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摘 要： 后过渡金属原子周围的立体化学活性孤对电子在决定扭曲晶格结构和光学响应方面起着重要作用．孤对电子

的表征方法包括晶体轨道、电子局部化函数和分波态密度．通过基于现代偏振理论的 Born有效电荷的方法对双折射进
行评估，探究了双折射和二次谐波响应不同的起源，以及自旋轨道耦合对能带结构和光学性质的影响．这有助于深入理

解孤对电子及其对光学性质的贡献．

关键词： 孤对电子；双折射；倍频响应；自旋轨道耦合；第一性原理

0 Introduction
In the past five decades, China has made remarkable achievements in nonlinear optics (NLO), including anionic group
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theory[1−4], and a series of nonlinear optical materials with excellent performance[5−10], such as β-BaB2O4 (β-BBO)[11], LiB3O5

(LBO)[12], CsB3O5 (CBO)[13], KBe2BO3F2 (KBBF)[14−15], et al.. Although the above crystals have been widely used in com-
mercial applications, they still have their own shortcomings, and therefore the exploration of nonlinear optical crystals with
better performance is still urgent.

In order to obtain nonlinear optical crystals with suitable birefringence and excellent SHG response, the general strategy
is to enhance the performance by introducing various chromophores and thus enhancing the performance, including BO3

and CO3 groups with conjugated π-orbitals[8], post-transition metal cations containing ns2np0 lone pairs (Pb2+, Sn2+, Bi3+,
Sb3+)[16−17] and so on. For example, the powder SHG response of Pb2Ba3(BO3)3Cl[18] is 3.2×KDP, which is six times larger
than its isomorphic Ba5(BO3)3Cl. The SHG response of Pb2B5O9I is as high as 13.5×KDP[19]. In addition, the lone pairs were
thought to be beneficial for enlarging birefringence[20]. For example, the birefringence of PbCl2, SbCl3, and α-SnF2 are 0.046,
0.172, and 0.177@546 nm, respectively[21]. The first-principles investigation shows that the birefringence of CsPbCO3F is
larger than that of KSrCO3F[22]. The atomic contribution through Bader charge analysis and Born effective charge analysis
show that the Pb2+ cations are beneficial to enlarge birefringence[23], and the enlargement has relation with the stereochemical
activity of Pb2+ cations[24].

Recently, more complicated optical response was found in post-transition metal oxides/halides. For example, the SHG
response of α-BiB3O6 is 3.2 pm/V (about 8.2×KDP)[25], which is larger than that of SbB3O6 (about 3.5×KDP)[26], while the
birefringence of α-BiB3O6 is just 0.174@546 nm[27], which is smaller than that of SbB3O6 (0.290@546 nm). The birefrin-
gence of Sn2B5O9Cl is 0.168@546 nm, larger than its isomorphic Ba2B5O9Cl and Pb2B5O9Cl whose values are 0.010@546
nm[28] and 0.067@546 nm[29], respectively. While the SHG response of Sn2B5O9Cl is only 0.5×KDP[29], which is much
smaller than that of its isomorphic Ba2B5O9Cl (about 3.5×KDP)[30] and Pb2B5O9Cl (about 4×KDP)[31]. The birefringence and
SHG of Sn2B5O9Br is 0.439@546 nm and 2.4×KDP (still smaller than Ba2B5O9Br as well as Pb2B5O9Br)[29,32−33]. In a word,
a so-called “different optical response” was found in these post-transition metal borates. That is those borates containing
5s25p0 post-transition metal atoms own relatively larger birefringence and relatively smaller SHG response comparison with
those containing 6s26p0 atoms. Similar different optical response was also found in fluoroborates. For example, the different
optical responses of PbB2O3F2, and SnB2O3F2. First-principles investigation shows that the Sn atoms own relatively stronger
stereochemically activity[34], and the birefringence of PbB2O3F2 and SnB2O3F2 are 0.017 and 0.130, respectively[35]. However,
the SHG response of these compounds are 13×KDP and 4×KDP, respectively[34].

