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Abstract : This paper considers the Riemann problem of the coupled Aw-Rascle (CAR) model with Chaplygin
pressure. By letting the pressures on both sides of the CAR model vanish, the limits of the above Riemann solutions
are obtained. Moreover, it is proved that the limits are the Riemann solutions to the pressureless gas dynamics
(PGD) model with the same initial value. The weight and velocity of the delta shock after the limit are completely
consistent with the weight and velocity of the delta shock to the PGD model. Furthermore, from the asymptotic
behavior of the solutions, the transition from the rarefactive contact discontinuity to the contact discontinuity can
be observed.

Key words : coupled Aw-Rascle model; pressureless gas dynamics (PGD) model; Chaplygin pressure; delta shock;

limiting solution
0 35l &8
% J& CAR Sl AI

« ks BHHA: 2023-05-24
EEWA: U ERSEARIN 5 P L 15 4 “ IR R T A = 4EAGE )8 (NZ2014107) .
1’5%ﬁ1| BIVS (1998-), @, Wi-bA , MNFRG R S BS IS , B-mail: wengshasha@nuaa.edu.cn.
BIEE: WwmA (1981-), Lo, Wit @I, Wi o or e MBS RIS, E-mail: 98010149@163.com.



684 B R (HARRIED) (FR3Es0) 20234F

pe+(pv)e =0 pe+(pv). =0
£ <024 (pu); + (puv), = z>0: 9 (pu); + (puv), =0 1)
u=v+np(p) u=v+pup(p)
Al
pet(pv). =0 pet(pv)e =0
z<0:9 (pu); + (puv), =0 z>0:4 (pu), + (puv), = (2)
u=v+pup(p) u=v+np(p)

Hidr: p>0 Ml o> 0 5 FR G % R | A58 o FoRMINEEE. TR NI p(p) 26T p MIREL, kAR
U” Bt AR T SR DRI RE . ZR B R 2 p(p) B LI R R 0> > 0. T p B R B I80 )
MR, CAR ALAY (1) A1 (2) v] LAHRZ R IALATE R - A8, BRI R A R ML 2 0 A rh s B e
MISSGEISG. B2 TRV BRI AHOCEE S WL SR [2-4).

2011 4, Herty ZEMWHIFGE T HIH N

wmxmo>{“’”)%x<o 3)

('U+,p+),l’>0
AL A, Hrh oo L p_ vy s py >0, FESJIIH 2

Vp:pp”(p)+2p'(p) >0,
p=0:p(p)~p”,7>0.

AR T i A e, (EfRAME— AR e . RIS 1E T HA Chaplygin JE 1A CAR BEHY (1) 1 (2) fY)
RS fi, HAUER T AEME—VE , b Chaplygin 73 2
1

po)=— (4)

WA FINA Chaplygin & HA T, delta 2 HIUAE L IAR S Rl fE . B2 5¢TF Chaplygin K J17E
A AR Ko HL AR ) R DL SRR [5-10].
M u=n i}, CAR tRAIELAS i L) Aw-Rascle (AR) #7011

pz+( ) =0
(pu): + (puv), = (5)
—v+77p( )
M p=n=0N, BIFME S0, CAR BERIEEAS if TR SAKSh /1 (PGD) #iY
. V), =0
pe+(pv) (©)
(pv)e+(pv*). =0

2010 4F-, Shen 2GS T AT p(p) = p7 B9 AR ARHY (5) | (3) IR, ZBL2 n—0, AR BRI delta
PO AR AR PGD HiAY (6) . (3) 1Y delta WEMF , ARIZAMET delta S M AUALE FIEEE. 2013 4F, Pan
AESIEFGE T ARARAY (5) | (4) .\ (3) BIMER , IERH T 24 np— 0 BF, AR BRI delta B RIS PGD #E7 (6) | (3)
() delta JLUE . AR AR, FRATREIGE . 24— 0t H np— 0t B, CAR AR (1), (4) Al (2). (4) WBREMHRES



el VS, . WP Chaplygin JEJTAUFEA Aw-Rascle FERIZL S i (% FR 685

AHN H AR S T EA AHRIE Y PGD 5881 (6) RZLS: A7 FEE T delta WO AR, R PR S R4S R ek 2
JETRHES PGD BRI delta J A HAS R A BE R4 — 207

