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Grobner-Shirshov Basis and Structural Properties of

g-Heisenberg Algebra

ZHANG Jiaxin, GULISHADANMU Yunusi
(School of Mathematics and System Sciences, Xinjiang University, Urumqi Xinjiang 830017, China)

Abstract : Let n be a positive integer, ¢ a non-zero complex number, and h, (¢) a g-Heisenberg algebra. In this
paper, we first give the minimal Grobner-Shirshov basis of hy, (¢) by calculating all the compositions between the
skew commutator relations, and construct the PBW basis of h, (¢) by taking the irreducible elements about this

Grobner-Shirshov basis. Then we prove some structural properties of hy (q).
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TEARSCH, FATESCIEM T ¢-Heisenberg AU E X BRI —H/)N Grobner-Shirshov 3, HAfE T ¢-
Heisenberg fREFRUEIE XA PBW % B. X R T ¢-Heisenberg AR SCHK [10] 2 SO B AT #2000, M
1M g-Heisenberg {CECAG COUM, BN AR FIFA A0 Grobner FEHNE. B aFRATHARG T L L F 24511
JUAREH.

1 & FIR

Wk R, X R R AR S R, HAR A IEEEUE, (X) BES 1 A BERE, k(X))
BEF Il X RS BESAERE A THERAN TR fe k(X)) METf, ATE (X) PER—AF <,
B LA S —ANE A RS AR k(X)) B, WRICE f e k(X) BIEI f RECN 1, WIRATFR £ e
—JCER. R 5 g & K(X) WA E IR, HEmaulh f g B4 5 g MG E X

(i) WERAEAE a,be (X) H1F fa=bg=w, H f WMKERTF b KB, WIRAIKR £, ¢ A3LE R, Hw h
(f,9)w = fa—bg;

(il) AARFEFE a,be (X) 15 f=agb=w, WFK f, g AEEEN, HEXH (f.9). = f—agb.

TE_L R LRSS T A (f,9). <w.

WS & k(X)) TH—LECRIER (AR S I —IoR4k). H (S) Fmil S 7 k(X) A AL,
IHEEN f,gek(X), we (X), TAE k(X)) FEXKETTFE S WRIALER

f=gmod(S;w)e f—g= Zaiaisibia

H o, ek, ai,b € (X), s, €8, H a:s:ib; <w SMERAY ¢ #RGL. WRIMERL £, g REESK (f,9)., A LH
(f,9) =0 mod(S;w), MFK S XA . Bt f—g XF S FIL, IFHEN f—9g=0 mod(S;w). #FR S K k(X)
IAEBAE (S) f—> Grobner-Shirshov 3, 8% S & k(X)) MEFEL k(X)/(S) )—A> Grobner-Shirshov . 4115
S A G A, WS FRAM/N Grobner-Shirshov 3 (UL3CHK [11)).

S13E 120 3% k 2— M, A=k(X|S) =k(X)/1d(S), E X < J& (X) LR—RmiF, H1d(s) & S
BN k(X)) FRERAR, B4 LR 25185540

(1) S J&—~ Grébner-Shirshov JE;

(2) WSk fe1d(S), MAHAE s [HifF f=asb=w, L s€S; a,be (X);

(3) Trr(S) = {u € (X)|u#asb, s€S; a,be (X)} AU A=k(X|S) [H—HLIE.
2 FELH
2.1 g-Heisenberg {X##) Grébner-Shirshov £

A EEVHE T ¢-Heisenberg fXEX1%) Grébner-Shirshov 3.

