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numerical solution and the auxiliary solution is established, and the unconditional stability of the fully discrete
experiments.

Abstract : The stability and error analysis of the implicit fully discrete local discontinuous Galerkin method for
local discontinuous Galerkin format is demonstrated. At the same time, the generalized Gauss-Radau projection

convection diffusion equations are studied. The fully discrete LDG format is obtained by combining the third-

order level implicit Runge-Kutta time discretization and the LDG method with generalized alternating numerical

Based on the generalized alternating numerical flux, the relationship between the inner product of the

some basic inequalities, and finally the correctness of the theoretical analysis of the method is verified by numerical
alized alternating circulation
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1 LDGHZEMBEAHHER

1.1 ERFSNEA
BT = (a,b)FN5 M NARIE, a = L1y <Xz < <Tn_i172 < Tnyiy2 =0, HAHRICIENT, = (z;_ 172, Tjt1/2)s
$ﬁ¢‘)&lﬂj‘7% =(xj41/2+Tj-1/2)/2, $ﬁﬁﬁilﬂy‘7h] =ZTjt1/2 —Tj-1/2, JFHR= maxh;. FE A BRITZE [E Y, =
VE = {v, e L*(I):v,|;, € P*(1;),j=1,2,--- N}, Hrfip* (Ij)%!é/TLIEJI]L/AﬁWE R 2L S 530
Wy, oMty Fon e o AR, E X [o] =" — 2~ FoRa i ERE.
MTARGRRELL, Tn = {1 = (2,172, 254102) )y, H (D) F0RE LAET EHIFRESobolevs 1], 432 Sobolevas
)€ SCHH (T,) ={ve L*(I):v|;, € H* (I;),j=1,2,---,N}.
M TR HIE R Z A 2 L Gauss-Radand® 52, T LATEILES e S0 X FAEBu e H' (Z,), ) X Gauss-Radauf’
P c Vi 2
fzj (u— Pyu)vdz =0, Yo e P*1(I;)
9(u—Phu)j.:_% +(1—6) (u—Pyu),, =0 .
Hrpj=1,2,---,N.
S 3CHK[14], ) X Gauss-Radauf 524 4 F P
SI3R 1 X Fue H (T,)He > 1, |7 X Gauss-Radaue 5 P,ulll 3 X, W F5RZEAN T

lu—Pyul| +h'2|lu—Pyullp, <CR™ ™M | gy o

HAxb Fyv e Vi, ||vllp, = Z||v||61,|\v||al \/(31/2)2+(]+m) C > 0 HHUEMuIGX.
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7% SR R /O
Uty — 1y =0, (2,£) € (a,b) x (0,T]

u(z,0) =wug (), x € (a,b)

uo () CHT R, 26 1F N R AR A E
S TR R = v, ARSI (2) SN I — B T R

U+ Uy — Gz =0
q="1,
LDGH: X TR > 0, 1B K%L p, 0 € Vi, #AT un, g, € VA I 2
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ud g qf N EUEE I, B T R SO L
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Hiog=1-0.
EXEWET, SHMEEu,veV,,
H () = 2 [(00.), =000+t
~ _ ) (6)
H~(u,v0) = ;[( 0), = vy Fulut],_y ]
MLDCAE A5 R X FALEL > 0, IRE R, p € Vi, VB un, g, € V31 E
((un),,p) = H* (un, p) —H (qn,p)
(7)
(qhvw):_H (uhv )
X T R R 25, S8R SOASRE B I o, B e
Ht(v,0)=— (9— ;) [v]? (8)
H* (u,v)+H ™ (v,u)=0 9)

1.3 xR Runge-KuttaFFix
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! . (11)
(UZH»P) = (1; )\s+1,k) (uz,p)+kZ {/\s+1,k (UZ’kvp) +Tﬂs+1,k[H+(UZ’k7P) *Hf(q;f’ap)]}
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2 TREMESTH
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( n+1

uh 7P Zwsk mk nk 17P) (13)
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(u"t,p) = +Tmz [H* (up™,p) = H (qp",p)] + 70 [H* (u*, p) — H™ (g1, p)] (14)

R ADAE DR TEp = 200", K N IR AR AT 75

n,s - n, n,k—1][2 n - n, n, — /. n, n,
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k=1 k=1

,ﬁ\q:‘qi:u;,izo, 1,--+,s.
HTJ‘I‘EJ)%J:/—\HEXU”,Z :ui (x,t ) qn,i = qz (x;tn) s /L = 0, ]_7 e, 8
BTN A it J2 DR Ol R 2%
ue L™ (O,T;Hk+4) , Diue L™ (O,T;Hk+3) , D}ue L™ (O,T; Hk“) ,
Dlue L™ (O,T; H'”‘l) , Djue L>(0,T;L?)
X HL DY u R uXt iy L.
T iR, nis

< Z)\SH k) U +Z {)\SH U =T g o [ul® — g }"‘Cn (25)