ARICHFGEA A Chaplygin K1 ARG Aw-Rascle B I 7 [F]HH 2¢ B 2 & A AR B Pl AR A B A
AF PN R T RBORIE], B AR A AR 22 5%, R0 i T Sl S A L TR . TR ARl S R 1Y
FERARD , R THRVE A I R R PR Ee 45 R R LTI, B Chaplygin H ) AER SRR )
TH I Y BRIE 45 5 UL SCik [14-15). FRATIHEY 1 — 0t Honp—0F i, CAR BRI (1) A1 (2) IR, &P CAR
AL (1), (3). (4) F1(2). (3). (4) MELEARAHN HIERILS T PGD #E7 (6) . (3) MRS M. 53CHk [7] IZE SR AR
IS, WRRJS Y delta S5 i O AU ER A 5 PGD BEHU delta I Ak A4 AL ER A B 58 42— 3K

1 RS
1.1 CAR R (1) #0 (2) B2 SR
AR Y (5) PREAEAEL RGN 14 REAIE 1] £

n
Al(n,v,p)=v—;7 A2 (n,v,p) = (7)

Tl:(fnpizal)qx T2:(Oa1)T (8)
EWj
VALri =V ry =0,
T LA G ks Bt HLoE gtk Ak, AT RISRE (5) B9 A AU (v, p)(z,t) = (v, p) (&) (& =z /t) , TR TGRS
BCE M b Ak ] B R Ry

E=M=v—n/p
R(v_,p):qu=—n/p=v_—(n/p-) )
pP<p_,v>V_

XTFRIW#R ¢ =0, Rankine-Hugoniot 2514

—olp]+[pv] =0
—olpv—n]+[pv* —nv] =0

(10)

Hr: [pl=ps—p_s [pv] =psve—p_v_, HEICSHL SKAFTHE (10) AT LASFRHEARE W J F0H 45 H il 4] By S
o3

J(v_,p_)iT=v=0v_ (11)
o=v—n/p
S(v_sp-):{v—n/p=v_—(n/p-) (12)
p>p_,v<v_
HRAEAARZ (vy,p4) BIE, WEIA SF753] CAR ALY (1), (3). (4) B Z RN

() (v,.p,) €1={(,0) [v<v_—(n/p)}: PTS;

(i) (04,p4) € T ={(v,0) |[v_—(n/p_) <v<v_}: S+PT.J

(iil) (vy,py) € lIT={(v,p)|v>v_}: R+ PT.J.
Hop 7 BRAE “BEE”, PTS; 1 PTJ 53 130n 2SS delta S 8 -G FIRHAL Sl a) B J & AHE 248
JE T AR A TS BORES , R 22500, 18R PT. CAR BB (2) . (3) . (4) IERZ N

(i) (v+,p1) € I={(v,p) |v<v_—(p/p-)}: PTSs;

(i) (v4,p4) € IT = {(v,0)|v_ — (u/p_) <v<v_}:S+PTJ;

(iil) (vy,py)€lIl={(v,p)|v>v_}: R+ PTJ.



686 B R (HARRIED) (FR3Es0) 20234F

1.2 PGD #&# (6) HIE SR
PGD &AL (6) BYAFE (R RIS IO YA AP AIE ] 12y

Xl(vvp)ZS\Z(U»p):vu ;:(071)T (13)

ESh)
VA 7=V #=0,
PTARGLNER L. Pl E—/NRYIfie, RATATLUG 2] PGD 2L (6) . (3) AR =
() (v+,p+) GI—{(v,p) |U <'U,} : 553
(ii) (vy,pp) €Il ={(v,p)|v>v_}:J +Jo;
(iil) (vy,py) € IIT={(v,p)|lv=0v_}:J.
2 HWENHEERFESERIRR
AT AT E CAR RS (1) 1 (2) WU Hs g [R) R 2 i 2R 2 i )i FR , IFIF5E 2% IR -5 HAT AR TR 90 (.
() PGD FIUAY RS MR AYSC AR ARIE v 15 o_ BURVNEER, AP ALUT =B E : (1) v >0 (2) vy <
v (3) vy =v_. EHIEAGHBIA S I CAR BEEIRSS A E L.
EX 1 EEE o CH(RxR"), (v,p) #RiHh 2

[E2 [ (pgy+ pvd,)dadt+ [©_p_d(z,0)dz+ [ p,d(z,0)dz =0 »
T2 [T (pugy + puvg, )dzdt+ [ (p_v_ —n)p(z,0)dz+ [T (psv4 — p)(2,0)dz =0

M (v, p) REELE[A (1) . (4) . (3) FIHIfF.
W1 Yo, >v B, 2 pu—0t Hyp—0t, CARBI (1), (3). (4) 1 (2). (3). (4) MESMHANLELE] PGD

B (6) . (3) BYRRE i (AN 1 Fi7w)

(v_,p_)+ 1 +Vacuum~+ Jy+ (vy, py) (15)