To deeply understand the origination about the so-called “different optical response” in these post-transition metal ox-
ides/halides, lots of efforts have been made, including the revised model firstly proposed by Walsh et al.[16], modern polar-
ization theory, SOC, and kinds of analysis based on the first-principles results including ELF, PDOS, real space atom-cutting
method (RSAC), and so on. In this paper, we would give some comments about these methods, and try to dig out the role
played by lone pairs in the optical response. The results show that in affecting birefringence and SHG response: Lone pairs
in post-transition metal atoms play an important role in determining the distorted lattice structure, birefringence and SHG
response. The lone pairs of electrons at the Fermi level are the main contributors to the birefringence, whereas the extended
covalent bonds at the top of the valence band (including the lone pairs of electrons near the Fermi level) are the contributors
to the SHG response, which leads to the so-called difference in the birefringence and SHG response after the substitution of
post-transition metal cations. In terms of characterization techniques for lone pairs of electrons: Lone pairs can be represented
by crystal orbitals near the Fermi level, ELF and PDOS. It is noted that the ELF should be calculated using the full-electron
or full-potential projected augmented wave (PAW) method, whereas after accounting for the SOC effect, the post-transition
metal-containing compounds suffer from a downward shift of the conduction band as well as band splitting of the conduction
band at a particular k-point, which leads to a decrease of the band gap, an enhancement of the birefringence and the SHG re-
sponse. We hope this paper could help to understand the lone pairs and their contribution to birefringence and SHG response
and help to design and synthesis kinds of nonlinear optical compounds.

1 Revised Lone Pair Model
1.1 Walsh’s Model

The lone pair is a valence shell orbital but not a covalent bond. It plays an important role in determining the molecular
geometry. The distorted geometry of moleculars like H2O, NH3, and so on can be explained by the valence shell electron
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pair repulsion theory (VSEPR) proposed by Sidgwick et al.[36], and Gillespie et al.[37]. The stereochemically active lone pair
owns asymmetric electron distribution leading to Jahn-Teller geometry distortion and enlargement of optical response, so
it cannot be formed by pure symmetric 5s or 6s orbitals. Orgel[38] argues that the stereochemically active lone pair can be
formed by hybridization of the outmost s and p orbitals becauses, and p orbitals have different spatial symmetry. The classical
model proposed by Orgel is successful in explaining the distorted crystal geometries containing stereochemically active lone
pairs. However, there are still some difficulties in explaining why some compounds that require electronic configuration to
form stereochemically active lone pairs do not exhibit such pronounced lattice distortions[16]. For example, stereochemically
activity can be found in typical metal oxide compounds PbO[39−40] and SnO[41−42], but PbS and SnTe[16] have symmetric rock
salt structures (shown in Fig 1).

Fig 1 The geometry of (a) lead yellow PbO and (b) rock salt PbS

After detailed investigation the electronic structures of
a series of post-transition metal compounds, Walsh et al.[41]

proposed a revised model about stereochemistry of post-
transition metal oxides comparison with classical lone pair
model. Herein take SnX (X = O, S, Se, Te) as an exam-
ple. The revised model believes that the Sn-s orbitals are not
chemical inserts, it can hybridize with X-p orbitals to form
(Sn s-X p) bonding states and (Sn s-X p)* antibonding states
(shown in Fig 2). Both (Sn s-X p) bonding states and (Sn s-
X p)* antibonding states are located at bottom of valence
band. And then in the distorted structures the unoccupied
Sn p states can hybridize with the (Sn s-X p)* antibonding

Fig 2 Illustration about atomic orbital interaction
leading to form stereochemically active lone pairs

states, resulting in a stabilization of occupied electronic states nearby the Fermi level. According to the revised model, one
can utilize ELF, the crystal orbitals nearby the Fermi level and PDOS to check out the stereochemically active lone pairs
around post-transition metal atoms.

