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Abstract: A t-container C,(u,v) is a set of ¢ internally disjoint paths between two distinct vertices u# and v in a graph G,
ie., C/(u,v) = {Py,P,,---,P,}. Moreover, if V(P,)UV(P,)U---UV(P,) = V(G) then C,(u,v) is called a spanning t-container,
denoted by C;(u,v). The length of C}“(u,v) = {Py,Ps, -+, P} is I(C;*(u,v)) = max{l(P;)| 1 <i < t}. A graph G is spanning
t-connected if there exists a spanning t-container between any two distinct vertices # and v in G. Assume that u and v are
two distinct vertices in a spanning f-connected graph G. Let D;“(u,v) be the collection of all C;“(u,v)’s. Define the spanning
t-wide distance between « and v in G, d;°(u,v) = min{{(C;*(u,v))| C;°(u,v) € D{°(u,v)}, and the spanning t-wide diameter of G,
D{(G) = max{d;“(u,v)| u,v € V(G)}. In particular, the spanning wide diameter of G is D{°(G), where « is the connectivity of G.
In the paper we provide the upper and lower bounds of the spanning wide diameter of a graph, and show that the bounds are
best possible. We also determine the exact values of wide diameters of some well known graphs including Harary graphs and
generalized Petersen graphs et al..
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0 Introduction
Graph parameters such as connectivity, diameter and hamiltonicity have been extensively studied because of the im-
portance in graph theory, combinatorics, and interconnection networks. Wide diameter, combination of connectivity and

diameter, is a more significant parameter to measure fault tolerance of interconnection networks and has received much
attention in past years!'*I. Tt is known that if the connectivity «(G) > k, then the k-wide diameter d;(G) of a graph G certainly
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exists by the well-known Menger’s theorem, and the maximum value of & that d,(G) is well defined is connectivity «(G).
Hsu" has proved that computing the wide diameter of a graph is NP-complete.

Combination of connectivity and hamiltonicity is known as spanning connectivity®. A f-container C,(u,v) is a set of
t internally disjoint paths between two distinct vertices u and v in a graph G, i.e., C.(u,v) = {P,P,,---,P,}. Moreover,
if V(P))UV(Py)U---UV(P,) = V(G) then C,(u,v) is called a spanning #-container, denoted by C;“(u,v). The length of
Cr(u,v) ={Py,Ps,---,P,} is I(C*(u,v)) = max{l(P;)| 1 <i<t}. A graph G is spanning ¢-connected if there exists a spanning
t-container between any two distinct vertices # and v in G. The spanning connectivity of a graph G, denote by «*(G), is
defined as the largest integer ¢ such that G is spanning i-connected for 1 <i<t.

We hereby consider the strengthening version of wide diameter, i.e., combination of wide diameter and spanning con-
nectivity. Assume that « and v are two distinct vertices in a spanning #-connected graph G. Let D“(u,v) be the collection of
all C;“(u,v)’s. Define the spanning ¢-wide distance between u and v in G, d;“(u,v) = min{l{(C;(u,v))| C;‘(4,v) € D;(u,v)}, and
define the spanning t-wide diameter of G, D;(G) = max{d*(u,v)| u,v € V(G)}. In particular, the spanning wide diameter of G
is D¥(G), where « is the connectivity of G. The spanning wide diameter of a graph was initially studied by Hsu et al.'"”" and
Lin et al."", where Hsu et al.!'""! determined D*(S ,,) =n* —2n of (n,k)-star graph S, for k=2 and n > 4.

It is not difficult to see that any bipartite graph G with at least three vertices and bipartition (V,,V,) is not spanning
t-connected for any 7 with =1 and ¢ > 3. For this reason, Chang et al."? introduced the concept of spanning laceability for
bipartite graphs. For two vertices u € V; and v € V,, we use C¥(u,v) to denote a set of 7 internally disjoint paths P, P,,--, P,
between u and v such that V(P;)UV(P,)U---UV(P,) = V(G). A bipartite graph G with bipartition V; and V, is spanning
t-laceable if there exists a C*(u,v) between any two vertices u€ V, and ve V, in G.

Assume that u € V; and v € V, are two distinct vertices in a spanning ¢-laceable graph G. Let D#(u,v) be the collection
of all C*(u,v)’s. Define the spanning r-wide distance between u and v in G, d¥(u,v) = min{{(C*(u,v))| C*(u,v) € D' (u,v)},
and define the spanning f-wide diameter of G, D¥(G) = max{d"(u,v)| u € V,(G) and v € V,(G)}. In particular, the spanning
wide diameter of G is D*(G), where « is the connectivity of G. Hsu et al.'”! studied the spanning k-wide diameter of the
n-dimensional hypercube Q, and determined D}(Q,) = 2"/k (k < n—4,n > 5). Lin et al.""! studied the spanning k-wide
diameter of star graph S, for k = 2 and k = n—1, and determined D5'(S;) = 5,D(S4) = 15,D5(S,) =n!/2+1 (n > 5) and
Di(S,)=1,D5(S5)=5,D5(S,)=15,D (S,)=(n—1)!+2(n-2)!+2(n-3)!+1 (n=5).