Hid . FEAkRIWT g, F T, FEEE o) | o AR 0y =v_ Fll oy =,

th M) t R
(o p )Jl Ai(n,v-,p)
)\1(77,U+,ﬁ)
Xo(1,v_, p_
) 000 7 sl van) PTT
Vacuum ” (04 5) " )
M(vg, py) V4, P 1(fts vy Py
(U77p*) / = /\Q(IU-Hp-f—) (U,,p,) L)\(Q(My Uy, p+)
(U+7p+) (U+, p+)
(@] vy > v x O Vg > U x
1 PGD #2 (6) BIZ2 SR 2 CAR AR (1) BIE2EMR
IERA 24 v, >o_ B, CAR AL (1), (3). (4) BIERS @K (UK 2 FiR)
(U—7p—)+R+(U+aﬁ)+PT‘]+(U+7p+) (16)
Hdr, 5, RBYHEE ¢ 1 PTJ BIERIE 6 43 55 12
p= 1 (17)

vy —(v-—(n/p-))



el VS, . WP Chaplygin JEJTAUFEA Aw-Rascle FERIZL S i (% FR 687

Fn
~_ 77 ~
f=v_——, =04 (18)
p_
A pu— 0t Honp—0t, Al I3
lim p=0, lim é=v_=0,, lim d=v, =0, (19)
u—0 1—0 u—0t
n—ot+ n—o0+ n—0+

3 (19) UiBH CAR BIRY (1) PO ) [RI B 2k B tR B L2 RS F e PG B 4 ok (] T R 2 A8 pli 2 fnk ] K 7,
R R A
M0, p2) =N, 04,5) =€ < Ao, p-) < da(p, 04, ) (20)
A pu— 0t Hon—0t, MM (20) 28K
5\1(1’77/’7)201 :5\2(7177/’7) (21)
M=l (21) 1E2 J, W R A 5. dE—28, (1) PIOUE I RIBHE GBS, ARAR I k. L, Y vy > v B, CAR
(1), (3). (4) MBS M (16) Yk E] PGD Y (6) | (3) ML= f# (15).
Moo, >o_ B, CARABA (2). (3). (4) HIELE RN
(-, p-)+ R+ (v, p)+ PTJ + (v, py) (22)
H p=p/(vy — (v_—(u/p-))). ML EEHE , 7T GEZ (20) BIESE] PGD #KL (6) | (3) FIZREf#E (15).
1 A 1 AYUER R, AT S S At k] DA 28 k[ DT ) A
5138 1 Y v, <o B, WIFELE no 1525 0 < <n B vy <v_ —(n/p_) WAL
WERR T o <v_, Wnpe=p_(v_—vy), Ho<n<n B, Mo, <v_—(n/p-).
WE 2 Mo, <o B, 4 0" H 0", CARAE (1), (3). (4) F1(2). (3). (4) RS MHEIEE PGD
AL (6) | (3) BIZRZ Sk (W&l 3 rR)
(v—,p-)+ S5+ (v, p4) (23)
Ss BIDLE o (t)  EIE vs(t) FIALE w(t) 52
3 [p] 0 I,
a(t) = [(/p-v-+/prvi) [ (Vo= +/Pi)lt
vs(t) = (VP_v— +/prvy) /(P +/P7) (24)
w(t) = \/prp—(v-—vy)t
X [p] =0,
((t),w5(0),(t)) = (“ =1, P (0 =0, )0) (25)
WERR T vy <o, IRIESIHEE LTS 0<n < p_(vo—vy), WMoy <v_—(n/p-). BT vy <v_—(n/p-), CAR
FERL (1), (3). (4) BN (WA 4 FiR)

(v-p-)+ PTSs+(vy.p5) (26)
PTS; WAIE 3(¢) . BEE 05 (t) FIALE o(t) W2
X (o] £0 B,
#(t) = {{2lpv) +1— pt /Ap p [P+ A0nps — pp )]+ (n— 0%} /20p]
05 (t) = {2[pv] +n— p+ /4o p_[0]2 +4(npy — pp ) o]+ (n— )2} /2[p] (27)
()= {{n— /Ao p WP +40nps — p )]+ (n— 1)} /2 } ¢
X [p] =0,

S iy ey PV = oy s [pv®] = oy o
0200 =y en = 2lpel 4=

,—lpvlt) (28)



688 B R (HARRIED) (FR3Es0) 20234F

t
t
PTSs
. S )
M(v-,p) b Ai(n,v-,p_)
= >\2(1},, pP— )
5‘1(U+7r’)+) a1, v, p) A1(ps v, py)
= 5\2(’[}+,p+)
/\2([L,U+, p+)
- (U—’lt)
(v, p_) (00,9) (e )
(6] vy < v x (0] vy < v x
3 PGD ## (6) WIS B 4 CARRE (1) MRS

