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Abstract:  This paper explores model order reduction (MOR) methods for discrete linear and discrete bilinear systems via
discrete pulse orthogonal functions (DPOFs). Firstly, the discrete linear systems and the discrete bilinear systems are expanded
in the space spanned by DPOFs, and two recurrence formulas for the expansion coefficients of the system’s state variables
are obtained. Then, a modified Arnoldi process is applied to both recurrence formulas to construct the orthogonal projection
matrices, by which the reduced-order systems are obtained. Theoretical analysis shows that the output variables of the reduced-
order systems can match a certain number of the expansion coefficients of the original system’s output variables. Finally, two
numerical examples illustrate the feasibility and effectiveness of the proposed methods.
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0 Introduction

In real life, many physical phenomena can be described by mathematical models. At present, many systems in the
engineering and technology fields, such as control systems, circuit systems, fluid mechanical systems, et al., are generally
described by differential equations or difference equations. These systems involve computer design, simulation, optimization,
and control. The dimensions of these systems are usually relatively high, and some can even reach 10° ~ 10° orders of
magnitude. However, due to the limitation of computer memory space and operation time, direct analysis and simulation of
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such large-scale systems are very difficult and sometimes even impossible. Under this background, it is necessary to reduce
the scale of the systems. The basic idea of the MOR method is to transform a large-scale system into an approximate small-
scale system, for reducing the difficulty of theoretical analysis, simulation time and computation of large-scale systems. A
reduced-order system should preserve the properties of the original system, such as passivity and stability!!. At present,
scholars have proposed many MOR methods for continuous systems, such as asymptotic waveform estimation methods'?,
Krylov subspace methods®!, balanced truncation methods'*, orthogonal decomposition methods®™ and so on.

In recent years, research on MOR methods for discrete systems has attracted a lot of attention. In [6], the time domain
MOR methods for discrete systems based on discrete orthogonal polynomials were studied, and the stability preserving and
error bounds were theoretically analyzed as well. To apply the time domain MOR methods to discrete time-delay systems,
Wang et al.””! proposed a MOR method via discrete Laguerre polynomials, which also obtained the output error bounds.
Since the MOR method in [7] depends on the input variables, Xu et al.®! proposed an independ input MOR method based on
Charlier polynomials and high-order Krylov subspaces, which obtained the coefficients matching property as well. Discrete
bilinear systems, as a special class of nonlinear systems, are important in both theoretical analysis and practical applications.
Wang et al.”’’ studied MOR methods for discrete bilinear systems by a Laguerre expansion technique. Meanwhile, they
theoretically analyzed the coeflicients matching property. To apply the discrete orthogonal functions to the time domain
MOR methods for discrete bilinear systems, Tang et al.'” first expanded a discrete bilinear system in the space spanned by
discrete Walsh functions, and obtained the expansion coefficients of the state variables by solving linear equations. Then,
they constructed an orthogonal projection matrix and got the reduced-order system. However, this MOR method requires
solving linear equations to get the orthogonal projection matrix, which is computationally complex. Therefore, to avoid the
high computational complexity caused by solving linear equations, we will propose a time domain MOR method based on
DPOFs and modified Arnoldi process for discrete bilinear systems.

In this paper, we propose the MOR methods based on DPOFs and the modified Arnoldi process for discrete linear
systems and discrete bilinear systems, respectively. Compared with the previous studies, this paper has the following contri-
butions:

(i) For discrete linear and bilinear systems, we obtain the recurrence formulas for the expansion coefficients of the state
variables by using DPOFs.

(i) To avoid the high computational complexity caused by solving linear equations, we apply a modified Arnoldi process
to construct the orthogonal projection matrix, which improves the efficiency of MOR. Meanwhile, the modified Arnoldi

process can handle the rank deficiency problem, which further improves the numerical accuracy of MOR.