In the paper, we provide the upper and lower bounds of the spanning wide diameter of a graph, and show that the bounds
are best possible. We also determine the exact values of wide diameters of some well known graphs including Harary graphs,

generalized Petersen graphs et al..

1 Preliminary

The kth power of a graph G, written as G*. The vertex set of G* is the same as G, two vertices are adjacent in G* if and
only if they have distance at most k in G. In graph G which has at least one cycle, the length of the shortest cycle is called
its girth. We use P, = (v{,v5,--+,v,) and C, = (v1,v,,---,V,,v;) to denote a path and a cycle with n vertices, respectively. A
Hamiltonian path (cycle) of a graph G is a spanning path (spanning cycle) of it, i.e., a path (cycle) that contains every vertex of
G. A graph G is Hamiltonian if it has a Hamiltonian cycle. A graph G is Hamiltonian connected if there exists a Hamiltonian
path between any two distinct vertices of G. Suppose that G—F is Hamiltonian for any ' C VUE and |F| <k, then G is called
a k-fault-tolerant Hamiltonian graph. A bipartite graph G is Hamiltonian laceable if there exists a Hamiltonian path between
any two distinct vertices that are in different partite sets. We use K, to denote a complete graph with n vertices. And K,,, to
denote a complete bipartite graph with bipartition (V,,V,) for |V||=n and |V,| =n.

2 Main Results

In the following, we first establish the lower and upper bounds of spanning wide diameter of a graph. Then, we determine
the spanning wide diameters of some well known graphs.

Theorem 1 If G is a spanning k-connected graph with order n and connectivity x(G) for 1 <k <«(G), then D}(G) =n-1
and [(n—2)/k1+1<D}(G)<n—k+1 for 2 <k <«(G).

Proof Let u and v be two distinct vertices of G. Note that a spanning 1-connected graph is Hamiltonian connected
and the length of any Hamiltonian path in G is n— 1. Thus d{°(4,v) = n—1, and so D{°(G) = n— 1. Bellow, we will prove
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[(n—=2)/k1+1 < D(G) < n—k+1 for 2 < k < k(G). Since the graph G is spanning k-connected, we can construct a
spanning k-container C;(u,v) = {Py, P,,---,P;} between u and v. We first prove D;*(G) < n—k+1. The most ideal case is
that P, = (u,v), P; = (u,w;,v) (2<i<k-1), and P, is a path with intermediate vertices V(G)\{u, w,,ws,--- ,w;_,v}. Clearly,
I(P)=1,1P)=2(2<i<k-1),and [(P;) =n—k+1. By definitions of d;(u,v) and D;*(G), we have d;(u,v) <n—k+1 and
D}(G) < n—k+1. For the other direction, we only need to construct a spanning k-container C;‘(u,v) between u and v such
that V(G) is distributed on the spanning k-container C;(u,v) as average as possible. This means d;(u,v) > [(n—2)/k]+1 and
so D}(G) > [(n—2)/k1+1. In conclusion, [(n—2)/k1+1 <D (G) <n—k+1.

Corollary 1 If G is a cubic, spanning 3-connected graph with order n >4 and girth g(G) = 3, then Dy(G)=n—-2.

Corollary 2 If G is a cubic, spanning 3-connected graph with order n >4 and girth g(G) > 4, then Dy(G) <n-3.

The following Theorem is self-evident.

Theorem 2 If G is a spanning ¢-connected graph with n> 4 vertices for 1 <t <3, then D{°(G) = Dy(G) =n—1> DY (G).

2.1 Applications

It is easy to check that D(K,) =[(n—2)/k]1+1 for3<k<n-1,n>4, and Dy(C,) =n—1 for n > 3. From Theorem 2
we can see that: (i) if G is a Hamiltonian graph with n vertices then D5(G) =n—1; (ii) if G is a Hamiltonian connected graph
with n vertices then D}*(G)=n—1.

The following Theorem 3 and Theorem 4 are direct consequences of Corollary 1.

(I) Ladder

Aladder L,,,, is a graph with vertex set V(L,,;,) ={a,b,a;,b;; i=1,2,--- ,n} and edge set E(L,,.,) ={(a,a,),(a,b,),(b,a,),
(b,b,),(a,b),(a,,b,)}I{(a;,a;,1),(bi,biy1),(a;,b); i=1,2,--- ,n—1}. Obviously, L,,,, is a cubic graph with girth g(L,,;,) =3. It
is shown that L,,,, is spanning 3-connected!?.

Theorem 3  Dj(L,.,) =2n.

(D) H(n)

Let n be an even integer. Harary et al.''*~'%! proposed a family of cubic 1-fault-tolerant Hamiltonian graphs, denote by
H(n) for n >4, where V(H(n)) ={0,1,2,--- ,n—1} and E(H(n)) = {(i,i+1)| 0 < i < n-2}J{(0,n/2), (0, n—D)}A(i,n—0)| 1 <i<n/2-1}.
Obviously, the girth g(H(n)) = 3. Lin et al.""! proved that every H(n) is spanning -connected for 1 < <3 and n>4.

