : G,| is not square-free order.

Case 2 Assume GZ;” is isomorphic to one of the following groups Qs Z3, Qx-S 3, Os-S 3, Z3X(05-2), Z3X(Qs"S 3), Zs X ( Qs
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Z3),Zsx(Qs-S3),Z11 X(Qg+S3) or 2'*4- L, where L is Zs, D1y, (Zs-Z4),As or Ss. We can easily get that |G : G,| is not square-free
order since p° is large comparatively.

Lemma5 LetI be a connected (G, 2)-arc transitive graph of square-free order where G is almost simple with alternating
socle. If G, is unsolvable, then unsolvable quotients of G, is isomorphic to S35, S405,, 3053, S40535,(S,05,)8,, Ay or Sy

Proof By Lemma 3, G} is a p-group. Thus there are two cases.

Case1G. #1.

(D T is 2 or 3-transitive. Because G“=PSL(d,q)- O with |[(@)| = (¢° —1)/(g— 1) where g = p’ for some prime p, we
have

G\ = [Cld_l] Z ¢ -PSI(d—1,9)-Z 41 4-1)- O,

@ = G Td

where O < Out(PSL(d, ¢)) and
Z;Zay-1y-Z,, whend >3,
Z¢Zgg-1y, whend =2.
Note that 0,(G,) <G, and G, < S, it follows that when (d,q) = (3,2),(3, 27),(4,2) and (5,2), |G : G,| is not square-free order.
For the other case, we have p#d-D//2 | |G : G,|. 1t follows that when p > 11, we have |G : G,| is not square-free order. When
p=2,3,50r7, form G, <TxO where T <0. And for any case, G, %5515,,5,08,,8:185,85,18 or (§,:5,)S,. Further,
G_a A, orS,.

(IT) Suppose I is s-transitive for s > 3, the structure of G, can be explicitly known. Then we can easily get that |G : G,|

Out(PSL(d, q)) = {

is not square-free order.

Case 2 G,L]ﬁ] =1, then I is 2 or 3-transitive. We can prove this case by checking the list of 2-transitive permutation group
since G1® is 2-transitive. Denote the soluble quotients of G, by G,, there is an example.

Suppose G is almost simple and soc(GL®) = A; with [['(@)| =k.

For this case, we can assume k > 5. In fact, if k = 5, we have G = As or S5 and G,;” = (G)); = A, or §,. And
since 1 # (GIH'® EG;@ = GE;”), we have (GU)'® = A, or K, when GZE’) = A,, and (G!)'® = K, A, or S, when GZ;;’) =S,
Hence G, = (Ggﬁ] A(GIMIEy . GT@ = (GINHI® . GT@ s isomorphic to K, X As,Ay X A5, K, X S5,A3 X S5 or 4% S5. For any
case, there is no group G such that soc(G) = A, and |G : G,| is square-free order. Assume k > 5, we have G1® = A, or S,
and G = (G)™); = Ai; or Sy, And since 1 # (GI)'® G = G, we have (GI)'® = A, when G;” = A, and

(GIN'® = A,y or Siy when G,;” =S, Hence G, = (Gl)}-(G)'¥)-GL@ = (GI)'®- G is isomorphic to Aj_; - A, Ay - S
or S;_,-S. By analysis, we can easily get they are all direct product. Thatis G, = A;_; X Ay, Ay XS or S, 1 XS;. In all cases,

we have G, = (Ag-1) XAy) - (U x 0) where U > O < Out(A,). Therefore G, <22
3 The Proofs of the Main Theorems

In this section, we first prove a Lemma which will be used later.

Lemma 6 Let soc(G) = A.(c > 5) and G acts naturally on A = {1,2,---,c}. Let H be a subgroup of G with square-free
index. If the natural action of H on A is primitive, then A, < H or 5<c<8.

Proof Suppose P € Syl,(G) such that a = (12)(34) € P and b = (13)(24) € P. Then <a,b>< P and | <a,b>|=4. Let
Q € Syl,(H), we can conclude QN <a,b ># 1 since |G : H| is square-free order. Thus there is at least one of these involutions
(12)(34),(13)(24) and (14)(23) contained in Q. It follows that the minimal degree of H is at most 4. Then H contains a
2-cycle or 3-cycle or the minimal degree is 4. By [15], we have A, < H or H is a proper primitive group of S, where 5<c <8.

Proposition 1 Let G be an almost simple group with alternating socle and let I' be a connected (G, 2)-arc-transitive
graph of square-free order. Assume soc(G) =A, and G, <G acts primitively on A:={1,2,--,c}. Then I is isomorphic to one
of the graphs in Table 1 or K.