AR, FATRHE [p] £0 15, [p] =0 THEEMANIE. £ p— 0+ H n— 0t , AXMEHHGE]
lim (Z(t),05(t),w(t)) = (2(t),v5(t),w(t)).

n—0

77*)()+

BR S (26) 1 (27) 1CAR (14) EE—A 7R, ATLIAE)

oo ptoo too
i ([ [ (oot oo+ / p-olw0)de+ [ p. (e, 0)do)
ot oo 0
+o0 z(t) +oo +oo +oo
= hm+ / / / ((pd)¢ + (pvo),)dadt — / ¢(Pt (pv),)dzdt
uﬂo

“+ o0

+ / (B(@(0,0)6,(3(0).) + 500506, ONA+ [ p-(0)dot [ pro(r0)ds

0

— i (- [ o0t [ 60060 —p- a0 [ p o0

- [ et - prnstenats [ oo M an s [y oot [ oty
=t (f " BEW).D[p15(8) — o))t + B(EE), O SE (D). 1) -/ " B(E(). B (E(1).1))
oo o0
= [ oo~ [prhti— [ o(e).0)dua(r).0
=0.
At )
dw(t)
- [p]vs(t) —[pv] (29)
S, FAZ (14) 05— A TR,
i (- / (o puvn)dadt+ [ (oo —n)o(0)da+ [ (pvs =)o@, 0)da)
+oo  pz(t) +oo +oo  paoo
= hm U VU dxd U ), )dzd
Jim / / /m (pud). + (pvu).) t/ Ol ().

+ / (BEW) 50 (E(E), 1) +B(E(E),£) (T ()60 (F (), D)t + / (o)l 0)de



el VS, . WP Chaplygin JEJTAUFEA Aw-Rascle FERIZL S i (% FR 689

400

= lim (—/7 (p-v_—n)¢(z,0)dz+ D& (1), t)(p—(v-)* —nv_ —(p_v_ —n)0s(t))dt

n—0ot 0
n—ot

+oo too
_/ (p+v4 —p)d(z,0)dz — P(E(t),t)(ps (v4)* —pvy — (pyvy — p)0s(t))dt

0 0

[T aa0.0m0 a0+ [ oo —weteo)dst [ (o - o0

0

= lim ( ) D(E(t),1)(p—(v-)* =mv_ — (p_v_ =) Vs () = py (v4)* +pvy + (prvy — p)s(t))dt

u—0+
n—o+ 0

t=4oc0 +o0

RS — A5 5 dw(t)vs(t)
% = [pv]vs(t) = [pv] -

JIFE (29) A1 (30) F/RELE M (23) B9) X Rankine-Hugoniot 407157, B p— 0+ Honp— 0t B, 2L (26)
AR R (23). N EIEIIRBR IS R S5 NAE , PTSs RO 251
/\1(M7U+7p+) < )‘Q(Mav+ap+) < {)5 < )\1(7%“—79—) < )‘2(77’U—7p—) (31)

A pu—0t Hnp—ot, Mgl (31) 2R

)‘l(v+7p+) = ;\2(U+’p+) <vs < Xl(v,,p,) = 5\2(1},,/),) (32)
izt (32) 42 S, WAL IR AR, IR, 2 oy <o B, CAR AL (1), (3) . (4) BIZRE A (26) ISE] PGD FAY
(6) . (3) M= (23).
Mo, <v_ B}, CARBIEL (2), (3). (4) HIBESf#
(v—,p-) +PTSs+ (v4,p4) (33)
U e, TLER S A7 (33) WK EE] PGD #iR (6) . (3) MIZL2H# (23).
W3 Yo, =v B, 2 pu—0t Hyp—0t, CARBI (1), (3). (4) 1 (2). (3). (4) MESMANLSLE] PGD
B (6) . (3) BB (W&l 5 FIrR)
(v—,p=)+J+(v4,p4) (34)
H J WS ER o =0, .
IERA Y v, =o_ I, CAR AL (1), (3). (4) BEf# K (WA 6 FiR)
(Vs p- )+ PTJ+ (v, p4) (35)

H PTJ WEEN 6 =v,. REIR, Mo, =v_ B, CARFH (1), (3). (4) MBRESR (35) IsiF) PGD #iAl
(6) . (3) HIBRE SR (34); v, =v_ B}, CARFHY (2) ., (3). (4) MRS f#

(v—,p-) +PTJ+(v4,p+) (36)

WIS E] PCD AL (6) | (3) FIZREfi (34).

iGN 1~3, M RIAR SR EEE R e A 1.