Theorem 4 D;(H(n))=n-2forn>4.

We use Corollary 1 and Corollary 2 to determine the spanning wide diameter of odd prism below.

(IIT) Odd Prism

A prism PR,, is a graph with vertex set V(PR,,) ={a;,b;; i=1,2,--- ,n} and edge set E(PR,,) ={(a;,a;;1), (b, b;11), (a;, b;);
i =1,2,---,n} where (a,,a,,1) = (a,,a,) and (b,,b,.1) = (b,,b;). A prism PR,, is odd if |V(PR,,)| = 2n, where n is odd.
Obviously, the girth g(PR,,) =3 for n =3 and g(PR,,) =4 for n> 5. It is shown that the odd prism is spanning 3-connected!?!.

Theorem 5
4, ifn=3,

D(PR,,) =
3 (PRx) {2n—3, ifn>5.

Proof By Corollary 1, we have D{'(PR,,) = 4 for n = 3. For n > 5, we first prove Dy (PR,,) > 2n—3. We choose
two vertices u = a; and v = b, in PR,,, and construct a spanning 3-container between u and v as following: P, = (u,b,,v),
P, = (u,a,,v), and Py = (u,a,,b,,b,_1,a,_1, - ,bs,a4,a;,b5,v). By definition of PR,,, C;'(u,v) = {P,,P,,P;} is a unique
spanning 3-container in PR,, between u and v. Clearly, I(P) =2, I(P,) = 2 and I(P5) = 2n—3. Thus, I(C;'(u,v)) = 2n—3. By
definitions of d;°(u,v) and Dy (PR,,), we have d5°(u,v) = 2n—3 and D3’(PR,,) > 2n— 3. For the other direction, by Corollary
2, we have D*(PR,,) <2n—3. In conclusion, D’ (PR,,) =2n-3.

(IV) kth Power P of a Path P,

Sabir et al.!' proved that if G is a connected graph with 7 vertices then G* is spanning k-connected for n >4 and k > 3.

Theorem 6 D}°(PY)=n—k+1forn>4and k>3.

Proof We first prove Di°(P*) >n—k+1. Let V(P,)={1,2,--- ,n}, and let u = 1 and v = 2 be two adjacent vertices of P~.
Then we can construct a spanning k-container Ci*(u,v) = {Py, P»,---, P} in P¥ between u and v as following:

P; =(u,i+2,v) for1<i<k-2,
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P = (uk+1,k+3,--- ,n—-1,n,n-2,n—4,--- k+4,k+2,v), if n~k,
e (u,k+1,k+3,--- ,n-2,n,n—1,n-3,--- ,k+4,k+2,v), if n+k.

P, =(u,v), where n ~ k means n and k have the same parity and n » k means n and k have different parity.

Clearly, I(P,_) = n—k+1, thus I(C;°(u,v)) = n—k+ 1. By uniqueness of C;“(u,v), we have dj°(u,v) > n—k+1, and so
Diﬁ"‘(Pf,) >n—k+1. By Theorem 1, the other direction clearly holds, i.e., D‘,i‘(Pﬁ) <n—k+1. In conclusion, Di"‘(Pf,) =n—-k+1
forn>4and k> 3.

(V) Harary Graph H,,,

The structure of H,,,, (n>m) depends on the parities of m and n, there are three types:

Type (I) m even. Let m = 2k. Then Ho;, is constructed as follows. It has vertices 0, 1,--- ,n—1 and two vertices i and j
are joined if i —k < j <i+k (where addition is taken modulo #n).

Type (II) m odd, n even. Let m =2k+ 1. Then Hy,,, is constructed by first drawing H,,,, and then adding edges joining
vertex i to vertex i+(n/2) for 1 <i<n/2.

Type (IIT) m odd, n odd. Let m =2k+ 1. Then Hy.,,, is constructed by first drawing H,,, and then adding edges joining
vertex O to vertices (n—1)/2 and (n+1)/2 and vertex i to vertex i+(n+1)/2 for 1 <i<(n—-1)/2.

The graph H,,, is m-connected. Clearly, the kth power C* of a cycle C, is isomorphic to Hy,. Lin et al.”’ proved that C*
is spanning w-connected for every 2k—1 <w <2k forn>4 and 2<k<n/2.

Theorem 7 D5 (Hy,)=n—2k+1.

Proof We first prove D5 (Ho,) > n—2k+1. Suppose u =0 and v = n—1 are two adjacent vertices of H,. Note that u and
v have 2k—2 common neighbors, thus we can determine the unique spanning 2k-container Cs;(u,v) = {Py, P,,--- , P5} between
uand v, where P; =(u,i,v),1 <i<k—-1; P;=(u, jv),n—k< j<n—-2; Py, ={u,k,k+1,--- ,;n—k—1,v), Py, =(u,v). Clearly,
I(Py-1) =n—-2k+1, and so I(C5;(u,v)) = n—2k+ 1. By definitions of dj;(u,v) and D5 (Hy,), we have d5;(u,v) =n—2k+1 and
D5; (Hy,,) > n—2k+1. For the other direction, by Theorem 1, we get D5 (Ho,) < n—2k+1. In conclusion, D5 (Hy,) = n—2k+1.