EX 1M 3 n 2 IEREL ¢ RAFFMELL b, (q) 2l {2,y:,2 [i=1,-- n} A SEAEL IFHERLIT C

Y
Ty = T5%5,YsY; =YY, 2% = 225, 1<i<j<m;
X% = Q2 %4, 1<i<n;
ZiYi = qYiZi, 1<i<n;
Ty =q Y+ 2, 1<i<n;

Ty =Y Tiy TiZy = 2,T4,YiZ5 = 2;Yi, LFJ.
AT b, (¢) A g-Heisenberg %K.
W W ={z;,y;,2 |i€I(n)}, K(W) Fwt W AERH A M Z5E KA SRR b, (@) 78 K(W) HRE SO
REE, B S LT IS HC R

flzxixj—xjxi, :lSZ<]S’I’L7
o=y —yy,  1<5i<j<n;
fs=2z;— 22, 1<i<j<n;

fo=mizi—qziz;, 1<i<n;
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fs=vizi—q 2y, 1<i<m
fo=2yi—q 'yiwi—z, 1<i<my
Jr=zy; —y;s, i # J;
fszxizj_zjxi; 17
Jo=vizj — 2Ys, i#].

e W b L—A Iy

T, <z=,1<i1<j<m
Y; <yi=,1<i<j<n;
2 <zi=,1<i<j<m;
Zp<y; < SHERL 0,4k, H 1<ij,k<n.

THEIRATUEA S & K(W) EXTHE—FIAA)TFH Grobner-Shirshov .

EE1 4 J=(S) 2&H S AWM ¢-Heisenberg CEIHAL. X T LR spIi)F, £46 S 2HM T W
Grobner-Shirshov 3, Bl g-Heisenberg fCEHIE LK RIEIHA J 1) Grobner-Shirshov .

WERR T G TSR R, A SCRARG Y 4 A S HhonREE R & 0T

(1) fi=zx; —xjo, fLr =20, — 22y, w =2,2;2, 1 <i < j <k <n.

(fl,fl)w :flxk*ﬂ?iﬁ
=L;X; T — ;LT — T;X ;T + T T
=TT+ T; T2
= —TTp%; + Tp2;25
= XXX XXX

=0 mod(S,w).
(2) fo =99 —Yi¥ir fo = Y2 — 2y, w = Y:yY;2;, L <i < j <m.

(fas fo)w = fozi—Yifo
=YiYj2: —Y;Yi%i — YiY;i 2 T YiZiY;
= —Y;YiZi T YiziY;
=—q Y2y + 47 2y,
=—q 2y + 4 2y
=0 mod(S,w).

(3) fa=mizi — qzas, fs = 2i2j — 252,00 = X225, 1 <0 < j <.

(f4»f3)w :f4Zj — T f3
= X322 — Q22 — X225 X252
=—Qz;%;2; +X,;2;2;
= Q22T+ 202
= —q2;2%; +q2;2;%;

=0 mod(S,w).
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(4) fr=2y; —y;%0, fs = Y2, — ' 25y, w =2;9;2;, 1L <i < j <.

(frofs)w=frz;—xifs

=Tz = Y02 — Y2 4 T2y,

=—y;0:2;+q " @iz,

=—y;2,;T+q 23y,

=—q"'zym a2y,

=0 mod(S,w).
e SOCER, FATAT LA 19 DG, HIX S5 il F FLIY, i BEAHIE.
HERE 1 RIS B 1, FRATATRIA 2L 1.
H2 1  ¢-Heisenberg U b, (¢) 2 K(W)/J W—ZHL&PEREE PBW N

B={ztn .. 22 zlyle o ylzyitabn b2 k1t €NVi e I(n) )
IERR ARE W BRI, AT
o < L 2y < Yy <o < Yp <Yy < Ty < v < Ty < T4
MiEAE J = (S) AY Grobner-Shirshov %& S & LA F WAL A

Ty, YilYy, 2i%5, 1 <i<j<mg

TiZi, 1<i<n;
YiZis 1<i<n;
Z:Ys, 1<i<n;

LY, LiZ5,YiZ5, i1 FJ.
FRHE 2 LAY Grobner-Shirshov ZEES, W (mod S) BYIEAAEUT:
B={zy 22y yy ayoxy?an [ kbt €Nyi€ I(n)}