Walsh et al.[41] also pointed out that the relative energies of the cation s state, and anion p states are crucial in the
formation of stereochemically active lone pairs. The closer they are, the stronger the interaction and more (cationic s-
anionic p)*-cationic p occupied states are present[43], leading to stronger stereochemically active lone pairs and greater lattice
distortion. We have recalculated the atomic orbital energies using the Gaussian09 code[44]. The atomic orbital energies were
obtained at CAM-B3LYP/Def2-TZVPP level. The obtained atomic orbital energies are shown in Fig 3. According to the
revised model proposed by Walsh et al.[41], the stabilization order of lone pairs follows Sn > Pb > Sb > Bi, and for given
post-transition metal like PbX2 (X = F, Cl, Br, I) the strength of stereochemically active can be explained by the interaction
between Pb and X atoms as ∆Es−p own the sequence of Pb-Cl < Pb-Br < Pb-I.

1.2 Diagram about Lone Pairs
As described above, one can utilize the crystal orbitals, PDOS, ELF, et al. to represent the lone pairs. In this paper,

we have repeated the electronic structures of a series of post-transition metal oxides/halides using the first-principles method
implemented in CASTEP code[45]. These post-transition metal oxides/halides are the binary metal halides MX2 (M = Sn,
Pb; X = Cl, Br, I)[46], the binary metal oxides MO, BiB3O6, SbB3O[47]

6 , MPO3F, M3(PO4)2
[48], MB2O3F2

[35] (M = Sn, Pb, Ba),
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CsPbCO3F, RbCdCO3F, RbSrCO3F, KSrCO3F[49−50], CsSnCl3, CsSnI3, CsPbCl3, and CsPbI[46]
3 , and so on. The obtained crystal

orbitals, the ELF and PDOS are shown in Figs 4∼6 and Figs S1∼S6 (Download from https://xjdz.cbpt.cnki.net/portal/journal/
portal/client/download/xjdz 54253c13-816a-4cda-85b4-048f7444fa78?t=%E4%B8%8B%E8%BD%BD%E4%B8%AD%E
5%BF%83).

Fig 3 The atomic orbital energies of elements of (a) the sixth and (b) the seventh main groups and post-transition metal elements

The obtained crystal orbital at the Fermi level is shown in Fig 4. As shown in Fig 4, there are semilunar or first-quarter-
moon like asymmetric electron distribution around the Pb2+ and Sn2+ cations, which are the asymmetric lone pairs. On the
same scale, the asymmetric electronic distribution around Sn2+ is larger than Pb2+, indicating Sn2+ has stronger stereochemi-
cally active lone pairs. Noting that, as shown in Fig 9 in reference [35], stereochemically active lone pairs are found not only
the one at the Fermi level, but also other lower states, which are -1.54, -0.81, -0.56 below the Fermi level. Unlike lead and
antimony cations, the asymmetric lone pair was not found around Ba2+ cations.

Fig 4 The crystal orbitals nearby the Fermi level of (a∼c) MBr2 and (d∼f) MB2O3F2, M = Pb, Sn, Ba

ELF[51] is a useful tool to investigate the atomic interaction and nonbonding lone pairs[52−53]. The values ranging in
[0.5, 1] are ascribed to bonding and nonbonding localized electron pairs, and smaller values in [0, 0.5] could be delocalized
electrons. ELF was usually utilized to visualize stereochemically active ns2np0 lone pair. For example, Ju et al.[54] have
investigated the ELF of Bi2ZnTiO6 using the GGA functional and full-potential PAW method implemented in VASP code.
The lobe shaped electrons were found around bismuth. As shown in Fig 5, the asymmetric ELF was found around Pb2+ and
Sn2+ cations, indicating the stereochemically active lone pairs.