Lemmal H;, is spanning 7-connected for 1 <#<3 and even k > 2.

Proof By symmetry, we only need to construct a desired spanning containers between vertices # = 0 and v = x
(1 < x <k). We first prove that H;,, is spanning 1-connected. We list the desired spanning 1-container between u and v as
following:

(ukk+1,---,2k—1,k—1,k=2,---,2,v), forx=1;
(u ke k—1,2k—1,2k—2,k—2,k=3,--- k+x+2,x+2,x+ L,k+x+1,
k+x,---,k+1,1,2,---,v), for2<x<k-2andeven x;
(u ke k+1,1,2,k+2,--- ,x— 1 k+x—1Lk+x,k+x+1,--- 2k—1,k—1,
k=2, ,x+2,x+1,v), for3<x<k-1andodd x;
(u,2k—1,2k—-2,--- k+1,1,2,--- ,k—1,k), forx=k.

Since spanning 1-connectedness implies the spanning 2-connectedness for a graph with order at least four, bellow, we

just prove that H; 5, is spanning 3-connected. We construct a desired spanning 3-container as following:

Ci(u,v) ={Py, P,, P;} between u =0 and v =1 in H; 5, where P, =(u,v), P, =(u,k,k—1,---,3,2,v), Py =(u,2k—1,2k—
2, k+2,k+1,v).

Ci(u,v) ={Py,P,, P;} between u=0 and v = k in H; 5, where P, = (u,v), P, = (u,2k—1,2k-2,2k=3,--- ,k+3,k+2,k+1,v),
Py=<u,1,2,3,--- ,k=3,k—=2,k—1,v).

Ci(u,v) = {Py,P,,P;} between u =0 and v = x (2 < x < k—2) for even x in Hsy, where P, =(u,1,2,--- ,x=2,x—1,v),
Py=(u,k,k+1, - k+x=2k+x—1,k+x,v), Py=(u,2k—1,k—1,k—2,2k—2,2k—3,k=3,--- ,k+x+1,x+ 1,v).

Ci(u,v)={P,,P,,P;} between u =0 and v=x (3 < x<k—1) for odd x in H; 5, where P, =(u,1,k+1,k+2,2,--- k+x—
2 k+x—1,x—1,v), P, ={u,2k—1,2k-2,--- ,k+x+ 1,k+x,v), Py={u,k,k—1,--- ,x+2,x+1,v).

Now we are intended to consider the spanning wide diameter of H; .

Theorem 8 For even k> 2, we have

2, ifk=2,

D3 (Haa) = { 2A-3, ifk>4

Proof It is easy to check that D{*(H; ) = 2 for k = 2. We first prove D5*(Hs ) > 2k -3 for k > 3. We choose two
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vertices # =0 and v = k—1 in H;, and construct a spanning 3-container C;(u,v) = {P,, P,, P} in H;, between u and v as
following: P, = {u,k,v), P, = (u,2k—1,v), Py = (u, 1,k+ 1,k+2,2,--- ,k—3,2k—3,2k—2,k—2,v). By definition of H;,,
Ci(u,v) ={P,, P,, P;} is a unique spanning 3-container in Hs, between u and v. Clearly, I(P,) =2, [(P,) =2 and I(P;) = 2k-3,
thus I(C5°(u,v)) = 2k — 3. By definitions of di‘(u,v) and D5 (H; ), we have d5°(u,v) = 2k—3 and Dy (H; ) > 2k —3. For the
other direction, by Corollary 2, we have D5 (H; ;) < 2k—3. In conclusion, Dy (H; ) = 2k—3.

(VD) Generalized Wheel W(m, p)

A generalized wheel, denoted by W(m, p), is the join of a complete graph K,, and a cycle C,, that is, W(m,p) = K,, V
C, (m > 2,p > 3) with vertex set V(W(m, p)) = {m;,m,,--- ,m,, p1,p2,---,p,} and edge set E(W(m,p)) = {(m;,m))| i,j =
1,2,3,--- ,m;i # jyU{(pi,pu)l 1 i <n—=1}U{(m;, ppli=1,2,--- ,m;j=1,2,---, p}. Clearly, the connectivity of W(m, p) is
m+2.

Lemma 2 The generalized wheel W(m, p) is spanning (m + 2)-connected for m > 2 and p > 3.

Proof We use a number of cases to find the covering paths P; (i = 1,2,--- ,m,m+ 1,m+2) between two arbitrary end
vertices u and v in W(m, p). Due to symmetry, it suffices to consider the following cases.

Case 1 u=p, and v=p,. Then we can construct P; = {u,m;,v) for 1 <i<m, P,..; =(u,V), Ppuo ={U, Pp, Pp-1,"*+ , P3, V).