1 Preliminaries

In order to study the MOR methods for discrete linear systems and discrete bilinear systems, the definition and main
properties of DPOFs are introduced in this section.
The DPOFs {¢,(k)} are defined over the discrete interval k=0,1,--- ,N—1, as'"

1, i=k
pi(k) = 1
0, i#k
where i=0,1,---,N—1 is the degree of the functions.
The DPOFs have disjoint property
0, i#]
(k) (k) = o 2)
¢ik), i=]
and orthogonal property
N-1
¢i(k)g (k) = 6;; (3)
k=0

where ¢,; is the Kronecker delta.
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Let x(k) eR"(k=0,1,---,N—1) be an arbitrary bounded signal sequence, which can be expanded in terms of DPOFs as

N-1

x(k) = Z xipi(k) = X ®(k) “)

i=0

where X is called the DPOFs coefficient matrix and @ (k) is the DPOFs vector. X and ®(k) are defined as
X=[x0 X1 o Xyo1 ],

and
B0 =| pok) ¢k - pyah) |,

where the superscript T denotes transpose.

By using the orthogonal property (3), the expansion coefficient x; (i=0,1,---,N—1) can be expressed as

N-1
3= ) w(k)gi(k) = x(0).
k=0
From the definition (1), we can find the following properties

¢i(k_ ]) = ¢i+j(k),
di(k+ ) =¢_;(k),

where i, j=0, 1,---. Hence, the shift basis vector ®(k — j) or ®(k + j) is related to ®(k) through the transformation as

o(k- j)=(5") @)

_ &)
Bk+j)= (Sf)ti’(k)
where j=0,1,---. S is called the shift transformation matrix and has the simple form
0" o0
S= 6
[I 0} ©

where 0 € R¥"! is a zero column vector and I € R¥P*¥-D ig an identity matrix.

2  Main Results

In this section, the MOR methods for discrete linear systems and discrete bilinear systems based on DPOFs will be
proposed, respectively. Meanwhile, the main properties of both methods will be discussed.

2.1 Model Order Reduction for Discrete Linear Systems
Consider the following discrete linear system

{ x(k+1) = Ax(k) + Bu(k) o

y(k) = Cx(k)

where x(k) € R” is the state variable, u(k) € R™ is the input variable, y(k) € R? is the output variable, A € R™", B € R™",
C e R”" are constant matrices.
From DPOFs and the expanded form of x(k) in (4), x(k+ 1) and u(k) can be written in the following forms

N-1
x(k+l):2x,¢,-(k+l):X<I-(k+1) (8)
i=0
N-1
u(k)= " wgi(k) =UD(K) ©)

i=0

where ®(k+1)=| go(k+1)  ¢i(k+1) - i (k+1) ]T andU=[ uy w - uy,y |
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From (5), x(k+1) in (8) can be expressed as
xk+D)=X®Pk+1)=XSPk) (10)

where S is the shift transformation matrix (6).
From the definition of DPOFs in (1), the initial value x(0) satisfies

WO =XBO)=[ % x - x| %O HO) - ¢ |
=[x0 X e xN_]][l 0o -- O]szo.

Hence, one has x(0) = x,.

Inserting (4), (9), (10) into the first equation of (7), one obtains
XS®k)=AXP(k)+BU P(k).
The coefficients of ®(k) for both sides of the above equation should be equal, it holds
[ Xi Xy -+ xyq O ]=A[ Xo Xi ottt Xy ]+B[ Uy Uy o Uy ],

then it derives
x,-=Ax,«,1+Bu,-,1,i=1,2,---,N—1 (11)

When computing the expansion coefficients through the recurrence formula (11), the rank deficiency problem of the
coefficient matrix X = [ Xo Xi ottt Xy ] may occur with the increasing number of coefficients. Rank deficiency means
coefficients xy, x;,---,xy_, are linearly dependent. Moreover, solving linear equations will increase the computational com-
plexity. Therefore, to improve both accuracy and efficiency of MOR, we will apply the modified Arnoldi process to construct

an orthogonal projection matrix V', which satisfies
colspan{V'} = colspan{ X}, V'V =1,.