Horp e AL THR TR 22,
¢t <cort (26)
CHIBUE S DY ufi . L, XL, o € Vi, il &

(un’i’p) - <1 - ki:l/\”c> (unuo) +I§1 {)\Zk (un,k’p) +T:u’ik[H+(un‘k7p) —H"- (qn’kvp)]}

. . (27)
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%53 RUTA, A5 TR EOF R R 2 B BUREBIE W Galerkin 7 ik 537

(" 0) == E () 29
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(Etop) = (&0t p) s [HH (0 p) —H (Y o))+ mpn [HT (€0, 0) — H (&, p)]
+t =), i=1,2,00 s
(€)= (1= Asr,s) (€05 0) + Asn,s (0%, 0) + Thss S[HT (6%, 0) = H (67, p)]
+ M = Asrrmy® = (1= Ass)m, p) + (¢, )
(Ehp)=—H o)+ ), i=1,2, s (32)
5138 309 %¢,, ¢, € Vi L2 (32), IFHo € V,, WIAFAE IE RO A R A%
[H* () < C (1€l +25) o]l

IR 2 Brude X BT R (2) RS A e 23X (24) O ARG, A FR TS (B2 4 Bt 2 T 25 8]V, g i
FaaRunge-Kutta LDCGA% (1) F1=(12) AOEUEM, WA a0 N iR 2440

ma [ () < <€ (B 4.7%).
HERR A3 (30) i =1, p=2¢71, B (8) . K (32), Cauchy-Schwarz N EX I Young AR 11, 240 > 1/2 i,
€z P Flgmt = &nll” = l€nll® = 2 [H (€N €01) — H (&1, €M) +2 (! =, €001)
=27, (0—3) [& U2 +27p0, (et o) — (&t o) 42 (et =, €000)
< 2§+ Sl + e I+ Oner,

B LA
€zt < 20ER+ (o7 = 4r) s [ €1+ €427 (33)

A3 (30) i =2, p=2¢r2, 11
€21+ (€2 — & |* — €0 ||* = Ry + Re (34)
Hor

Ry =27po HH(E01,€0%) + 2T H(§7%,67%), Ro= —27'M21H7(§;’17§Z’2)—27'/~L11H7(§;’2753’2)+2(77u =t E?).
i (8) . 2 (32) M5 [ FE3AT 4, 20 > 1/2/F,

R, = —27'M21( )[[fnl]] F2Tpo HH(E1, 602 =&t ) — 27’#11(9_*)[[5712]]
S 27puoy |HH (01,607 = €01)| S 27psn O (|| || +R5TY) €2 = €0 (35)

< 2 CegJ 6|+ B €07 = €1 | + O
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Ry =27pa (22,60 ) — (€02,60Y) | +27pa0 [(m22,60%) — (€02,60%) | + 2 (2 — it €02)
< Funllg I =2rman (61.6%) + (5 =20 |2+ €221 + O

(36)

Hae =X (35) R (36) 1 AZ(33), Wley = OTRIAR(|€m2||* < 2|0t ||° + 7 [, €7 B da + Ch2o+2r, e, = (€01, ¢02),

47'#21O+€M11 — 291
—2p21 g1 — 4

M0 < e < 4Bf, BFfE, 3 Her —4r <0, I ||€02)* <2||€m|* + Ch2F+2r.
AR (30)Hi=s, p=2¢7s, A[F5
e 1® < 201€ 1P 4 (4rpan O epn) 7€ 7|7 = drpian (67, €00%) + (= 4) pua 1€
=270 |1* +7 [, €7 Bi&ydw+ Ch? 27,
o BB, fE, LA

B:

lexi||* < Cllezll® + on*+2r
X2 (30) i = 18 s AN FF-5 X (31) T AN, 11 . — THINAS

(Ertp)=(&rp) +Tm:§ [HH (&%, p) = H(E", p)|+Tn[HT(E%,p) —H (7, p)]
(773“ _773’570) + (Cnvp)

L E8)Fp=¢re, AIfF

(€ Em) = (0, &0) +7m ; [H* (€t &0m) = H (64,60 H [ HH (60, 600%)
—H (& &)+ (it =i, §0°) + (¢, €0°)
H(32)47 A (39) T 15

s—1
n n n,s n n,s n,s ¢n n,s||?
et 1+ (e g =t =l 1P+ rm Y (& &)+l T =T+ T
k=1

)
iy

Tl—TmZ N et ) Frn(ni® 0% ) + (it =0t E0%) + (¢, E0°)

s—1
T, TmZH+ RS ) T HT(EmE €M)
k=1

H(8) . B3 FIYoung N4, 20 > 1/20 15

n,k
q

TQZTmSi H*(&rk,&00) = (9—1)[[53’S]]2§Tm22::10( €k RAHL) ||

=1

<mmCes Z €54 +rmO gk €|+ Ch+2
A3 (30) =208, Wi = 18] sHIM, T4

s s—1
a||€3’3||2+akE €2k —Enk P —alén)® =2TuzlakE [HH(E", &) —H (g0, &)
=1 =1
F2rpne 30 [HE (R, E0%) — H (%, 60M)] 420 37 (i* — i1, €0F)
k=1 k=1
H(32)4 A (43) AT 15

s—1

algr)® +aZ jent —gnt =t — allen)® +2wuaZ||€”’“|| +2w21az (&R = Ta+ Ty

L ontr

(40)