We would give some comments about the method that can distinguish the lone pairs in post-transition metal ox-
ides/halides. Orbitals nearby the Fermi level and ELF are often used to distinguish the lone pairs because they can give
more intuitive pictures of asymmetric lone pairs. While there are still some drawbacks of these two methods. For orbitals
nearby the Fermi level, it is uneasy to distinguish the lone pairs if the stereochemically active is weak. The ELF was de-
veloped for all electron descriptions, while the CASTEP calculations are performed using the valence electrons, so it might
be less meaningful. According to the definition of ELF introduced by Becke et al.[51], the ELF has value in the range of [0,
1]. The value of ELF close to 1 correspond to well-localized electrons or lone pairs of electrons. But the ELF values from
CASTEP code do not span the full range of [0, 1], so extremely localized or delocalized electrons and lone pairs cannot be
well described. Hence we suggest using both ELF and PDOS to identify the lone pairs of electrons.
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Fig 5 The ELF of (a∼c) MBr2 and (d∼f) MB2O3F2, M = Pb, Sn, Ba

Let’s check the obtained PDOS of MBr2 (M = Pb, Sn, Ba) and MB2O3F2 (M = Pb, Sn, Ba) shown in Fig 6. Take SnBr2

for example. At the valence band, the (Sn s-Br p) states are located nearby -6 eV, and the expanded (Sn s-Br p)* states are
located at the energy region (-4, -1) eV. The hybrid (Sn s-Br p)*-Sn p states are found nearby the Fermi level. According to
the revised model proposed by Walsh et al.[41], the hybrid (Sn s-Br p)*-Sn p should be the occupied lone pairs states. Similar
conclusion can also be found in PbBr2 compound (shown in Fig 6) and other post-transition metal oxides/halides (shown in
Figs S1∼S6). Noting that the PDOS nearby the Fermi level in SnBr2 is stronger than PbBr2, indicating the antimony owns
stronger stereochemically active lone pairs than lead atoms. As for the PDOS of MB2O3F2 compounds shown in Fig 6, the
occupied lone pairs (Sn 5s-O 2p)*-Sn 5p hybrid states and (Pb 6s-O 2p)*-Pb 6p hybrid states are found nearby the Fermi
level in SnB2O3F2 and PbB2O3F2, respectively, and the Sn2+ peak is larger (1.06) than Pb2+ peak (0.18) according to integral
calculation results. Nonbonding states of oxygen atoms were found in nearby Fermi level of BaB2O3F2 compounds.

Fig 6 The PDOS of (a∼c) MBr2 and (d∼f) MB2O3F2, M = Pb, Sn, Ba
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2 Methods Evaluating the Birefringence
2.1 Birefringence Obtained by OptaDOS Code

As a fundamental and important optical parameter, birefringence plays an important role in the application of the optical
communication devices[55], NLO materials[56], and so on. For instance, an NLO material should own moderate birefringence
to meet the phase-matching condition to get noticeable SHG output[57]. Hence the relative small birefringence limits the
widely application of the LiB3O[58]

5 , and the very small birefringence (about 0.004 3∼0.002 1@212.9∼1 064.4 nm) makes the
SrB4O7 uneasy to meet the phase-matching conditions[59].

Due to the difficulty in synthesizing the large sized crystals which can be used to measure the refractive indices, the
anisotropic birefringence was merely reported except for some very famous birefringent materials. To evaluate the appli-
cation of the nonlinear optical materials, lots of efforts have been made to investigate the refractive indices and especially
the anisotropic birefringence using various methods[60−61], among which the first-principles method is widely used. Using
CASTEP code implemented in Materials Studio, it is easy to get refractive indices along different dielectric axis with or-
thorhombic, tetragonal, cubic, trigonal, and hexagonal crystal system[57,62−64], but it is difficult to get refractive indices for the
monoclinic or triclinic materials such as Ca5(BO3)3F[65−66] and BiB3O[67]

6 . As described elsewhere[65−66], for these monoclinic
materials only one dielectric axis is found to be superposed on one crystallographic axis, the other two are not related to any
specific crystallographic directions[68]. On the other hand, it is more convenient to get the refractive indices along different
dielectric axis not only with orthorhombic, tetragonal cubic, trigonal, and hexagonal crystal system but also for monoclinic
or triclinic materials using the OptaDOS code[69−71] based on the electronic structure obtained by CASTEP code. After the
electronic structures were obtained, the imaginary part of the dielectric constant ε2 can be obtained by

ε2 =
2e2π

Ωε0

∑

κ,ν,c

|<ϕc
κ|u ·r|ϕνκ > |2δ

(
Ec
κ−Eν

κ −E
)
.