Case 2 u = p andv = p, for 3 < x < [p/2]. Then we can construct P; = {u,m;,v) for 1 < i < m, P,,, =
Uy P2, P35 s P15 Vs Prsa =y Py Ppots s Pavas Pas1 s V)-

Case 3 u = m,; and v = my. Then we can construct P, = (u,p,,v), P, = (u,p,-1,v), P = (u,m;,v) for 3 <i < m,
Pt = U, V), Poso ={U, p1, P2y~ ,prst>~

Case 4 u = m; and v = p;. Then we can construct P, = (u,v), P; = (u,m;,v) for 2 < i < m, P,y = (u,p,,v),
Ppa=Upprs Ppas s P2y V)

Now we are intended to consider the spanning wide diameter of W(m, p).

Theorem 9 D (W(m,p))=p-1for p>3.

Proof We first prove D¥,,(W(m,p)) > p—1 for p > 3. We choose two adjacent vertices u = p; and v = p, in W(m, p),
then as mentioned in Lemma 2, one can construct a spanning (m+2)-container between u and v as following: P; = (u,m;,v) for
1<i<m, Pyt =<u,v), Ppio =, pyp,Ppis -, P3,v). By definition of W(m, p), C¢,,(u,v) ={P\,P,, -+ P,.1, P,:2} 1s a unique
spanning (m +2)-container of W(m, p) between u and v. Clearly, I(P;) =2 for 1 <i<m, I(P,,,) =1 and I(P,,.,) = p— 1. Thus
I(C¥.,(u,v)) = p—1. By definitions of d¢,,(u,v) and D, ,(W(m, p)), we have d,,(u,v) = p—1 and D ,(W(m, p)) > p—1. For
the other direction, by Theorem 1, we have D%, ,(W(m, p)) < (m+p)—(m+2)+1=p—1. In conclusion, D% ,(W(m,p))=p-1
for p>3.

In the following, we will discuss the spanning wide diameter of some well known bipartite graphs. For any number n,
we use [[n]] to denote the smallest even integer larger or equal to n. It is easy to check that Dy (K,,) = [[(2n—2)/k11+ 1 for
I<k<nandn>2.

(VII) Harary Graph H;

H; , is a bipartite graph with bipartition (B, W) when k > 3 is odd, where B ={0,2,---,2k—2} and W ={1,3,---,2k—1}.
It is shown that the projective cycle graph PJ(k) is spanning 3-laceable if and only if & is an odd integer and k > 3!"7. Since
PJ(k) is isomorphic to H; 5, we obtain Hs y, is spanning 3-laceable.

Theorem 10 Dy (H; )=k for odd k> 3.

Proof We first prove D;’ (H; ) 2 k. Suppose u =0 is a black vertex and v =1 is a white vertex, then we can construct a
spanning 3-container Cg’(u,v) ={P,, P,, P;} in H;,, between u and v as following: P, =(u,v), P, = (u,k,k—1,k-2,--- ,4,3,2,v),
Py=(u,2k—1,2k—2,2k=3,--- ,k+3,k+2,k+1,v). Clearly, I(P,) =1, I(P,) = k and I(P5) = k, thus I[(C} (u,v)) = k. By definition
of d'(u,v), we have dj'(u,v) =k, and so D3 (Hs ) > k.

For the other direction, we only need to prove that dj'(x,y) <k for any xe Band ye W.

Casel d(x,y)=1.

Without loss of generality, we may suppose that x = 0 and y = 1,k. According to the discussion above, we only need
to consider y = k. We can construct a spanning 3-container Cy (x,y) = {P,,P,,P;} in H;,, between x and y as following:
P ={x,y), P,=(x,1,2,3,--- ,k=3,k=2,k—1,y), Py =(x,2k—1,2k=2,2k-3,--- ,k+3,k+2,k+1,y). Clearly, I(P,) =1, I(P,) =k
and I(P;) =k, thus I(C§'(x,y)) = k. By definition of d}'(x,y), we have dj (x,y) =k.

Case2 3<d(x,y)<[k/2]forx=0and3<y<(k+1)/2.
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Subcase 2.1 d(x,y)=3.

Then y = 3, and we construct a spanning 3-container C;l (x,y) ={P,, P, P;} between x and y as following: P, =(x,1,k+
1,k+2,2,y), Py={x,k,k—1,k—2,---,5,4,y), Py =(x,2k—1,2k—2,2k—3,--- ,k+4,k+3,y). Clearly, I(P,) =5, I(P,) =k—-2 and
I(P3) = k—2. By definition of d§'(x,y), we have d5'(x,y) <5 for k=5 and d5'(x,y) <k-2 for k>7.

Subcase 2.2 5<d(x,y) <[k/2].

Let d(x,y) = d, then y = d, and we can construct a spanning 3-container Cg’(x, y) = {P,P,,P;} between x and y as
following: P, =(x, Lk+1,k+2,2,--- ,k+d—-1,d-1,y), P, ={(x,k,k—1,k—2,k=3,--- ,d+3,d+2,d+1,y), Py =(x,2k—1,2k—
2,2k—3,2k—4,--- Jk+d+3,k+d+2,k+d+1,k+d,y). Clearly, I(P,) =d+4, [(P,) =k—d+1, and [(P;) = k—d+ 1. By definition
of d'(x,y), we have dj'(x,y) <9 for k=9,11 and d5'(x,y) <k—d+1 for k> 13.