2.2 g-Heisenberg {XEHILE 14 R
FATISCHK [12-13] FFR BT & SCRIAF.
WA RN K-8 A=K [y, ,a,] B PBW 3

B:{ao‘:azn...a‘lll |a:(an,...7a1)€Nn}
H <72 B Emafe, WENIEEFILR fe A i mE—Rik
f:)\maa(m)+'"+)\2@a(2)—|—>\1aa(1>

A a0 <. <@ < oo Hp X, € K*, a0 =ap ---as¥aiV € B, 1<j<m<n. HT B WIGEMH YR
MR, WAR fs£0, W AE IR E O LM(f) =a°®, f FEIREBOE SN LO(f) = A, f BYEI
BOE SUN LT(f) = Mac™.

EX 2 W KMRE A=K]lay, - ,a,) BA PBW % B. IR < & B ey, Hi RIS =440

(1) < ZRJF(AN B R FHEEE —MR/NTR);

(2) XF a¥,a%,a%,a" € B, WH a¥ # 1, a® #a", H a” = LM (a®a’a”), W] a7 < a® (\I] 1 < a” X FrA
a” #0);
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(3) X} a7,a%,a",a" € B, # a® <a®, LM (a”a%a") #0, H. LM (a"a’a") ¢ {0,1}, W]
LM (a”a’a”) <LM (a”a%a"),

MRAFATFR < J& B LRI,
EX 3 HAREW K- A=Klay,-,a,] FRAATBZIEAL, 2R A BA PBW 2

B={a*=ad"---ai* |a=(an, - ,a;) EN"}
B FR— IR <, B0 FRA A ek H f,e A
a;a; :)\ijajai‘f'fij, 1 S ) <] S n,

W2 £ £0, W LM(f,;) < aja,.
EE 2 & h,(q) B K LY g-Heisenberg 1G£8 W h, (¢) B X 3 B AT g2 WAL
R W W = {2y, 2z |iceIn)}, I(n)={i|i=1,2,---,n}, H R\, Ry, -, Ro, 357 A Y 3n AERICHIH
SRR, J
Rl LT — T4,
Ry ysy; — Y5,
R3 . Zizj _ijia
Ry:xiz —qzixs,
Ry : 2y — qyiz,
Re:xy; —q "yiw; — 24,
Ry wiy; —y;@i,
Rg:xiz; — 22,

Rg “Yiz; —25Y;-
FRHEHEL 1, g-Heisenberg {CEL b, (¢) A PBW 3t

B={ztn .. b2yl ylzglighn ogh2 gk | k1t eNVie I(n)).

KT B ERpmi=y <, ®ATA
2y < <2< <Yp < <Y<Yy <, < - <Ty3<T.

XTI, by, (q) BIEESOTHT R IIRR Ry, Ry, Ry BAE L 3 FrEORIHERT. 1 h,, (q) 27 i Z I ACEL
Rl 10 W K(X) =K (X, X,, -, X,,) BHAERUTES X ={X,, X, X,.} FMWHBE KR, < 2
K(X) EReanizCy. sk ¢ 2B 1= (G) KT < HY Grobner-Shirshov 3, 45 1 WA =4 A i F U4

LM(G) ={X,X,|1<i<j<n}

5%
LM(G) = {X,X,|1<i<j<n}.

ISR A= K(X)/1, H3CHR [15], PTHILLTR 2518 0T :

(i) Gelfand-Kirillov 4E4% dimensionGK.dim A = n;

(ii) WR G HET K(X) WHEAD N BriysF ot Rm A, a2 RFEH4EE GL.dim A =n. TR G ARH5F
WICEA R, A4 GL.dim A < n;

(iif) AR G HCT K(X) ) N-Bri R SFFRTCR AL, HhEA~ X, (1 <i<n) B TREL 1, B4 A &
— SR IR Koszul FAEL BN, A AJE—A5F IR IR Koszul 18EL.
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WAEar 1, TSR E R 3.