In summary, the MOR procedure can be described in Algorithm 1.
Algorithm 1 Modified Arnoldi MOR for discrete linear systems.
Input: The original system {A, B, C'} and the initial value x(0) = x,.
Output: The reduced-order system {A, B, C } and the initial value x(0) = X,.
1: Compute the expansion coefficients u; of u(k) by solving (9),i=0,1,--- ,N—1;
2: Initialization: vy = xo/ || x0ll,;
3:fori=1,2,---,N—1do
4 xV=Av_ +Bu._;

5: for j=1,2,---,ido

6: p= v,.T_j).cﬁ-";”;

7: X=X~ pv,s

8: end for

. _ 0], .

9 w=x/ x|

10: end for

11:V=[ Vo VI ot Vo ];

12: Compute: A=VTAV, B=V™B, C=CV, 20)=V"x(0).
Remark 1 Wang et al.l have given an approach to obtain the expanded coeflicients by solving linear equations. In
our case, the complicated process of solving equations is avoided by using Algorithm 1 for discrete linear systems.
From Algorithm 1, we can get the orthogonal projection matrix V', and the reduced-order system of discrete linear
system (7) can be written as
{ $(k+1) = A3(k) + Bu(k) 12
J(k) = Cx(k)
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where £(k) eRY, $(k) eR?, A e RV, BeRV™ C eR*(N < n).
Then, we analyze some properties of Algorithm 1. According to DPOFs, the state variable (k) of the reduced-order

system (12) can be expressed as
N-1

i) =) 5i(),

i=0

where the expansion coeflicients £; € RY (i=1,2,---,N —1). Then, the output variable $(k) can be written as

N-1
k)= 5i(0),
i=0
where the expansion coefficients J; = C’fc,- fori=0,1,---,N—1.

To prove the fact that $(k) can match a certain number of the expansion coefficients of the original system’s output
variable y(k), we first introduce the following Lemma.

Lemma 1 Let x; € R" be the expansion coefficients of state variable x(k) of the original system (7), and %; € RY be the
expansion coefficients of state variable X(k) of the reduced-order system (12), then, it holds x; = V'%; fori =0,1,--- ,N -1,
where the orthogonal projection matrix V is obtained through Algorithm 1.

proof According to the definition of orthogonal projection matrix V, as x; € colspan{V'}, there exists %; € R, such
that x,=V'%; (i=0,1,--- ,N—1) holds. Then, (11) can be written as

Vj.i ZAV)?,-_l +Bui—|7 i: 1,2’... ’N_ 1
Pre-multiplying the above equation by V', it derives
%=VTAV%_,+V"'Bu,_, (13)

wherei=1,2,--- ,N—1.

The reduced-order system (12) also satisfies
)’5,-21455,-,1+Bu,-,1 (14)

where i=1,2,---,N-1, A=VTAV, B=V'B.
From (13) and (14), one gets % = % for i = 1,2,---,N — 1. Furthermore, we have %, = VTx, through Algorithm 1.
Therefore, x; = V %; holds fori=0,1,--- ,N—1.
According to the expanded form of the state variable x(k) in (4), the output variable y(k) of the original system can be
expressed as
N-1 N-1
YK =Cx(k)=C Y xk)= > yg(k),
i=0 i=0
where the expansion coeflicients y; = C'x; for i=0,1,--- ,N — 1. From Lemma 1, the following Theorem can be obtained.
Theorem 1 Assume that the orthogonal projection matrix V' is obtained through Algorithm 1, then (k) in (12) can
match the first N expansion coefficients of y(k) in (7), i.e., y;=9; fori=1,2,--- ,N-1.
Proof According to Lemma 1, it is clear that x; = V' %; holds for i =0, 1,--- , N—1. Multiplying this equation by C' from
the left, it derives
y=Cx,;=CV%=C%=9,i=0,1,--- N—1.

Therefore, y; = §; holds fori=0,1,--- ,N—1.