In which Ω is the volume of the elemental cell, v and c represent the valence and conduction bands, respectively, and u is
the vector defining the polarization of the electric field of the incident light. The real part of dielectric constant ε1was then
obtained via a Kramers-Kronig transform. In practical calculation, when the grid summation was performed, the δ functions
should be replaced by normalized functions with nonzero width such as Gaussian-type functions[71]. While it is uneasy to
estimate the level spacing, hence it is difficult to get suitable Gaussian width which may lead to error. Yates et al.[71] point
out that a good adaptive broadening scheme for k-space integration may lead to quite well results. The refractive index n was
obtained by

n2 =
1
2

(√
ε2

1 +ε2
2 +ε2

1

)
.

Reliable values of birefringence were obtained using the OptaDOS code and compared with experimental values as
shown in Tables 1 and 2.

2.2 Born Effective Charge
During the past decades, lots of methods have been used to dig out the atomic contribution to the total birefringence,

including RSAC method[78], Born effective charge, and so on. They are already many literatures and comments about the
RSAC methods, so we would just give some comments about Born effective charge based on modern polarization theory[79].
The modern polarization theory defines the spontaneous polarization of a periodic solid and provides a route to calculate the
electronic structures and polarization through the Berry phase[80]. The Born effective charge is defined as

qBorn
i j =

π

e
δPi

δd j
,

in which the δPi is the change in polarization along the displacement direction δdi. Using the Born effective charge, one
can deduce the change of polarization along with the ionic displacement. It is well known that the birefringence has relation
with the anisotropic polarization, so one can utilize the Born effective charge to investigate the atomic contribution to total
birefringence.

Take CsPbCO3F for example. The CsPbCO3F compound crystallizes into a hexagonal crystal system, hence the polar-
ization of no and ne are in xy plane, and along z axis, respectively. As described in Table 2 in reference [79], the obtained
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refractive indices own the sequence as no > ne, so if the obtained atomic Born effective charge qxx(qyy) is larger than qzz, one
can deduce that the atoms give positive contribution to the birefringence. Otherwise, if obtained atomic Born effective charge
owns the sequence as qxx(qyy)< qzz, it gives negative contribution to the total birefringence. Hence the lead atoms give positive
contribution to the birefringence. Furthermore, from the difference of Born effective charges along the dielectric axis (marked
as ∆q), one can also deduce the level of the atomic contribution. For example, the ∆q of Pb atoms in KPb2CO3F (about 0.98)
is larger than that in CsPbCO3F (about 0.59), which makes the former have relatively larger birefringence than the latter. By
the way, unlike the case of ABCO3F, many compounds have off-diagonal tensor elements because the Born effective charge
is a two-order tensor.

Table 1 The obtained refractive indices and birefringence of a series of borates (uniaxial crystals) without concerning
scissors operator

Crystals Type Borates
Experimental Values Calculation Values

λ (nm) no ne ∆n no ne ∆n error

Uniaxial Crystals

α−BaB2O[72]
4 1 064.0 − − 0.116 1.751 1.641 0.110 -5.17%

BaAlBO3F[73]
2

1 064.0 1.619 1.578 0.041 1.718 1.677 0.041 0.00%
580.0 1.631 1.587 0.044 1.732 1.690 0.042 -4.55%

β−BaB2O[73]
4

1 014.0 1.656 1.543 0.113 1.767 1.648 0.119 5.31%
546.1 1.674 1.555 0.119 1.790 1.665 0.125 5.04%

KBe2BO3F[73]
2

656.3 1.477 1.400 0.077 1.528 1.464 0.064 16.88%
546.1 1.479 1.403 0.076 1.532 1.468 0.064 -15.79%

CsLiB6O[73]
10

1 064.0 1.484 1.434 0.050 1.567 0.505 0.062 24.00%
590.0 1.494 1.442 0.052 1.578 1.514 0.064 23.08%