Case3 3<d(x,y)<[k/2]forx=0and (k+1)/2<y<k.

Subcase 3.1 d(x,y)=3.

Then y = k—2, and we construct a spanning 3-container C;’l(x, y) = {P,,P,, P;} between x and y as following: P, =
(x,2k—1,k—1,y), P, =(x,1,2,3,--- ,k=5,k—4,k=3,y), P; = (x,k,k+ 1,k+2,--- ,2k—4,2k—3,2k—2,y). Clearly, I[(P;) =3,
I(Py) =k—2 and I(P5) = k, thus [(C3/(x,y)) = k. By definition of dj'(x,y), we have dj'(x,y) <k for k>7.

Subcase 3.2 5 <d(x,y) <[k/2].

Let d(x,y) = d, then y = k—d + 1, and we construct a spanning 3-container C;Z(x, y) = {P,, P,, P;} between x and
y as following: P, = (x,1,2,3,--- ,k—d - 1,k—d,y), P, = (x,k,k+ 1,k+2,--- ,2k—d—-2,2k—d - 1,2k—d,2k—d + 1,y),
Py =(x,2k—1,k—1,k—2,2k-2,--- k—d+3,2k—d+3,2k—d+2,k—d+2,y). Clearly, (P,)=k—d+1, I(P,) =k—d+3 and
I(P3) =k—d+1, thus [(C§'(x,y)) =k—d+3. By definition of d5'(x,y), we have d5'(x,y) <k—d+3 for k> 11.

From the above cases, we have d5'(x,y) <k for any xe Band ye W.

In conclusion, we have D;’(H&z,{) =k.

(VII) Generalized Petersen Graph P(n, 1)

The generalized Petersen graph P(n, 1) with vertex set V ={i| 0 <i <n}U{i’| 0 <i < n} and edge set E = {(i,i+1(mod n))| 0 <
i<ntU{(i,)0<i<n}U{(,(i+1(modn)))|0<i<n}.

When n is even and n >4, P(n, 1) is bipartite graph. Moreover, the bipartition of P(n,1) is B={i| i = 0(mod 2)}U{i'| i =
1(mod 2)} and W ={i|i = 1(mod 2)} U {i’| i = 0(mod 2)}. It is shown that the P(n, 1) is spanning 3-laceable for n >4,

Theorem 11 D (P(n,1))=n+1 for even n>4.

Proof We first prove D3 (P(n,1)) > n+ 1. Suppose u = 0 is a black vertex and v = 1 is a white vertex, then we
can construct a spanning 3-container C;l (u,v) = {Py,P,,P;} in P(n,1) between u and v as following: P, = (u,v), P, =
(u,n—1,n-2,---,3,2,v), Py = (u,0',(n—-1)y,(n-2y,---,2’,1",v). Clearly, I(P,) =1, I(P,) =n—1 and I(P;) = n+ 1, thus
I(C5(u,v)) =n+ 1. By definition of dj' (u,v), we have d5'(u,v)=n+1, and so D(P(n,1)) >n+1.

For the other direction, we will prove dj (x,y)<n+1 for any xe Band ye W.

Casel d(x,y)=1.

Without loss of generality, we may suppose that x = 0 and y = 1,0’. According to the discussion above, we only
need to consider y = 0’. We can construct a spanning 3-container C§'(x,y) = {P,,P,,Ps} in P(n,1) between x and y as
following: Py ={(x,y), P, =(x,1,2,---,(n/2-2),(n/2-1),(n/2-1),(n/2-2),---,2',1",y), Py ={x,(n—1),(n—2),--- ,(n/2+
1),n/2,(n/2),(n/2+1),--- ,(n=2),(n—1),y). Clearly, I(P,) = 1, [(P,) =n—1 and I(P;) = n+1, thus I(C}(x,y)) =n+1. By
definition of dj'(x,y), we have dj'(x,y)<n+1.

Case2 d(x,y)=dfor3<d<n/2-2.

Without loss of generality, we may suppose that x=0 and y = (d—1)’,d. We construct a spanning 3-container C5'(x,y) =
{P,P,,Ps} in P(n,1) between x =0 and y = (d — 1)’ as following: P, =(x,1,1',2",2,3,3',--- ,(d=3),d-3,d-2,(d-2),y),
P, =(x,0,(n-1),(n=2),(n=-3),--- ,(d+1),d’,y), Py ={x,n—1,n-2,n-3,--- ,d,d-1,y). Clearly, I((P,) =2d-3, I(P,) = n—d+2,
I(P;) =n—d+2. By definition of d}'(x,y), we have d}'(x,y) <n—d+2 for n> 10.