Proof By Lemma 6, we have A, <G, or G, is a proper primitive group of S. where 5 <c<8.

Case 1 Suppose A. <G,, then |G : G,| = 1,2 or 4, this is trivial.

Case 2 Suppose G, is a proper primitive group of S, where ¢ < 8.

(I) Assume ¢ = 8. Inspecting the proper primitive permutation groups of degree 8 such that |G : G,| is square-free order,
we can get that G =Ag,G, =2%: L3(2) or G=85,G, =2%: L5(2).

(a) If G=A5,G, =2°: L5(2), we have G is 2-transitive on VT It follows that I" = K5. However, this is not possible since

G is not 3-transitive.
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(b) If G = S5,G, = 2° : PSL(3,2), then G| is affine or almost simple. For the former case, we have G = 1,G1@ =
G, = 2° :PSL(3,2) and G,,=PSL(3,2). By Atlas'", N;(G,z)=PSL(3,2)-2. It follows that there exists an involution g €
Ng(Gop) \ Ng(Gop) such that I' := Cos(G,G,,G.gG,) is a connected (G, 2)-arc transitive graph of order 30 with valency 8.
Furthermore T' = T'; in Examples. For the latter case, we have GI'' = 23, GT® =PSL(3,2) =PSL(2,7). We can conclude that
Gh =PSL(3,2) and |['(e)| = 8 is not possible. Otherwise, since 1 # (GI)'@2G.? = G.” =73, contrary to G1/' is a 2-group.
It follows that GI! = 2°,GI@ =PSL(2,7) and [[(@)| = 7,G." = S4. Thus G,s = 2>-S, and Ng(G,p) = 2* : S,. It follows that

there exists an involution g € N(G,5) \ Ng(G,p) such that I’ ﬁ::Cos(G,GmGQgG(,) is a connected (G, 2)-arc transitive graph of
order 30 with valency 7. Furthermore I' =T, in Examples.

(II) Assume ¢ =7. Inspecting the proper primitive permutation groups of degree 7 such that |G : G,| is square-free order,
we can get that G = A;,G, =PSL(3,2) or G=S5,,G, =PSL(3,2). For G = A;,G, =PSL(3,2), we have G is 2-transitive on VT.
It follows that I' = K;5. However, this is impossible since G is not 3-transitive. For G = S,,G, =PSL(3,2) =PSL(2,7), then
G must be almost simple. There are two cases.

() If G=5,,G,=PSL(3,2) and [['(a)| = 8, then G,; =7 :3 and Ng(G,.5) =7 : 6. It follows that there exists an involution
8 € Ng(Gop) \ Ng(Gp) such that I' :=Cos(G, G,,G.gG,) is a connected (G, 2)-arc transitive graph of order 30 with valency 8.
Furthermore I' =2 I'; in Examples.

(b)If G=S,,G,=PSL(2,7) and [I['(@)| =7, then G,5 =S4 and Ns(G,5) =S4 XS . It follows that there exists an involution
8 € N6(Gop) \ Ng(Gop) such that I' :=Cos(G, G,,G,gG,) is a connected (G, 2)-arc transitive graph of order 30 with valency 7.
Furthermore, I' =T, in Examples.

(IIT) Assume c = 6. Inspecting the proper primitive permutation groups of degree 6 such that |G : G,| is square-free order,
we can get that (G, G,,) is one of the following pairs: (PGL(2,9), S,), (M, S,4), (PTL(2,9),S,XZ,), (Ag,As), (Se,Ss), (As,S4),
(S6,S4%2) or (S, S,). For the first three cases, G has a subgroup of index 2 which contains H, say X = S¢ for G = PI'L(2,9)
and X = Ag for the other two cases. Thus I is a bipartite graph with two bipartition subsets, say U and V, having size 15
respectively. It is easy to see that X acts primitively on both U and V. In particular, X acts transitively on the edges of T
We claim that the actions of X on U and V are not permutation equivalent; otherwise, X will have a primitive permutation
representation of degree 15 with a 2-transitive subconstituent, which contradicts. Thus we may assume that U consists of
2-subsets of [6] while V is the set of partitions of [6] into three parts with the same size. Let {«,} be an edge of I' with @ € U
and B € V. Then two possible cases arise. If « is not a part of 3, then it is easily shown that I'(a) = 87 = {8" | h € H} contains
12 partitions of [6], but H can not 2-transitively on I'(«), a contradiction. Thus @ must be a part of 8 and, in this case, I is
isomorphic to Tutte’s 8 cage. For the other cases, I' = K.