2.2 Model Order Reduction for Discrete Bilinear Systems
Consider the following discrete bilinear system

{ x(k+1) = Ax(k)+ X, Nyx(kyu;(k) + Bu(k) )

y(k) = Cx(k)
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where x(k) € R" denotes the state variable, u(k) € R™ is the input variable and u,(k) is its jth element, y(k) € R? is the output
variable, and A e R™", BeR™, C' eR™", N; eR™ (j=1,2,---,m) are constant matrices.
Substituting (4), (9), (10) into the first equation of (15), one obtains

XS®(k)=AXBK)+ ) N, [Z xi¢i(k)] (Z u{¢,-(k)) +BU®(k),

=1 i=0 i=0

where “,j is the expansion coefficients of u;(k) fori=1,2,--- ,N—1and j=1,2,--- ,m.
According to the disjoint property of DPOFs (2), the above equation can be written as

m N-1
XS®(k)= AX B(k)+ Z N, [Z x,.u;'(p,.(k)) +BU®(K),

j=1 i=0

where x;u] can be rewritten as a matrix form. Then, one obtains

XSk = AXB(K)+ ) N;(G;8(0)+ BUB(K) (16)

=
where
— J J J
Gj—[xouo X e xN_luN_l]

The coeflicients of ®(k) for both sides of (16) should be equal, it holds

nxN "

XS=AX+) N,G;+BU.

J=1

The above equation can also be written as

m
— J J J
[ X, Xy xy O ]—A[ Xo Xp -0 Xno1 ]+ZN,[ Xolly XUy -+ Xn_gly_, ]

J=1

+B[ Ug U Uy ]

Let the corresponding elements in the above equation be equal, therefore, we can get the following recurrence formula

x,—=Axi,1+Zij,-,1u,{1+Bu,-,1 (17)

j=1
wherei=1,2,--- ,N—1.

Then, we will apply the modified Arnoldi process to construct an orthogonal projection matrix L, which satisfies
colspan{L} = colspan{X}, L'L =1,.

The MOR procedure can be described in Algorithm 2.
From Algorithm 2, we can get the orthogonal projection matrix L, and the reduced-order system of discrete bilinear
system (15) can be written as

{ 2k+1)= Ax(k)+ X, Nk, (k) + Bu(k) a8)

(k) = C (k)
where £(k) eRY, $(k) eR?, A eRV™N, N;eRVY (j=1,2,---,m), BeRV", C eR,
According to DPOFs (1), the state X(k) of the reduced-order system (18) can be expressed as

N-1

i) =) 5i(),

i=0

where the expansion coefficients £; € RY (i=1,2,---,N—1). Then, the output variable $(k) can be written as

N-1
)= " 5k,
i=0
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where the expansion coefficients ¥; = C’fc,- fori=0,1,--- ,N—1.
Algorithm 2 Modified Arnoldi MOR for discrete bilinear systems.
Input: The original system {A, N;, B, C} and the initial value x(0) = xy, j=1,2,--- ,m.
Output: The reduced-order system {A, N i B, C’} and the initial value 2(0) = %, j=1,2,---,m.
1: Compute the expansion coefficients u{ of u;(k) by solving (9),i=0,1,--- ,N-1, j=1,2,--- ,m;
2: Initialization: Iy = x,/ ||xo]l5;
3:fori=1,2,---,N—1do
4. xf.o)=AxH+Z’;l=1N]-)c,-,luf;l + Bu;_y;

5: fork=1,2,---,ido

6: p=1r X",

7 19 =1%Y— pl,_;

8: end for

o L=1/]1);

10: end for

IL=[l L - b |

12: Compute: A=L"AL, N;=L"N,L (j=1,2,---,N-1), B=L"B, C =CL, 20)= L"x(0).
Lemma 2 Letx; €R"” and £; € RV denote the expansion coeflicients of state variable x(k) and £(k), respectively. Then,
it holds x; = L%; fori=0,1,---, N —1, where orthogonal projection matrix L is obtained through Algorithm 2.
Proof According to the definition of L, as x; € colspan{L}, there exists ¥ € R", such that x; = L holds for i =
0,1,---,N—1. Then, (17) can be expressed as
L% =AL%.,+ ) N,L% ., +Bu.,

=

where i=1,2,---,N—1. Multiplying the above equation by LT from the left, it derives

%=L "AL%_, + Z L'N,L%_u/  +L"Bu,_, (19)
Jj=1
wherei=1,2,--- ,N—1.
The reduced-order system (18) also satisfies