We construct a spanning 3-container C3(x,y) = {Py,P,,Ps} in P(n,1) between x = 0 and y = d as following: P, =
(x,1,1,2/,2,3,--- ,(d=2),(d-1),d—1,y), P, = {x,0/,(n—=1),(n=2),(n=3),--- ,(d+2),d+1),d,y), Py ={(x,n—1,n—
2,n—-3,---,d+3,d+2,d+1,y). Clearly, [(P,) =2d—1, [(P,) =n—d+?2, [(P;) =n—-d. By definition of d;’(x,y), we have
d'(x,y)<n—d+2 forn>10.

Case3 n/2-1<d(x,y)<n/2+1 forevenn/2.
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Case 3.1 d(x,y)=n/2-1.

Without loss of generality, we may suppose that x =0 and y = (n/2—-2)",n/2—1. We construct a spanning 3-container
Cg’(x,y) ={P,,P,,P;} in P(n,1) between x =0 and y = (n/2 -2) as following: P, ={x,n—1,n—-2,n-3,--- ,n/2+1,n/2,n/2 -
1,n/2-2,y), P, ={(x,0/,(n—=1),(n=2),(n=3),---,(n/2+1),(n/2),(n/2-1),y), P ={x,1,1",2",2,3,3",--- ,(n/2-3),n/2—
2,n/2—-1,(n/2-1),y). Clearly, I(P,) =n/2+3, [(P,) = n/2+3, I[(P;) = n—5. By definition of dj'(x,y), we have dj'(x,y) <n/2+3
for n=28,12 and d;'(x,y) <n->5 for n> 16.

We can construct a spanning 3-container Cgl(x, y) ={P;,P,,Ps} in P(n,1) between x = 0 and y = n/2 -1 as following:
P, ={(x,n—1,n-2,n-3,--- ,n/2+1,n/2,y), P, ={(x,0’,(n—=1),(n=2),--- ,(n/2),(n/2-1),y), Py ={(x,1,1",2,2,3,3,--- ,(n/2—
3),(n/2-2),n/2-2,y). Clearly, [(P,) =n/2+1, [(P,) = n/2+3, I(P;) = n—3. By definition of dg"(x,y), we have d§'(x,y) <n/2+3
for n=_8 and d}'(x,y) <n-3 forn>12.

Case3.2 d(x,y)=n/2+1.

Without loss of generality, we may suppose that x = 0 and y = (n/2)’. We construct a spanning 3-container C§'(x,y) =
{P, P>, P3}in P(n, 1) between x and y as following: P, =(x,0’,1’,2",3,--- ,(n/2-3),(n/2-2)',(n/2-1)",y), P, =(x,1,2,3,4,---,
n/2-2,n/2-1,n/2,y), Py ={(x,n—1,(n—-1)Y,(n-2),n-2,n-3,(n—-3),---,n/2+1,(n/2+1),y). Clearly, I(P,) =n/2+1,
I(Py)=n/2+1,(P;)=n—1. Thus, I(C}(x,y)) =n—1. By definition of d}'(x,y), we have d}'(x,y) <n—1 for n > 8.

Cased4 d(x,y)=n/2 for odd n/2.

Without loss of generality, we may suppose that x =0 and y = (n/2—1)’,n/2. We can construct a spanning 3-container
C;’(x,y) ={Py,P,,P;}in P(n,1) between x =0 and y = (n/2—-1)" as following: P, ={(x,n—1,n-2,n-3,--- ,n/2+1,n/2,n/2-1,y),
P, ={(x,0,(n=1)Y,(n=2),(n=3),---,(n/2+1),(n/2),y), Py ={(x,1,1",2",2,3,3",--- ,n/2=3,(n/2=3),n/2=2,(n/2=2),y).
Clearly, I(P)) =n/2+2, I(P,) =n/2+2, I(P;) = n—3. By definition of dj (x,y), we have d}'(x,y) <5 for n=6 and dj (x,y) <n-3
for n > 10.

We can construct a spanning 3-container C5'(x,y) = {Py,P,, P;} in P(n,1) between x = 0 and y = n/2 as following:
P, =(x1,2,3,---,n/2—-1,y), P, = (x,00,1",2",--- ,(n/2 = 1),(n/2),y), Py ={x,n—1,(n—-1),(n—-2),n-2,n-3,--- ,(n/2 +
2),(n/2+1Y,n/2+1,y). Clearly, I(P,) =n/2, I(P,) =n/2+2 and I[(P;) =n—1, thus I(C}'(x,y)) = n— 1. By definition of d}'(x,y),
we have d§'(x,y) <n—1 for n>6.

From the above cases, we have d5 (x,y) <n+1 for any x € B and y € W. In conclusion, D§(P(n,1))=n+1.

(IX) Hypercube Q,

An n-dimensional hypercube Q, with 2" vertices and n2"' edges. Each vertex in Q, can be represented as an n-bit
binary string. For any two distinct vertices u and v in Q,, u is adjacent to v if and only if their binary string representation
differs in only one bit position. It is know that the connectivity of Q, is n.

Chang et al. introduce the concept of the equitable container. A spanning k-container C{'(u,v) ={P,,---, P;} is equitable
if [V(P)I—IV(P)Il <2 forall 1 <i,j<k". A graph is equitably spanning k-laceable if there is an equitable spanning
k-container joining any two vertices in different partite sets!%.