(IV) Assume ¢ = 5. Inspecting the proper primitive permutation groups of degree 5 such that |G : G,| is square-free
order, we can get that G =A;,G, = D,y or G=S5,G, =5 : 4. For the former case, it is impossible. For the latter case, we have
I'=Ks.

Proposition 2 Let G be an almost simple group with alternating socle and let I' be a connected (G, 2)-arc-transitive
graph of square-free order. Assume soc(G) = A, and G, < G acts transitively but not primitively on A := {1,2,---,c}. Then
there are no such graphs.

Proof Since G, is not primitively on A, let 8:={B,, B,, -+, B,} be a maximal G,-invariant partition of A, it follows that
G2 is primitive and G, < M < S, where M = Sym(B,)Sym(B) is a maximal subgroup of S .. Let K be the kernel of M acting
on B, then |M : G,K]| is square-free order. It follows that |[Sym(8B) : G®| = |M/K : G,K/K] is square-free order. Thus we get
G% < Sym(8B) of square-free index and G? is primitive. By Lemma 6, we can get Alt(8) <G? or 5<|B|=b<8.

Case 1 Suppose Alt(B) < G2. We set b =2 for example. Let B={B,, B,} be the maximal G,-invariant partition of A and
K be the kernel of G, on B. It follows that K?' = K2 is transitive since G, is transitive on A.

(I) Suppose K®! is primitive, then K < S, with index odd square-free order. Thus we have A., < K? or5<¢/2<8
and K® is a proper subgroup of S .

(a) Suppose A, < K”', then K®1 = K®2 = A, or S ). Since K3,) = Kgf]) > K%, it follows that Kz, = 1,4, or S . Thus
K=A.2,S0,Ap XA 2, Acp XS o O S .pX S o Therefore G, =A. 22,8 .22, (A XA2) 2, (Acp XS ¢2) 2 08 (S p XS p2)- 2.
For G, =A.2-2,S.p-2 0or G, = (A p X A.p)- 2, it follows that |G : G,| is not square-free order, since G, < M = § ;2. For
(A pxScp)-2,then G, < M = §,.,12 <S,. If follows that G acts primitively on [G : M] by right multiplication with odd

square-free degree. Then we have ¢ = 8,G, = (A; X S,)-2,G = As. However this is impossible since Ag has no subgroup of
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index 70. For (.2 XS.»)-2,then G, =M =S .,12<S .. If follows that G acts primitively on [G : G,] by right multiplication
with square-free degree. There is no corresponding graph.

(b) Suppose 5 < ¢/2 <8, then 10 < ¢ < 16. For ¢/2 =5, then K” is a proper primitive group of degree 5. It follows that
KB =D or5:4. Then K =5-Dy,(5:2)-Dyg or (5:4)-Dyy. We can easily get 32 | |G : G,| since G, =K-2. Thatis, |G : G,| is not
square-free order. For ¢/2 = 6, then K®' is a proper primitive group of degree 6. It follows that K®' =PSL(2,5) or PGL(2,5).
Then K =PSL(2,5), PSL(2,5)-PSL(2,5) or PGL(2,5)-PSL(2,5). We can easily get 32 | |G : G,| since G, =K-2. That is, |G : G,|
is not square-free order. For ¢/2 =7, then K®! is a proper primitive group of degree 7. It follows that K®' =PSL(3,2). Then
K =PSL(3,2) or PSL(3,2)- PSL(3,2). We can easily get 3 | |G : G,| since G, = K -2. That is, |G : G,| is not square-free. For
¢/2 =28, then K?' is a proper primitive group of degree 8. It follows that K®' =23:PSL(3,2). Then K =PSL(3,2), (2* :PSL(3,2))-
PSL(3,2) or (2% :PSL(3,2))-PSL(3,2). We can easily get 3° | |G:G,|since G, =K-2. That s, |G : G,| is not square-free order.

(1) Suppose K?' is imprimitive, let D :={D,,,--, D4, D,, -+ , D2} be a G,-invariant partition of A and D; be {D;,,--,
D,,} such that K® is primitive for i = 1 and 2. Then G, < (S, 1S4)1S2 < S. where |Dy| = d,, and ¢ = 2dd,,. It follows that
G?<S 1S, and KP' <§,. Thus K?' =A,,S, or K is a proper primitive group of degree d where 5 <d <8.

(a) Suppose K”' = A, or S, it follows that K =A,;-2,8 ;-2,(Ay X Ay)-2,(Ag XS ) 2 o1 (S4 XS 4)-2 and GP =K?-2.