(44)
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Hr
T;= ZTuzlozZ( "’“+1,§”’k)—|—27u11a];1( e k)+20421(773 nrkeL Enk) T 27—M21az:1[—]+(§nk,§n RHL) 4
27#1104211”(5“,5”)
(8 ) %I}E?)}nYoungT%‘ﬁ 240 > 1/20F A5
- 2 RS k k—1][2 2k+2
T, <27p130C <e52||§;“’“|| o > flert -t >+Oh 27 (45)
k=1 5 k=1

e, = —272,aC /m >0, &5 =271, C, W52 (42)45 A (40), 20(45)HF A2 (44), SRIEH72(40) 2 (43) AR I AT 75

n @ < n n —_ 2 n n,s m2 n,s = n 2
&P+ X llgrt =€ P —allgrl*+ (a =D+ g len I +2ruma X &
=1 =1
2 s—1
+rm Y (€ E) (46)
k=1

s—1
F2apnT 30 (605 EF) ST+ Ty + (E07 = €00, €0°) + €07 —€0° [P + Ch** 21
k=1

s—1 s—1
+272u2, aC? I; Hf;”“ H2 —47%uk aC? 1;1 ||§Z]’k ||2 +7(2ap1+n) Hf;“s

5| Bl22R L n] 15
(€ =€ p) =D wa [(€F =€) = i = p) ]+ O = p) () (47)
Lrp=¢rtt — ¢ i Cauchy-Schwarz AN 352 15

1€ = €01 < lware| |J€0F — €2 + T (48)

k=1

ST, = 5 e ==+ e =+
X (48) FH Young A 452, T fsE

||£::“—53’5||2<§jl<1—56)sskw2}lfz*—fz*1||2+<1—661> (49)
X AL Mes > 0.
AR (38)Fp=¢ms, N1
(Ert =) Tm:z_;(ﬁg’s,fé“’“)m||£2’s AT (50)
K (42) . K 46) . K (49) . K (50) kI, 775
lex P+ 5 - (1~ )fskw}ZHf“’“ EFTH —llEn)* + (a =) €01 + E s Il (51)
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3K (26) . 7 (29) FYoung A5 T 15

[T <O (B40%), [ 4 Tl <303 et P2 Yl +0 (17447 )
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t Gronwall N R AT | €n|| < O (RF ! +72).
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R4 T k = OB B 2 B LD G AERT ] T = 0.010F i L2125 FIUSSL I, FER1ATHL, s = 3Fs = 414K
HAS A3, WS PR 25 AT

* 1 ARERROITLHRZESWSM, 7 = h, T=0.01

N 6=0.75 =1 6=1.5
LR el LR ieesidiy LR sty
40 7.18x 1071 \ 7.00x 1071 \ 6.69x 1071 \
80 3.57x107! \ 3.53x107! \ 3.45x1071 \
I 120 2.34x 1071 1.01 2.36x 107! 0.99 2.32x107! 0.96
160 1.78x 1071 1.00 1.77x 1071 1.00 1.75x 1071 0.98
240 1.19x 1071 1.00 1.18x 1071 1.00 1.17x 1071 0.99
320 8.80x 1072 1.00 8.86 x 1072 1.00 8.81x 1072 0.99
40 5.42x 107! \ 5.31x 107! \ 5.12x 107! \
80 2.75x 1071 \ 2.75x 1071 \ 2.67x1071 \
o3 120 1.84x 1071 0.98 1.83x 1071 0.96 1.81x107* 0.94
160 1.38x 1071 0.99 1.38x 1071 0.98 1.36x107* 0.97
240 9.24x 1072 0.99 9.21x 1072 0.99 9.15x 1072 0.98
320 6.94x 1072 1.00 6.92x107? 0.99 6.89x 1072 0.99
40 5.42x 107! \ 5.31x 107! \ 5.12x 107! \
80 2.75x 107! \ 2.72x 107! \ 2.67x 107! \
- 120 1.84x 1071 0.98 1.83x 1071 0.96 1.81x 1071 0.94
160 1.38x 1071 0.99 1.38x 1071 0.98 1.36 x107* 0.97
240 9.24x 1072 0.99 9.21 x 1072 0.99 9.15x 1072 0.98
320 6.94x 1072 1.00 6.92x 1072 0.99 6.89 x 1072 0.99
5 # it

¥ =Brs (s = 2,3, )% Runge-Kuttalhf 7] B HUFEA | LAE KA i & LD GIT AR EE 515 8] 48
BLDGA% X, FEHIE IR T XY O B 0 4 B BLD GA% UM JE 4 (- Rau PR R iR 2506 T, B S0 2R,
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POAFRITZS ] LR RE S B AE R AR — 2L, JFRWIE A R B i B A2 ). AR SO PR R Y O 2,
Z e A R — W ST A R X ALY BT 2.
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