Li2B4O[73]
7

1 013.9 1.599 1.544 0.055 1.672 1.613 0.059 7.27%
546.1 1.613 1.556 0.057 1.687 1.625 0.062 8.77%

CsBe2BO3F[74]
2

1 014.0 1.502 1.443 0.059 1.580 1.526 0.054 -8.47%
546.1 1.515 1.450 0.065 1.591 1.536 0.055 15.38%

RbBe2BO3F[75]
2

1 014.0 1.479 1.407 0.072 1.544 1.486 0.058 -19.44%
644.0 1.485 1.411 0.074 1.550 1.491 0.059 -20.27%

Ba2Na3(B3O6)2F[76] 1 014.0 1.610 1.512 0.098 1.714 1.613 0.101 3.06%
546.1 1.626 1.522 0.104 1.735 1.628 0.107 2.88%

Table 2 The obtained refractive indices and birefringence of a series of borates (biaxial crystals) without concerning
scissors operator

Crystals Type Borates
Experimental Values Calculation Values

λ (nm) n1 n2 n3 ∆n n1 n2 n3 ∆n error

Biaxial Crystals

BiB3O[73]
6

1 079.5 1.757 1.783 1.916 0.159 2.024 1.885 1.870 0.154 -3.14%
539.8 1.787 1.819 1.961 0.174 2.079 1.931 1.910 0.169 -2.87%

LiB3O[73]
5

1 064.0 1.565 1.591 1.605 0.040 1.696 1.659 1.647 0.049 22.50%
546.1 1.578 1.606 1.621 0.043 1.713 1.674 1.661 0.052 20.93%

Ca5(BO3)3F[77] 1 064.0 1.594 1.630 1.645 0.051 1.770 1.756 1.716 0.054 5.88%
546.1 1.609 1.649 1.663 0.054 1.795 1.781 1.738 0.057 5.56%

3 Different Response of Birefringence and SHG
As described above, the 6s26p0 lone pairs have different response of birefringence and SHG comparison with 5s25p0

lone pairs. For example, the obtained birefringence of MB2O3F2 compounds is BaB2O3F2 (0.014 pm/V) < PbB2O3F2 (0.017
pm/V) < SnB2O3F2 (0.130 pm/V), and the obtained effective SHG response are BaB2O3F2 (0.45 pm/V) < SnB2O3F2 (0.73
pm/V) < PbB2O3F2 (4.30 pm/V), respectively. As described above, the antimony atoms own stronger stereochemically active
lone pairs than lead atoms. So, the former should own stronger birefringence and SHG response than the latter, how can the
latter have stronger SHG response than the former?

To deeply understand the origination about the different response of birefringence and SHG response, the RSAC method
and band resolved SHG response method were introduced. During the calculation, the cutting radius of Ba, Sn, Pb, B, O
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and F are set as 1.5, 1.2, 1.4, 0.8, 1.1 and 1.2 Å, respectively. The obtained results show that the BOF groups give little
contribution to birefringence, and main contribution to the birefringence comes from the SnO/PbO and PbF groups. As for
SHG response, main contribution also comes from the SnO/PbO groups, and the BOF’s contribution is almost negligible.

The contribution from each atom and each state are further investigated using the band resolved SHG response. The
obtained band resolved SHG response are shown in Fig 7. As shown in Fig 7, these states nearby the Fermi level give main
contribution to the SHG response. And the states in region I of SnB2O3F2 are larger than that of PbB2O3F2, which may
have relation with the fact that SnB2O3F2 own stronger stereochemical active lone pairs locating nearby Fermi level. The
states in region II also give contribution to the SHG response of PbB2O3F2. The virtual hole (VH) process gives negative
contribution, resulting in decreased SHG response of SnB2O3F2. The VH progress give similar contribution like VE progress
to SHG response of PbB2O3F2. In a word, the stereochemical active lone pairs nearby the Fermi level make SnB2O3F2 own
enhanced birefringence comparison with PbB2O3F2 and BaB2O3F2, while not only the lone pairs shown in region I but also
the expanded hybrid cation-oxygen states in region I and region II (even in deep energy region) give contribution to the SHG
response, leading to enhanced SHG response comparison with SnB2O3F2 and BaB2O3F2.