Assume d > 5, then G, has two isomorphic insoluble composition factors, it is impossible. Assume d =4, since |S,: G?)|
is square-free order, it follows that G2 = (S, XS,)-2 =841S,. Assume d = 3, since |S, : G?| is square-free order, it follows
that G2 = (S3XS3)-2=S531S,. Both cases are impossible since G, has no quotient group isomorphic to one of these groups
by section 3.

Assume d =2, then let D = (D, D1, D,,, Dy} be the G,-invariant partition of A and let D;; :={D;;;, D;p,-** , D;;4,} such
that (G(,)ﬁj;i is primitive. It follows that G? is primitive. Since |S,: G?| is square-free order, then G? < (§,25,)2S,. This is
impossible by the structure of the soluble quotient group of G,.

(b) Suppose that Kt is a proper primitive group of degree d where 5 < d < 8. For d =5, then K! is a proper primitive
group of degree 5. It follows that K?' = Dy, or 5: 4. Then K? =5-D,,(5:2)-Dy or (5:4)-D,,. This is impossible since
IS 4 : K?| is not square-free order. For d = 6, then K?' is a proper primitive group of degree 6. It follows that K = PSL(2,5)
or PGL(2,5). Then K? =PSL(2,5), PSL(2,5) - PSL(2,5) or PGL(2,5) - PSL(2,5). This is impossible since |S,, : K?| is not
square-free order. For d = 7, then K?' is a proper primitive group of degree 7. It follows that K?' = PSL(3,2). Then
K? =PSL(3,2) or PSL(3,2) - PSL(3,2). This is impossible since |S,, : K| is not square-free order. For d = 8, then K is a
proper primitive group of degree 8. It follows that K?' = 23 : PSL(3,2). Then K?=PSL(3,2), (2> : PSL(3,2)) - PSL(3,2) or
(2% : PSL(3,2)) - PSL(3,2). This is impossible since |S ,, : K?| is not square-free order.

Case 2 Suppose 5 <|B| <8 and G? is a proper primitive group of degree |8].

(I) Assume |B|=5. Let 8= {B,, B,, B3, B,, Bs} be the maximal G,-invariant partition of A. It follows that G, < Sym(B, S5
where |B,| > 2. Checking the list of the proper primitive group of degree 5 with square-free order, we can get G = A, or S,
and Sym(8B) = A5 or S5. By the structure of soluble quotient group of G,, one has G, = A4 X As, Ay XS5 or S, xS 5. However,
for any case, 22||Sym(Bl)st :G,|. This is impossible.

(IT) Assume |B|=6. Then G? = A5 or S5 and Sym(B) = A4 or S. It follows that As is an insoluble composition factor of
G,. By the structure of G,, we can easily get that 5% | |G : G,|, then |G : G,] is not square-free order.

(IT) Assume |B|=7. Then G? = PSL(3,2) and Sym(8B) = A, or S,. It follows that PSL(3,2) is an insoluble composition
factor of G,. By the structure of G,, we can easily get that 52 | |G :G,|, then |G : G,| is not square-free order.

(IV) Assume |B| = 8. Then G? = 2° : PSL(3,2) and Sym(B) = Az or Sg. It follows that PSL(3,2) is an insoluble
composition factor of G,. By the structure of G,, we can easily get that 52 | |G : G,|, then |G : G,| is not square-free order.

Using similar method to the above proposition and carefully computations, we can get the following proposition.

Proposition 3 Let G be an almost simple group with alternating socle and let I" be a connected (G, 2)-arc-transitive
graph of square-free order. Assume soc(G) = A, and G, < G acts intransitively on A :={1,2,---,c}. Then I is isomorphic to
one of the odd graphs of square-free order.

Now we are ready to prove the main theorems of the paper.

Proof Let I' be the (G,2)-arc transitive graphs of square-free order, where G is almost simple with alternating socle.
The results of propositions 1 ~ 3 in this section are sufficient to prove the existence of graphs in Theorem 1 as stated in the

introduction. And it is easy to see that they are not isomorphic to each other. At last, we determine the full automorphism
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group for the graphs occurred in Examples in section 2. The methods are similar, we take I'; as an example. Let A :=Aut(I'}).
Since I, is of valency 8, it follows that if p | |A,| then p=2,3,5 or 7. However, we can get p # 5. In fact, if 5 ' |A,|, then AT@ =
Ag or Sg. Then by checking 2-transitive permutation group of degree 8 such that 5 £ |AT®|, we have AT® =PSL(3,2)=G"®.
Therefore, we have A=G =S5.
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