EE 1 CYWIETIERES, Bl p— 0t H n— 0t B, H47 Chaplygin 77 (4) B9 CAR 54 (1) Fl (2) (W%
SRR B B A A RWIER PGD B8 (6) HYELS:fiF.



690

B AE R (AARBEMD) (h3esr) 20234
t
! 5\l(lvap—) )‘1(77711—»0_) PTJ
= Xo(v_, p_) ’ Aa(n, v, p_)
5\1(v+:P+) / (v )
— Xalvesp) :
AQ(H7U+7P+)
B (v-,p-)
('U 7p7) (’U+7p+) (U+’p+)
O Vi = V- T (0] Vy =V €T
5 PGDE (6) MRER B 6 CARME (1) WRER

Sk

[1]

2]

3]

(4]

[5]

[9]

(10]
(11]

(12]

(13]

(14]

(15]

[16]

(17)
(18]

HERTY M, SCHLPER V. Traffic flow with unobservant drivers[J]. Zeitschrift fiir Angewandte Mathematik und Mechanik, 2011,
91(10): 763-776.

MOUTARI S, HERTY M, KLEIN A, et al. Modeling road traffic accidents using macroscopic second-order models of traffic flow[J].
IMA Journal of Applied Mathematics, 2013, 78(5): 1087-1108.

HU Y B, WANG G D. The resonance behavior for the coupling of two Aw-Rascle traffic models[J]. Advances in Difference
Equations, 2020, 2020(1): 1-23.

KOLB O, COSTESEQUE G, GOATIN P, et al. Pareto-optimal coupling conditions for the Aw-Rascle-Zhang traffic flow model
at junctions[J]. SIAM Journal on Applied Mathematics, 2018, 78(4): 1981-2002.

FAN S, ZHANG Y. Wave interactions and stability of Riemann solutions to the Aw-Rascle model with friction for modified
Chaplygin gas[J]. Bulletin of the Brazilian Mathematical Society, New Series, 2022, 53(3): 765-785.

CHENG H J. Two-dimensional Aw-Rascle model with Chaplygin pressures: Riemann solutions consisting of contact discontinu-
ities[J]. Rocky Mountain Journal of Mathematics, 2022, 52(4): 1267-1288.

LIU Y J, SUN W H. Wave Interactions and stability of Riemann solutions of the Aw-Rascle model for generalized Chaplygin
gas[J]. Acta Applicandae Mathematicae, 2018, 154(1): 95-109.

GUO L H. The Riemann problem of the transport equations for the generalized Chaplygin gas[J]. Journal of Xinjiang Univer-
sity(Natural Science Edition), 2013, 30(2): 170-176.

SEMRER, SRIFIHE. | S Chaplygin SR Aw-Rascle S8 i 7 FELH A1 S P TR B [T). Hrsm Rai2a 3 (H ARBLARR) (FP3E0), 2023,
40(4): 422-432.

JEK5R. Chaplygin . |~ X Chaplygin JEIE Chaplygin “SARKKFL 7 FEA 2% ff ST D). D& AR Bk, 2019.

AW A, RASCLE M. Resurrection of “second order” models of traffic flow[J]. STAM Journal on Applied Mathematics, 2000, 60(3):
916-938.

SHEN C, SUN M N. Formation of delta shocks and vacuum states in the vanishing pressure limit of solutions to the Aw-Rascle
model[J]. Journal of Differential Equations, 2010, 249(12): 3024-3051.

PAN L J, HAN X L. The Aw-Rascle traffic flow model with Chaplygin pressure[J]. Journal of Mathematical Analysis and
Applications, 2013, 401(1): 379-387.

YANG H C, WANG J H. Delta-shocks and vacuum states in the vanishing pressure limit of solutions to the isentropic Euler
equations for modified Chaplygin gas[J]. Journal of Mathematical Analysis and Applications, 2014, 413(2): 800-820.

YANG H C, WANG J H. Concentration in vanishing pressure limit of solutions to the modified Chaplygin gas equations[J]. Journal
of Mathematical Physics, 2016, 57(11): 111504.

COLOMBO R M. Hyperbolic phase transitions in traffic flow[J]. STAM Journal on Applied Mathematics, 2002, 63(2): 708-721.
LIJ Q, ZHANG T, YANG S L. The two-dimensional Riemann problem in gas dynamics[M]. Harlow: Longman, 1998.

YANG H C. Riemann problems for a class of coupled hyperbolic systems of conservation laws[J]. Journal of Differential Equations,

1999, 159(2): 447-484.

RIEHRIE: BB