X; = A)AC,»_l +ZNJ‘.§(\T,’_1M{_I +Bui_1 (20)
j=1
where i=1,2,---,N-1, A=L"AL, B=L"B, N;= L'"N,L for j=1,2,--- ,m.
From (19) and (20), one gets %, = %; for i = 1,2,---,N — 1. Moreover, one has £, = L"x, through Algorithm 2. Hence,
x;=Lx; holds fori=0,1,--- ,N-1.
According to the expanded form of the state variable x(k) in (4), the output y(k) of the original system can be expressed

as
N-1 N-1
YK =Cx(k)=C )" xl) = > yig(k),
i=0 i=0
where y;=Cx; fori=0,1,--- ,N—1. By Lemma 2, we derive Theorem 2 as follows.

Theorem 2 Suppose that we get the reduced-order system by using the orthogonal projection matrix L through Algo-
rithm 2. Then, (k) in (18) can match the first N expansion coefficients of y(k) in (15), i.e., y;=y; fori=1,2,--- ,N-1.

Proof According to Lemma 2, it is true that x; = L{; holds fori=0,1,---,N— 1. Pre-multiplying this equation by C,
it derives

y;=Cx,=CL%=C%=%,i=0,1,--- ,N—1.

Therefore, y; = §; holds fori=0,1,--- ,N—1.

Remark 2 From both Theorem 1 and Theorem 2, we conclude that the outputs of the reduced-order systems can match
the first N coeflicients of the original outputs within a discrete interval k=0, 1,---, N—1. Therefore, the output error between
the original system and its reduced-order system is zero within the discrete interval k=0, 1,--- ,N—1.
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3 Numerical Examples

In this section, two numerical examples are given to illustrate the feasibility and effectiveness of the proposed methods.
Algorithm 1 is used to construct the reduced-order system of discrete linear system in Example 1, and Algorithm 2 is applied
to construct the reduced-order system of discrete bilinear system in Example 2. All computations were performed on an Intel
(R) Core (TM) CPU i7-7700HQ (2.80 GHz) with 16 GB RAM, and all simulation results were generated in Matlab Version
9.0.0.341360 (R2016a).

Example 1 Consider the following the one-dimensional heat diffusion equation!'?!,
2
2T (0= a5 T+ ulxn).x€ 0, 1).1>0,
T0,0)=T(1,0)=0,1>0,
T(x,0)=0,x€ (0, 1),

where T'(x,t) is the temperature field on a thin rod and u(x,?) is the heat source. Assume that one wants to heat in a point

of the rod located at 1/3 of the length and wants to record the temperature at 2/3 of the length. Discretizing the space into
segments of length 2= 1/(J+ 1), we obtain a semi-discretized system

dz(tt) = A,x(t)+ Byu(p),
y(0) =Cx(),
where

2 -1

-1 2 -1
A.:% eR’”,Blze@ eR’,Cf:e@ eR™,

-1 2 -1
-1 2

where ¢; is the ith column of the identity matrix I;. By using Cranck-Nicholson process with the step length Az, we obtain a
discrete linear system with dimension J

Ex(k+1) = Ax(k)+ Bu(k),
y(k) = Cx(k),
where E:IJ—(AI/Z)AI, A:I]+(At/2)A1, B:AtBl and C = Cl-

Let J = 200, At = 0.01, the input variable u(k) = "% cos(27k/50), the initial value x(0) = [ 0.1 0--- 0 ]" and

1 199
the reduced-order be 17. To illustrate the effectiveness of the proposed method, proper orthogonal decomposition (POD)
method"® and balanced truncation (BT) method"* are added here for comparison. Fig 1(a) shows the outputs of the original

system and the reduced-order systems, and Fig 1(b) shows the corresponding relative errors for all three MOR methods.
From the simulation results in Fig 1, we observe that the outputs of the reduced-order system obtained through Algorithm

1 can well match the outputs of the original system within the discrete interval £ = 0,1,---,16. Furthermore, the Algorithm

1 has a better MOR performance than POD method and BT method. Hence, the proposed method can reduce the order of a

discrete linear system effectively, and the reduced-order system can preserve the properties of the original system as well.