Fig 7 The band contributions to the total SHG responses of (a∼b) SnB2O3F2 and (c∼d) PbB2O3F2

4 The SOC Effect
In an asymmetric crystal, electronic energy bands are split by SOC[81]. When an electron with momentum p moves in a

magnetic field, its Lorentz force is

F =−ep× B
m
,

and its Zeeman energy should be
µσ×B.

And when this electron moves in an electronic field E, like the electronic field produced by ion core (containing atomic
nucleus and inner-shell electrons), the ion core would produce a magnetic field

B =
~

mec2
L

dV (r)
rdr

,

in which the electronic field E =−∇Vr. The SOC should be

Hsoc =
Z4e2~2

4πm2
ec2ε0a3

0n3l (l+1)(2l+1)
L ·S = λL ·S ,

in which Z is atomic number. Hence one can deduce that the post-transition metal atoms should have relatively large SOC.
Although SOC has been utilized to investigate the spin transistor, spin-orbit qubits, spin-orbit torque, Dirac materials,

and so on, there is still rare report about the nonlinear optical response induced by SOC. In 2017, Narsimha et al.[82] have
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reported the role of SOC on the nonlinear optical response of CsPbCO3F. The results show a considerable reduction of
bandgap after SOC was taken into consideration. The obtained bandgaps with SOC are 3.03 (PBE), 2.94 (PBEsol) and 4.45
(TB-mBJ), while the bandgap without SOC are 3.59 (PBE), 3.48 (PBEsol), and 5.58 (TB-mBJ), respectively. The reduction
of bandgap comes from the downshift of Pb-p states at the bottom of conduction band, whereas no changes of valence
band nearby the Fermi level were observed. The enhanced birefringence was found after SOC was applied. The obtained
birefringence with SOC is 0.105 69, and the obtained birefringence without SOC is 0.104 89. Jiang et al.[83] have investigated
the role of large Rashba SOC in SHG of BIBO. We found a smaller bandgap coming from band splitting and band repulsion
after the SOC was turned on. The obtained bandgap with SOC is 4.8 eV (HSE06), and the bandgap without SOC is 5.1
eV (HSE06). The bandgap with SOC is more accurately comparison with experimental values (4.7 eV). Furthermore, after
considering the SOC, the obtained SHG response are in better agreement with experimental values comparison with the case
without SOC. And major Rashba splitting was found at the A point in the kx-ky plane (shown in Fig 1(a) in reference [83]).

5 Conclusion
In a word, lone pairs in post-transition metal atoms play an important role in determining distorted lattice structure,

birefringence and SHG response. The stability of stereochemically active lone pairs is determined by the difference of atomic
orbital energies of cationic s and anionic p states. The lone pairs can be represented using the crystal orbitals nearby Fermi
level, the ELF, and PDOS. Noting that ELF should be calculated using the full electron or full-potential PAW method. The
atomic contribution to birefringence and SHG response can be evaluated using the Born effective charge based on modern
polarization theory, RSAC method and so on. Lone pair electrons at Fermi level give main contribute to birefringence and
expanded covalent bonds at the top of valence band including lone pairs nearby the Fermi level give contribution to the SHG
response, which leads to the so-called different response of birefringence and SHG response after post-transition metal cations
substitution. The SOC coming from post-transition metal leads to the downshift of conduction band and band splitting of
conduction band at special k points, and then the reduction of bandgap and enhanced birefringence and SHG response.
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Problem 1 Dsl
n (Qn) = dd(2n−2)/(n−1)ee+1 for n≥ 3?

We have determined the spanning wide diameter of generalized Petersen graph P(n,1). It has been studied the spanning
connectivity of P(n,2) and P(n,3) respectively in [13] and [20-21]. The same question is also interesting for P(n,2) and
P(n,3).

Problem 2 What are the spanning wide diameters of generalized Petersen graphs P(n,2) and P(n,3)?
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