Lemma 3" Let a,,a,, - ,a; be positive even integers with a; +a, +---+a, = 2" and k < n—1. Then there exists
an equitable spanning k-container C{'(u,v) = {P,,---,P;} between any adjacent pair of vertices u and v of Q, such that
[V(P)l=a;+2,i=1,--- ,k.

Theorem 12 D(Q,)>[[(2"=2)/(n—1)]1+1 for n > 3.

Proof Let u and v be two adjacent vertices of Q,. By Lemma 3, there exists an equitable spanning (n — 1)-container
{P,P,,--+,P,_}in Q, between u and v.

Claim 1 There exists some i with 1 <i<n—1 such that I(P;)=[[(2"-2)/(n—1)]]+1.

Indeed if this is not the case, then I(P;) > [[(2"—2)/(n—1)]1+3 or I(P,) <[[(2"=2)/(n—1)]]1—1forall i with 1 <i<n-1
because {P;, P>, -+ ,P,_,} is equitable.

@) (P)=[T(2"=2)/(n—1)1]+3 for all i with 1 <i<n—1. Then the number vertices, say N, covered by {P,, P, ,P,_;}
is

2"+2(n—1), if [2=] is even,

(n—D(T 2"+3(n—1), if |—2n"_—_12_] is odd.

2n_2ﬂ+2)+22{
n—1

Clearly, N > |V(Q,)| =2", a contradiction.
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(1) I(P) <[[(2"-=2)/(n—1)1]—1 for all i with 1 <i<n—1. Then the number vertices, say N, covered by {P;, P, -

is

2"—(n—1), if [2=2] is even,

(n=1)(T o if [£27 is odd.

2" —
n—

1211-2)+2<{

Clearly, N <|V(Q,)| =2", a contradiction.
Claim 2 There no exists any i with 1 <i<n—1 such that I(P;) > [[(2"—-2)/(n—1)]]+3.

»Pn—l}

If there exists some i, with 1 <i, <n—1 such that I(P;)) =[[(2"-2)/(n—1)1]+3, then the number vertices, say N, covered

by {PI’PZ"" sPn—l}iS
2"-2 2"-2

+IT T+2+22>2"+2.
n—1 n—1

(n=2)IT
Clearly, N > |V(Q,)| =2", a contradiction.

Combining Claims 1 and 2, we infer that /(C¥(u,v)) = [[(2" = 2)/(n— 111+ 1 and d*'(u,v) = [[(2"=2)/(n—1)]]+ 1. By

definition of spanning wide diameter, we have D¥(Q,) > [[(2"=2)/(n—1)1]+1.
We list equitable spanning (i — 1)-containiers of some special Q,’s for 2 <i <10 in Table 1.

Table 1 Equitable spanning (i — 1)-containiers in Q,’s for 2<i< 10

0i(2<i<10) I(Py) I(P2) I(P3) I(Py) I(Ps) I(Ps) I(Py) I(Pg) I(Py) D}'(Q)

O 3 >3
0 3 5 >5
[on 5 5 7 >7
Os 7 9 9 9 >9
Os 13 13 13 13 15 >15
07 21 21 21 23 23 23 >23
0Os 37 37 37 37 37 39 39 >39
Qo 63 65 65 65 65 65 65 65 >65
O 113 113 115 115 115 115 115 115 115 >115
We conclude known results on spanning #-wide diameters of graphs yet in Table 2.
Table 2 Known results on spanning 7-wide diameters
Graph Order K D¥(G) (or DS(G)) D¥*(G) (or D(G)) References
Star Graph S, (n>5) n! n—1 n!/2+1(=2) m=D)'+2m-2)!+2(n-3)!+1 [11]
Complete Graph K, n n—1 [(m=2)/]+1 (3<t<n-2) 2 Our Result
Cycle C, n 2 n—1(t=1) n—1 Our Result
Ladder L,,.» 2n+2 3 2n+1(1<t<2) 2n Our Result
H, n 3 n-1(1<t<2) n-2 Our Result
Odd Prism PR;, 2n 3 2n—-1(1<t<2) 4(n=3),2n-3 (n>5) Our Result
H; (even k>2) 2k 3 2k-1(1<t<2) 2(k=2),2k-3(k=4) Our Result
kth Power P* n k n—k+1 Our Result
Harary Graph Hy, n 2k n—2k+1 Our Result
Generalized Wheel W(m,p) m+p m+2 p—1 Our Result
Hypercube Q, (n>5) 2" n 2"t (t<n-4) 2[[(2"=2)/(n-1D+1
Kun 2n n [T2n-2)/11+1 (1<t<n-1) 3 Our Result
H; 5 (0dd k> 3) 2k 3 2k-1(1<t<2) k Our Result
P(n,1) 2n 3 2n—1(1<t<2) n+1 Our Result

3 Conclusion

The lower bound on the spanning wide diameter of Q, given in Theorem 12 is probably tight. It is easy to check that the

lower bound is tight in @, and Q;. One natural problem is to determine the spanning wide diameter of Q,.
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