: " . : : 102
o) Fo g
0.04 F A 3 104 1
@ L) " *-POD *l;‘
: 4 100 ¥E e 7 % ;f‘
002 ® st e 4 2 P
S ° ¥ (;»\ Lkt g— Mo,
= S s * X A
o % 0 ® [ 10 5% St &X‘ % Xx A * ¥ 1
= ) o ] 0 2 KX, %
] (Y $ » J % Xx”‘“ﬁyx § g&x
002 % ) @ 1070 x x 1
= 'Y & ' 4 §
© ’ 12 4
-0.04 ¢ 0 10
Original System ® [ © 5
O Algorithm 1 e 9 14 ® % A
008 o w0t W% %% ®
bl o % $3090%85° G
oo AV 2 Boset st Soppd
Py - . f— . 101 s g9 &
0 10 20 30 40 5 60 70 80 90 100 0 10 20 30 4o
Time k

50 60 70 80 90 100
Time k

(a) (b)
Fig1 The performances of the original system and the reduced-order systems for u(k) = ¢*°' cos(27k/50). (a) Outputs
y(k) and (k), (b) Relative errors for different MOR methods
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Example 2 Consider the following nonlinear partial differential equation!'!.

w 3w_5(v9_w), (@1 € 0,L)x(0,T),

o +W0_z T oz\ oz
w(z,0) = p(1), z€(0,L),
w(0,1) = u(?), te(0,7),
w(L, 1) =u(1), te(0,7).

This is the one-dimensional viscid Burgers equation, which can be used to describe gas dynamics and traffic flow. In order
to illustrate the effectiveness of the proposed method, we will transform the above partial differential equation to the discrete
bilinear system through Carleman bilinearization method.

Assume that v(x,7) = v is a constant, and only the left boundary is subject to a control. We use the central difference
discretization with an equidistant step size 4= L/(K + 1) in the interval (0, L) to obtain a nonlinear control system

dw
rri Fw)+gwu(?),
t
where w = [ Wy Wy, e Wi ]T, w; = w(ih,t) for i =0,1,--- ,K. Then, by using the Carleman bilinearization method, the

nonlinear system can be approximated by a continuous bilinear system

dx(z
z(t ) = Acx(t) + Dox(tu(t) + Bou(h),
where x(f) = [va(v1/t8>w)T]T eRKK A e R I(K+K2) and D, e R )(K+k%),
T
In this example, the output equation y(r) = CTx(r), where C. = [ 1 0 -~ 0 ] . A semi-implicit Euler discretization

process with the step length Af is implemented for the above continuous bilinear system to obtain the following discrete
bilinear system
{ x(k+1) = Ax(k)+ Dx(k)u(k) + Bu(k),
y(k) = C'x(k),
where A=(I-AtA,)", D=At(I-AtA,)"' D, B=At(I-AtA,)"' B,and C =C".
Taking L=1,v=0.1, K =30 and Ar=0.2, we get a discrete bilinear system with dimension n = K?+ K = 930. Assume

that the order of the reduced-order system is 35, the input variable is u(k) = e*** cos(2mk/50) and x(0)=[ 1 0---0]". To

1 929
illustrate the effectiveness of Algorithm 2, POD method and bilinear iterative rational Krylov algorithm (BIRKA) method

1161
are added here for comparison.

The simulation result in Fig 2(a) demonstrates that the outputs of the reduced-order systems through Algorithm 2 exhibits
a strong agreement with the original system’s outputs within the discrete interval k=0, 1,---,34. Moreover, we observe that
the Algorithm 2 outperforms both POD method and BIRKA method in terms of MOR performance from Fig 2(b). The
relative error is around 107" by our method, which is a smaller error compared to 10-® by POD method and much smaller
than BIRKA method. Therefore, the proposed method can effectively reduce the order of a discrete bilinear system while

preserving its properties.
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Fig2 The performances of the original system and the reduced-order systems for u(k) = ¢*%% cos(2nk/50). (a) Outputs
y(k) and (k), (b) Relative errors for different MOR methods
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Conclusion

In this paper, we propose the time domain MOR methods for discrete linear systems and discrete bilinear systems via

DPOFs. The discrete linear systems and the discrete bilinear systems are respectively expanded in the space spanned by

DPOFs, and two recurrence formulas for the expansion coefficients of the system’s state variables are obtained. In order to

avoid the high computational complexity and rank deficiency problem, we apply a modified Arnoldi process to construct the

orthogonal projection matrices, by which the reduced-order systems are obtained. The modified Arnoldi process improves

both efficiency and numerical accuracy of MOR. Theoretical analysis shows that the output variables of the reduced-order

systems can match a certain number of the expansion coefficients of the original system’s output variables. Numerical

experiments confirm the superiority of the proposed methods.