EIE 3 ¢-Heisenberg 10X h,, (¢) HA LI Z5H) M5
(i) Gelfand-Kirillov 4E%¢ GK.dimh,, (q) =3n;

(ii) 2R RI4EE GL.dimh, (¢) < 3n;

(i) R, (¢) AE—DFFRE K Koszul 1REL.

R S W RTHIAY < A

2 < <2< 2y <yn<<y2<y1 LTy << T2 <Z7.
Uk, A8 J = (S) 9 Grobner-Shirshov F& S HIFTA B I FHEUN R HAT:

T,x; = x; <x,1 <i<j<n,
Ty =y < x5, 1 << n,

T2 = 2z; <x;, 1 <1< n,

Yizi < 2 <y, 1 <1<j<n,
T,y; = y; <z;,1<i<j<n,
T2 = z; <w;, 1 <1< j<n,
Yiz; = 2; <y;, 1 <i<j<n.

XEIRE h, (q) WS 1 BA0E, e 1 A 1 AHER ().

HE h, (¢) —THIEFIK Grobner FE Y N-ZrRACEL. MAm@l 1 (i) A1 (iii) FRATATLAUERT (i) 0 ().

A, e 2 FATCLHNE g-Heisenberg fREX k., (q) = K(W)/J &I fif 22005, (RL, AT g2 0=t
A RN A () ABIR R — BT 45 % A =07 A — A BRI Grobner H. Rl 1y, XFF
H (E)*ﬁﬂ"]%ﬂ'”fﬂ*ﬁﬂ%jﬁ, FAEAEAC#: Buchberger B, 1Z8 N4 EAETTEANUCELR S Plural H a3k
PO FEX— i b, FATEATEI 1 X R, (¢) SHEHBERILABIH. 72T, by, () BRI b, (q) FE.

EIB 4 XT g-Heisenberg 1UEL h, (¢) A LA FE518 AT :

(i) hn (q) /& Noetherian ¥,

(i) & M EABRAERN h, () B, IRAFTLAE M A— AR A B, IFH M SRS 4eE0mT LR
Bk

(i) B M Z—PABREBB U by ()AEER by (q) S N-7PRAERL, Hp A E oty oy 1), I8
2R LA MR/ NV BRZTCE o3

IERR (i) Ao (¢) BEEZENT, I LM(fg) = LM(LM(f)LM(g)) # 0, XF TR IEER f,9 € h,, (q), X NEE
M EZ B A BEAE A A BR A Grobner 3£, 7T LIFSE)] b, (¢) & Noetherian #£FA.

(i) H3CHR [17) PE B 3.2.2 A4E, — Al AT BRI R T, R AR M OB
R E i, B SE AT BT M B4R

(iii) HSCHR [17) ATRARS 3, — DA BRA U 0 AT h 2 K-F23 8] M, #, Bt FRATT DA i
M /M BRI3 U A H1 3

B2 3R

(1] BUCHBERGER B. An algorithm for finding a basis for the residue class ring of a zero-dimensional ideal[D]. Austria: University
of Innsbruck, 1965.

2] BERGMAN G M. The diamond lemma for ring theory[J]. Advances in Mathematics, 1978, 29(2) : 178-218.

[3] SHIRSHOV A I. Some algorithmic problems for Lie algebras[M]//BOKUT L, SHESTAKOV I, LATYSHEV V, et al. Selected
works of Shirshov AI, Basel: Birkhduser Basel, 2009 : 125-130.

[4] BOKUT'L A. Embeddings into simple associative algebras[J]. Algebra and Logic, 1976, 15(2): 73-90.

[5] KANG S J, LEE K H. Grobner-Shirshov bases for representation theory[J]. Journal of the Korean Mathematical Society , 2000,

37: 55-72.
(485 561 )