References:

(1]

[2]

[3]

[4]

(3]

[6]

[7]

(8]

[9]

[10]

(11]

[12]

[13]

(14]

[15]

[16]

AR, BORERITIE M. dEat: Bleeii i, 2010.

JIANG Y L. Model order reduction methods[M]. Beijing: Science Press, 2010. (in Chinese)

PILLAGEL T, ROHRER R A. Asymptotic waveform evaluation for timing analysis[J]. IEEE Transactions on Computer-Aided Design of Integrated
Circuits and Systems, 1990, 9(4) : 352-366.

FREUND R W. Krylov-subspace methods for reduced-order modeling in circuit simulation[J]. Journal of Computational and Applied Mathemat-
ics, 2000, 123(1/2): 395-421.

MOORE B. Principal component analysis in linear systems : Controllability , observability , and model reduction[J]. IEEE Transactions on Automatic
Control, 1981, 26(1): 17-32.

JIANG Y L, CHEN H B. Time domain model order reduction of general orthogonal polynomials for linear input-output systems[J]. IEEE Transac-
tions on Automatic Control, 2012, 57(2) : 330-343.

WANG Z H, JIANG Y L, XU K L. Discrete orthogonal polynomials reduced models based on shift-transformation and discrete Walsh func-
tions[J]. International Journal of Systems Science , 2022, 53(10): 2045-2062.

WANG Z H, JIANG YL, XU K L. Time domain and frequency domain model order reduction for discrete time-delay systems[J]. International
Journal of Systems Science , 2020, 51(12): 2134-2149.

XUKL, JIANGY L, LIZ, etal. Model reduction of discrete time-delay systems based on Charlier polynomials and high-order Krylov sub-
spaces[J]. Linear Algebra and Its Applications,, 2023, 661 : 222-246.

WANG X L, JIANG Y L. Model reduction of discrete-time bilinear systems by a Laguerre expansion technique[J]. Applied Mathematical Mod-
elling, 2016, 40(13/14) : 6650-6662.

TANG S G, JIANG Y L, WANG Z H. Time domain model order reduction of discrete-time bilinear systems by discrete Walsh functions[J]. Interna-
tional Journal of Control, 2024, 97(7): 1500-1511.

HORNG I R, HO S J. Discrete pulse orthogonal functions for the analysis, parameter estimation and optimal control of linear digital sys-
tems[J]. International Journal of Control, 1987, 45(2): 597-605.

CHAHLAOUI Y, VAN DOOREN P. A collection of benchmark examples for model reduction of linear time invariant dynamical systems[EB/OL].
(2008-02-13)[2023-10-01]. http://eprints.maths.manchester. ac.uk/1040/.

ROWLEY C W. Model reduction for fluids, using balanced proper orthogonal decomposition[J]. International Journal of Bifurcation and Chaos,
2005, 15(3): 997-1013.

ZHANG L Q, LAM J, HUANG B, et al. On gramians and balanced truncation of discrete-time bilinear systems[J]. International Journal of
Control, 2003, 76(4) : 414-427.

LEREDDE Y, LELLOUCHE J M, DEVENON J L, et al. On initial, boundary conditions and viscosity coefficient control for Burgers’ equa-
tion[J]. International Journal for Numerical Methods in Fluids, 1998, 28(1): 113-128.

BENNER P, BREITEN T, DAMM T. Generalised tangential interpolation for model reduction of discrete-time MIMO bilinear systems[J]. Interna-
tional Journal of Control, 2011, 84(8): 1398-1407.

REHEE: KHME XK



